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Abstract—We study the system of equations obtained on the basis of the relativistic Schrédin-
ger equation and relating the potential, amplitude, and phase functions. Using the methods
of the theory of consistency of systems of partial differential equations, we obtain completely
integrable systems that relate only two functions of the above three. The systems found are
related by Béacklund transformations.
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INTRODUCTION

Methods of group analysis of differential equations [1-4], the method of differential substitu-
tions [5], and, more generally, the method of Lie-Bécklund transformations [6, 7] in the jet space
of the extended equation [8, 9| are used to construct exact solutions of differential equations,
study their symmetry properties and search for conservation laws. In practice, as a rule, there
are more particular cases of Lie-Bécklund transformations—differential correspondences between
two systems of differential equations, called Bécklund transformations [10-12]. Such correspon-
dences represent a differential connection between two systems of differential equations that al-
lows one, using a known solution of one system, to constructively find a solution of the second
system. Backlund transformations for certain equations usually have a name: Laplace cascade
method, Euler-Darboux transformation, Bianchi transformation, Mutard transformation, Hirota
bilinear method, etc. [2-4, 13, 14]. For example, the Hopf-Cole transformation connects the
heat equation and the Burgers equation [15]. The Miura transformation connects mKdV and
KdV [16]. Note that, as a rule, the direct and inverse Bécklund transformations have different
qualitative properties. For example, the Hopf—Cole differential substitution v = 2v, /v transfor-
mations the heat equation v; = v,, into the Burgers equations u; = uu, + u,., and the reverse
transition is associated with nonlocal resolution v = exp(—% [ udz). The sweep method is based
on the Hopf-Cole transformation [17]. Using this replacement, general solutions of differential
equations and systems of second-order differential equations were found for horizontally layered
media. Béacklund transformations are used in constructing soliton solutions of nonlinear equations,
studying symmetries and conservation laws, and are also the most important tool in the study of
partial differential equations and represent mappings connecting different solutions of these equa-
tions [13]. Early studies of such mappings for the nonlinear Schrédinger equation can be found
in [22-24]. The interest in Béacklund transformations is also due to the discovered connections
with quantum integrable systems and the phenomenon of separation of variables |25, 26|. Find-
ing Bécklund correspondences for actual equations of mathematical physics is a labor-intensive
independent task. Examples of Bécklund transformations and their applications can be found
in [13, 14, 27].
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Fig. 1. Eliminating one of the functions U, R, and S from relation (1).

1. STATEMENT OF THE PROBLEM

Let us consider the Klein-Gordon—Fock equation [28] (relativistic Schrédinger equation)

th = Wm + UVV) (1)

where W = Re'®, i is the imaginary unit, and U, R, and S are some real-valued functions of the
2

variables t and x. For brevity, we use the notation W, = %—VtV, Wy = %TVQV, W, = %—VZ, Wee =

2w

52> ete. for partial derivatives. The functions U, R, and S are called potential, amplitude, and
phase, respectively. We consider the problem of eliminating one of the functions U, R, and S
from relation (1). Such transformations are part of the general theory of overdetermined systems
of partial differential equations. Conventionally, such transformations can be expressed by the
diagram in Fig. 1, where [R, U], [U, S], and [R, S] denote systems of differential equations obtained
by eliminating the functions S, R, and U from the Eq. (1), arrows a, b, and ¢ correspond to the
exclusion of functions R, S, and U from Eq. (1), and arrows «, 3, and -, essentially, are Bécklund
transformations.

Note that a similar problem was considered in [29] for the classical Schrédinger equation.

Equation (1) for a complex-valued function W is equivalent to two real equations in the form of
the system

Ry — RS? = R,, — RS2+ UR,

(2)
2RtSt + RStt = 2RxSx + RS&CQ?

In this paper, we derive the differential relations [U, S] (Theorem 1), containing only the func-
tions U and S, and the relations [U, R] (Theorem 2), containing only the functions U and R. In this
case, we use the consistency theory algorithm of bringing the overdetermined system into involution.
The transition from the relation [U, S] to the relation [U, R] is carried out by introducing differential
relations for the function R and, in fact, represents a Bécklund transformation [10]. The inverse
transition from the relation [U, R] to the relation [U,S] is carried out by introducing differential
relations for the function S and represents the inverse Backlund transformation.

If we assume that the functions U and R in (2) are known, then this will be an overdetermined
system for the function S. If U and S are known, then this will be an overdetermined system
for the function R. In each of these cases, system (2) is solvable under additional conditions—
consistency conditions for the known functions. The main goal of the present paper work is to find
these consistency conditions. As a corollary, we obtain completely integrable systems the solution
of which yields an exact solution of Eq. (1).

Examples of constructing exact solutions for the system [R,S] are given. Reconstructing the
function U from the amplitude R and phase S amounts to solving the inverse problem, where, given
a scattered particle/wave with parameters (R, S) one can reconstruct the shape of the potential
well U.

All functions considered are assumed to be analytic.
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2. TRANSFORMATION a—ELIMINATING THE FUNCTION R FROM SYSTEM (2)

Let us rewrite (2) in the form

Ry = Ryp + R(S? — S2 4+ 1), Rﬁ:R£E+R§ﬂ:éﬁ. (3)
S, 25,

The following theorem holds.

Theorem 1. Let functions A, B, C, Dy, D, Ey, Ev, Fy, Fy, Gy, G, Hy, and H, be defined
based on the functions S = S(t,z) and U = U(t,x) by the following recurrence system of relations:

S Sex — S
A: 2 Q2 B: Max — T tt 4
S;—S.+U, S, C 72& , (4)
B +2BC + BB,
Dl == 1 B2 y
BC,+C;+C?*— A (5)
DO = 1_ B2 )
E1 :Bx—i-BDl +C, (6)
EOZOI+BD07
Fy = Dy + DEy + Dy B, (7)
Fy = Dy + D1 Ey + D, C,
Gl :E1$+E1D1 +E0, (8)
Gy = Ey, + E1 Dy,
Gy — Iy
H, = ,
‘TR -G 9)
H1 :BHO+C

Then the functions (S,U, R), where

1. The functions (S,U) are a solution of the equation
le = HOtu
2. The function R is a solution of the system

R, = HyR,
R, = H\R,

which is consistent by virtue of item 1,

are a solution of system (2), and consequently, W = Re™ is a solution of the Klein—Gordon equation
(1) with the potential U.

Proof. By virtue of the notation in (4), system (3) takes the form

Ry = R,, + AR,
tt + (10)
R, = BR, + CR.
From the second relation in (10) we find
R,, = B,R, + BR,, + C,.R+ CR, = BR,, + (B, + C)R, + C.R, (11)
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Rtt == BtRI + BRtm + CtR + CRt
by virtue of (10)

= B,R, + BR,, + C, R+ CBR, + C*R
= BR,, + (B; + BC)R, + (C, + CH)R

by virtue of (11)

= B?’R,, + B(B, + C)R, + BC,R+ (B, + BO)R, + (C; + C*)R

= B*R,, + (B, + 2BC + BB,)R, + (BC, + C; + C*)R.
From (10) and (12) we obtain

R,. + AR = B*R,, + (B; + 2BC + BB,)R, + (BC, + C; + C*)R,

B, +2BC + BB, BC,+C,+C*- A

e = 1— B2 @ 1— B2

R.

By virtue of the notation in (5),
R.. = DiR, + DyR.

By virtue of (13), relation (11) takes the form

R, = BD\R, + BDyR + (B, + C)R, + C,R = (BD, + B, + C)R, + (BD, + C,)R.

By virtue of the notation in (6),
Rtm == ElRw + E()R

From (13) we find
Ryot = DR, + DRy + Doy R+ Do R,.

By virtue of (10) and (14),

R:th — DltR;E + D1 (EIRI + E()R) + DQtR + DQ(BRQ; + CR)

== (Dlt —|— D1E1 —|— DoB)RI + (D()t + D1E0 + D()C)R

By virtue of the notation in (7),
Rw:ct == FlRa: + F()R

From (14) we find
Rtrz = ElxR:v + Elez + EOxR + EORx

By virtue of (13),

831

(12)

(13)

(14)

Rivy = EvxR, + E1(D1R, + DyR) + Eo, R+ EoR, = (Ey, + E1Dy + Eo)R, + (Eo, + E1Do)R.

By virtue of the notation in (8),
Rta:x = Gle + GoR

From (15) and (16) we find

CTYO_F’O
Fl_Gl

FlRw + FQR - GlRw + G()R, Ra; - R

By virtue of the notation in (9),
Rm == H()R

By virtue of (17), the second relation in (10) takes the form
R, = (BH, + C)R.
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832 NESHCHADIM, SIMONOV
By virtue of the notation in (9),
R, = H\R. (18)
From (17) and (18), by virtue of the consistency condition R;, = R,;, we obtain
leR + HIRZE - HOtR + HQRt.
By virtue of (17) and (18),
leR + HlHoR = H()tR + HoHlR,

that is,
H,, = Hy. (19)

Relation (19) is the desired relation for the functions S and U. When it holds true, the function R
is found from the joint system (17), (18).

The proof of the theorem is complete. [

3. TRANSFORMATION b—ELIMINATING THE FUNCTION S FROM SYSTEM (2)

The following assertion holds.

Theorem 2. Let the fUTLCt’L‘OTLS A, Bl, BQ, Dl, DQ, Dg, D4, El; EQ, Eg, E4, Fl, FQ, Fg, F5,
ks, 7, Fy, G1, Gy, G3, G4, H1, Hs, Hs, Hg, H;, Hg, ¥, and o be defined based on the functions
R =R(t,xz) and U = U(t,x) by the following recurrence system of relations:

Ry — R R R,

A=TSE U By=27F, By= -2 (20)
DIZ%, D2:—%, D3:§—j, m:-%, (21)
E, = Ds — AD,,
By =Dy, (22)
E3 = Dy,
Ey =D,
Fy = By, + EsD, + E? — 2AE;E,,
Fy = E3Ds,
Fs = Ey, + E,D, +4F\E, — 2E3E, — 2AFE:,
Fy = E,D, + 2E;, (23)
Fs = E3, + E3D3 + Ey B3,
F, =E,, + EsD,+ E,Ds + 3E,E, + 3E,FE3,
Fy = EyDy + 5E,E,,
G, = E3 — AFE,,
Gz = B, (24)
Gz = FE,
Gy = Es,
H, = Dy + D3sE, + DGy — 2AD4G3,
Hy = Doy + D3Ey + DyEy + DyGo + 3D5Gy — 2AD, Gy + 2D,Gs,
Hs = DyE> +3D>Gy +2D,Gy, (25)

HG - D3t + D3E3 + Dng,
H; = Dy + D3Ey + DyEs + DGy + 3D,G3 + 2D, Gy,
HS - D4E4 + 3D2G4 + 2D4G2,
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Y =P~ 4
o =\A+Y?

where w is a solution of the tenth degree algebraic equation
2

((Hy— By )w—Fyw’+(Hy— F3)w® +(Hs— Fs)w®)* = (w?— A) ((Ho— Fe )+ (Hr— Fr)w’+(Hs— Fy)w*) .
Then the functions (R, U, S), where
1. The functions (R,U) are a solution of the equation
o1 = Y,
2. The function S is a solution of the system

St:SO7
szl/%

consistent by virtue of item 1,
are a solution of system (11), and consequently, W = Re' is a solution of the Klein—-Gordon
equation (1) with the potential U.
Proof. We eliminate the function S from (2),

w_[]"‘sia Stt:Sm+2&Sm 2RtSt- (26)

R™ "R
By virtue of the notation in (20), system (26) takes the form
St: \/A‘i‘S%, Stt:Szw_}‘BlSI"‘BQ\/A‘i‘S%. (27)

From the first relation in system (27) we find

§? =

2 /JA+ 52
o At + QSscStx

S, —
"9 /AT S?

0 /AT S \JATSE 2 /At S
A, S, A, S2S.e
_ il 29
2JALS: 24+ 83  AtS? (29)

By virtue of (29) and the second relation in (27), we obtain

Stm

by virtue of (28)

A, S, A, 528,
2 _ GBS, + ByJA+ S,
2JAT S 2AATSY  ATs tEos t B2V A+ o
_ _B,S, — By\/A T 52

_At 2 Am Bl 2 BZ 2\3/2
Sm_2A\/A+Sx+2ASI—A(A+S$)Sz—A(A+Sx) )
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834 NESHCHADIM, SIMONOV

Further, we will write all relations in the form

f(w) + S.g(w),

where w = /A + 52 and f and g are rational functions of w. By virtue of this convention,

_At B2 3 Agc Bl 2

By virtue of the notation in (21), system (27) has been reduced to the form

St = w,
3 2 (30)
ng = Dlw + DQTU + Sw (D3 + D4w ) .
Let us compose the consistency condition (S;).. = (Suz):-
By virtue of system (30), relation (28) takes the form
A,
Sy = —w 4+ S,wtS,,
2
Ay
= 710_1 + S, (D1 + Dyw* + S, (Dsw™" + D4w))
A,
= 711}71 + Sac(Dl + DQ’LU2) + Si(Dg'LUfl + D4’U})
(by virtue of relation S? = w? — A)
Ay
= 71071 + S.(D;1 + Dyw?) + (w? — A)(Dsw™ + Dyw)
Ay
= ?w71 + ST<D1 + D2w2) + Dg’l,U + D4U}3 — ADg'LUfl — AD4’U}
A,
= <2 — AD3> w_l + (D3 — AD4)U} + D4'LU3 + Sr(Dl + D2w2).
By virtue of the notation in (21),
A A A
T AD. =2 _AZE —
2 T2 24 "
By virtue of the notation in (22),
Stx =Fw+ E2w3 + Sx(E3 + E4’UJ2). (31)

Since S; = w, we have
w, = Byw + Byw® + S, (Fs + Eyw?).

From (31) we find

Siee = B1,w + Eyuw® + S, (Fsy + Eyuw?®) + Spo(Es + Eyw?) + (Byw + 3Eyw? + 2E,S,w)w,
= B,w + Ep,w® 4 Sy (Es, + Eyuw?) 4+ (B3 4+ Eyw®) (Dyw 4+ Dow® + S,(Ds + Dyw?))
+ (Byw + 3E,w? + 2E,S,w) (Elw + Bow® + S, (Es + E4w2))
= Eiw + Eypw® + S, (Esy + Eyuw?) + EsDyw + EsDyw® + E,Dyw® + EyDyw’®
+ S, (E3Ds + EsDyw? + EyDsw® + E,D,w?) + Eiw + E;Eyw® + 2B, E,w?S,
+ E\Byw® + 3E3w® + 2B, E, S, w*
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+ S, (E\Es + By Eyw® + 3B, Esw? + 3E, Eyw?) + S2(2Es Eyw + 2E:w?)
= (B + EsDy + E})w + EsDow® + (Eyy + E.Dy + 4E Ey))w® + EyDyw®
+ S, {ng + Eyw? + E3Ds + EsDyw? + E,Dsw? + E,Dyw* + 2B, E,w? + 2E, E,w
+ E\E3 + E\Ey,w* + 3B, Esw® + 3E, Eqw’ | + S2(2EsEqw + 2E3w?)
= (Ei, + EsD; + E})w + E3Dyw® + (Eo, + Ey Dy + 4E, Ey)w® + EyDow®
+S, [(E?,w "t EyDs + By By) + 0By + EsDy + EyDy + 3B, Ey + 3B, E)
+w*(EyDy + 5E,E,) | + (w? — A)(2E3Eyw + 2E;w?)

= (Elx + E3D1 + E% — 2AE3E4)'IU + E3D2w2
+ (Eyy + EyDy + 4E Ey — 2E3F, — 2AE?)w® + (E,D, + 2E)w®

+ S, |(Esy + EsDs + E\Es) + w?(Ey, + EsDy + E,Ds + 3E,E, + 3E,F5)
+ w*(E4Dy + 5EEy) |
By virtue of the notation in (23),
Siee = Frw + Fow? + Fsw® + Fyw® + S, (Fs + Frw® + Fyw?). (32)

Further, we find

Ay + 25,5,
W= —————
2w
by virtue of (31),
A S,
=ty = (Eyw + Exw® + S,(E; + Eqw?))
2w w
At 2 Sa% 2
= + S,(B, + EBow?) + =2 (Es + Eqw?)
2w w
A A
= L 8By + Byw?) + (B 4 )
A AFE
- 27t + S.(By + Bow?®) + Bsw 4+ Byaw® — = — AE,uw
w
A
B <2t - AES) w + (Bs — AE)w + Eqgw’® + So(Ey + Exw?)

by virtue of (21) and (22),
= (B3 — AE)w + Eyw® + S, (B, + Eyw?).
By virtue of the notation in (24),
wy = Giw + Gow® + S, (Gs + Gyw?).
Further, from the second relation in (30), we find (S, )+,

Sewt = Dyyw + Doyw® + S;(Dsy + Dyw®) + Spu(Day + Dyw?) + (Dy + 3Dow® + 28, Dyw)w,
= Dltw + Dgtwg + SI(D3t + D4tw2) + (.Dg + D4w2)(E1w + E2w3 + Sw(Eg + E4w2))
+ (D1 + 3Dyw? + 28, Dyw) (Giw + Gow® + S, (Gs + Gaw?))
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836 NESHCHADIM, SIMONOV

= (Dltw + D2t1U3) + (Dg + D4w2)(E1w + E2w3) + (Dl + 3D2w2)(G1w + G2w3)
+252D4w(Gs + Gyw®) + S, |:(D3t + Dyw?) + (D5 + Dyw?)(Es + Eqw?®)

+ (D1 + 3D2w?)(Gs + Gyw?) + 2Dyw(Grw + Gow?)

= Dyw + Doyw® + D3Fyw + DyEsw® + DyEyw® + DyFow®
+ D1G1’U) + Dngw?’ + 3D2G1w3 + 3D2G2w5 + 2D4(U)2 — A)(Gg + G4w2)w

+ S, | Ds; + Dyw?® + D3Es + DsEyw?® + D4E4w4)

+ DyGs + Dy Gy + 3D;Gyw? + 3D,Gaw' + 2D,Grw® + 2D, Gy’
= 'UJ(DH + D3E1 + D1G1 - 2AD4G3)
+ w3(D2t + D3E2 + D4E1 + D1G2 + 3D2G1 — 2AD4G4 + 2D4G3)

+ w5(D4E2 + 3D2G2 + 2D4G4) + SI |:(D3t + D3E3 + D1G3)
+ U]2(D4t + D3E4 + D4E3 + D1G4 + 3D2G3 + 2D4G1)
+ w4(D4E4 -+ 3D2G4 + 2D4G2)i| .

By virtue of the notation in (25),
Sper = Hyw + Hsw® + Hyw® + S, (Hg + Hyw? + Hgw?). (33)
By virtue of (32) and (33), the consistency condition Si,, = S,.: takes the form
(Hi—F)w—Fyw?+(Hs— F3)w’+ (Hs— F5)w’+ S, ((Hs— Fs)+ (Hr; — Fr)w”+ (Hs — Fg )w*) = 0. (34)

From relation (34) we find

Sy = 1/%
where ¢ depends only on the functions R and U and their derivatives. Further, from the first
relation in (27) we obtain

St =¥,

o= VA+2,

and it remains to compose the consistency condition

where

Pe = wta

which is the desired relation upon the functions R and U.
Note that in order to find S, from (34), it is necessary to compose the relation

(Hl — Fl)w — F2w2 + (Hg — Fg)U)S + (H5 — F5)w5 = —Sg;((HG — Fﬁ) + (H7 — F7)’UJ2 + (Hg — Fg)w4),
square it,
((Hy — Fy)w — Fow® + (H3 — F3)w® + (Hs —F5)w5)2 = S2((Ho — Fs) + (H7 — Fy)w® + (Hs —Fg)w‘*)Q,

substitute 5% = w? — A,

2

((H1—Fl)w—Fsz—i—(Hg—Fg)w3+(H5—F5)w5)2 = ('l,U2—A)((H6—F6)+(H7—F7)U12+(H8—F8)w4)
solve the resulting equation of degree 10 for w, and find

S, =vw?—A,

a function of R and U and their derivatives.
The proof of the theorem is complete. [
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4. TRANSFORMATION ¢—ELIMINATING THE FUNCTION U FROM SYSTEM (2)
From the first relation in (2), we find

1

U
R

(Rit — Ryw) + (S2 — S7). (35)

For the functions R and S there remains the second relation in system (2).

R, R
Example 1. If R and S are a pair of harmonically conjugate functions
Rt = S:vv
Rz = _Sta
then (36) takes the form
Stt - Sm'p =0.

Consequently,
S = fla+t) +gla—t),

where f and g is some function of a single argument. Then for the function R we have the system

Ry=f(z+t)+d(z—1),
R, =—f'(x+t)+g(x—1).

From the consistency condition R;, = R,; we obtain
fflz+t)+¢"(x—t)=0.
Since x +t and = — t are independent variables, we have
f"le+t)=X, ¢"(x—1t)=-X\, X =const

and

>

f= §(a:+t)2+a1($+t)+a0,

g= —%(:c —1)? + by(z —t) + by,
where a1, ag, b;, and by are some constants. Further, we find
S =2 \zt+ai(x+t)+bi(z —1t)+ ao+ bo.
From the system

Rt = Sw :2)\t+a1 +b1,
RI = —St = —2\x — aq + b1
we find
R=Xt*—2%)+ai(t —x) +bi(t + )+ ap + co,

where ¢, is some constant. Using formula (3), we find U,

4\
U= S AN} (2 — 2®) + AN (tar + by) + z(by — a1)) + 4ayby.
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838 NESHCHADIM, SIMONOV
Thus, the functions

R=At*—2%)+ai(t—z)+ b (t+z) + ap + co,
S =2 xt+ai(x+1t)+b(z—1t)+ao+ b,
4

U= =t AN (87 — 2%) + AN (t(ar + by) + z(by — a1)) + 4a;by,

where ay, ag, by, by, and ¢y are some constants, are a solution of system (2).
Example 2. Let
S = QO(R)v

where ¢ and v are some functions of a single argument. Then from the consistency condition
St = Sz we obtain

¢ (R)R, = '(R)R,.
Consequently, the function R is a solution of the implicit equation
to'(R) + 2¢'(R) = f(R),

where f is some function of a single argument.
Equation (36) takes the form

G (R)R, — 4/ (R)R, =  (6(R)R — p(R)R,)
(w’(R) + w](f)) R, = (so’(R) + 290};”) R,
The matrix
Y'(R) ¢'(R)
S(R)+ 2soéR) S(E) + 21/}}(%R)

must be singular. Hence

v (v + 250 ) — ) (v + 240

Thus, the functions ¢(R) and ¥ (R) may not be arbitrary. They are connected by this relation. For
the function U we have formula (35),

_ 6

U
R

(Rt — Ryy) + (TbQ(R) - ‘Pz(R))-

Conclusion. Let the functions ¢(R) and ¢(R) be connected by the differential relation

V2(R) — (R) = (¢ (R) ~ (*(R)'). (37

Then the functions R, S, and U are such that

1. R is a solution of the equation

tg'(R) + 2¢'(R) = f(R),

where f is some function of a single argument,
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2. S is a solution of the system

which is consistent by virtue of item 1,

1

U
R

(Ry — Rya) + (1/’2(R) - 902<R))

satisfy system (2).
Let us show that the general solution of Eq. (37) is given by the formulas

o= y(ovem (- [ pm) )
e tfo-en (] )

where b = b(R) is an arbitrary function.
Indeed, let us rewrite (10) in the form

R(¢? —¢*(R)) + (¢* —9?) =0,

or
R(¢' =)' +¢) + (¢ =) (9 +¢)) = 0.
Introduce the notation
a= %(«p + 1),
1
b= 5(@ — ).

Then the equation takes the form
Ra't +a'b+ab =0,

or

By integration we find

ool )

and return to the functions ¢ and .

CONCLUSIONS

It is apparently of interest to carry out a similar analysis of the equations relating the amplitude
and potential functions and the phase function for the multidimensional Schrédinger equation,
and also to apply the results obtained to nonlinear Schrédinger equations when the potential is
a function of amplitude, for example, for the cubic Schrodinger equation [13, 32]. We also note that
some results related to the constructive approach to the study of equations of mathematical physics
and their application to the search for coefficients and solutions can be found in [15, 16, 33-36].
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