
�à¨«®¦¥¨¥

�àã¤  ¨ £àã¯¯  ª ª ä¨§¨ç¥áª ï áâàãªâãà 

�.�. �®à®¤¨

�®à®è® ¨§¢¥áâ® [1], çâ® £àã¤®©  §ë¢ ¥âáï  «£¥¡à  G á â¥à à®©
®¯¥à æ¨¥© ' : G3 ! G, ã¤®¢«¥â¢®àïîé¥© á«¥¤ãîé¨¬ â®¦¤¥áâ¢ ¬:

'('(x; y; z); u; v) = '(x; '(u; z; y); v) = '(x; y; '(z; u; v)); (1)

'(x; y; y) = '(y; y; x) = x: (2)

�á«¨ ¨¬¥îâ ¬¥áâ® â®«ìª® â®¦¤¥áâ¢  (1), â®  «£¥¡à  G  §ë¢ ¥âáï
¯®«ã£àã¤®©. �¥ í«¥¬¥â e  §ë¢ ¥âáï ¡¨ã¨â àë¬, ¥á«¨ ¤«ï ¥£® ¢ë-
¯®«ï¥âáï â®¦¤¥áâ¢® '(x; e; e) = '(e; e; x) = x. � ª¨¬ ®¡à §®¬, ¢ £àã¤¥
ª ¦¤ë© í«¥¬¥â ¡¨ã¨â à¥.

� â®¦¤¥áâ¢ å (1) ®¡à é ¥â   á¥¡ï ¢¨¬ ¨¥ áà¥¤¥¥ §¢¥®, ¢ ª®â®-

à®¬ ¯à®¨áå®¤¨â ¯¥à¥áâ ®¢ª  ¢â®à®£® ¨ ç¥â¢¥àâ®£® í«¥¬¥â®¢ ª®àâ¥¦ 
< xyzuv >, çâ® ª ¦¥âáï ¥ á®¢á¥¬ ¥áâ¥áâ¢¥ë¬. � ¤àã£®© áâ®à®ë,
¢ ¨å ¯à ¢®¬ §¢¥¥ ¨áå®¤ë© ¯®àï¤®ª í«¥¬¥â®¢ íâ®£® ª®àâ¥¦  á®åà -
ï¥âáï. �ª §ë¢ ¥âáï, áà¥¤¥¥ §¢¥® â®¦¤¥áâ¢ (1) ¢ ®¯à¥¤¥«¥¨¨ £àã¤ë
¬®¦¥â ¡ëâì ®¯ãé¥®.

�¥¬¬  1. �®¦¤¥áâ¢  (1); (2), ª®â®àë¬ ã¤®¢«¥â¢®àï¥â â¥à à-

 ï ®¯¥à æ¨ï ', íª¢¨¢ «¥âë â®¦¤¥áâ¢ ¬

'('(x; y; z); u; v) = '(x; y; '(z; u; v)); (3)

'(x; y; y) = '(y; y; x) = x: (4)

�á®, çâ® â®¦¤¥áâ¢  (3), (4) á®¤¥à¦ âáï ¢ â®¦¤¥áâ¢ å (1), (2) ¨ ¯®-
â®¬ã á«¥¤ãîâ ¨§ ¨å. �®ª ¦¥¬ á«¥¤®¢ ¨¥ ¢ ®¡à â®¬ ¯®àï¤ª¥. � -
ç « , ¨áå®¤ï ¨§ ¡®«¥¥ ¯à®áâëå â®¦¤¥áâ¢ (3), (4), ãáâ ®¢¨¬ ¥ á®¢á¥¬
®ç¥¢¨¤®¥ á®®â®è¥¨¥: '('(x; y; z); u; '(u; z; y)) = x. �¥©áâ¢¨â¥«ì®:
'('(x; y; z); u; '(u; z; y)) = '('('(x; y; z); u; u); z; y) = '('(x; y; z); z; y)
= '(x; y; '(z; z; y)) = '(x; y; y) = x. � «¥¥, ®¯¨à ïáì   â®«ìª® çâ®
ãáâ ®¢«¥®¥ á®®â®è¥¨¥, ¡ã¤¥¬ ¯à¥®¡à §®¢ë¢ âì áà¥¤¥¥ §¢¥® â®-

¦¤¥áâ¢ (1): '(x; '(u; z; y); v) = '('('(x; y; z); u; '(u; z; y)); '(u; z; y); v)
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= '('(x; y; z); u; '('(u; z; y), '(u; z; y); v)) = '('(x; y; z); u; v). � ª¨¬
®¡à §®¬, ¯¥à¢®¥ ¨§ ¤¢ãå â®¦¤¥áâ¢ (1),   ¨¬¥®, à ¢¥áâ¢® «¥¢®£® ¨
áà¥¤¥£® §¢¥ì¥¢, ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ â®¦¤¥áâ¢ (3), (4). �â®à®¥ ¦¥,
â® ¥áâì à ¢¥áâ¢® «¥¢®£® ¨ ¯à ¢®£® §¢¥ì¥¢, ¯à®áâ® á®¢¯ ¤ ¥â á â®-

¦¤¥áâ¢®¬ (3). �®¢¯ ¤ îâ â ª¦¥ â®¦¤¥áâ¢  (2) ¨ (4), çâ® ¨ § ¢¥àè ¥â
¤®ª § â¥«ìáâ¢® «¥¬¬ë 1.
�¯à¥¤¥«¥¨¥ 1. �«£¥¡à  G á â¥à à®© ®¯¥à æ¨¥© '  §ë¢ ¥âáï

£àã¤®©, ¥á«¨ íâ  ®¯¥à æ¨ï ã¤®¢«¥â¢®àï¥â â®¦¤¥áâ¢ ¬ (3),(4).
�§ «¥¬¬ë 1 á«¥¤ã¥â, çâ® ®¯à¥¤¥«¥¨¥ £àã¤ë â®¦¤¥áâ¢ ¬¨ (1),(2)

¯® «¥ªæ¨ï¬ �.�.�ãà®è  [1], ® ç¥¬ £®¢®à¨«®áì ¢  ç «¥ �à¨«®¦¥¨ï,
íª¢¨¢ «¥â® ¥¥ ®¯à¥¤¥«¥¨î â®¦¤¥áâ¢ ¬¨ (3),(4).

�¥¬¬  2. �®¦¤¥áâ¢  (3); (4), ª®â®àë¬ ã¤®¢«¥â¢®àï¥â â¥à à-

 ï ®¯¥à æ¨ï ', íª¢¨¢ «¥âë â®¦¤¥áâ¢ ¬

'(x; y; z) = '('(x; y; s); s; z) = '(x; s; '(s; y; z)); (5)

'(x; y; y) = '(y; y; x) = x: (6)

� ¯¨è¥¬ â®¦¤¥áâ¢® (3) ¤«ï ¤¢ãå ª®àâ¥¦¥© < xyssz > ¨ < xssyz >

á®®â¢¥âáâ¢¥®, ¨á¯®«ì§ãï â ª¦¥ â®¦¤¥áâ¢  (4): '('(x; y; s); s; z)
= '(x; y; '(s; s; z)) = '(x; y; z) ¨ '(x; s; '(s; y; z)) = '('(x; s; s); y; z) =
'(x; y; z), â® ¥áâì ¯®«ãç ¥¬ â®¦¤¥áâ¢  (5), ª®â®àë¥, â ª¨¬ ®¡à §®¬,
á«¥¤ãîâ ¨§ â®¦¤¥áâ¢ (3),(4). � ¤àã£®© áâ®à®ë, ¨áå®¤ï ¨§ â®¦¤¥áâ¢

(5),(6), ®ç¥¢¨¤®, ¨¬¥¥¬: '('(x; y; z); u; v) = '('(x; y; z); z; '(z; u; v)) =
'(x; y; '(z; z; '(z; u; v))) = '(x; y; '(z; u; v)). �®áª®«ìªã ¯à¨ íâ®¬ á®-
¢¯ ¤ îâ â®¦¤¥áâ¢  (4) ¨ (6), «¥¬¬  2 ¤®ª §  .
�¯à¥¤¥«¥¨¥ 2. �«£¥¡à  G á â¥à à®© ®¯¥à æ¨¥© '  §ë¢ ¥âáï

£àã¤®©, ¥á«¨ íâ  ®¯¥à æ¨ï ã¤®¢«¥â¢®àï¥â â®¦¤¥áâ¢ ¬ (5),(6).

�¥¬¬  3. �¯à¥¤¥«¥¨¥ 1 ¨ ®¯à¥¤¥«¥¨¥ 2 £àã¤ë, ª ª  «£¥¡àë G

á â¥à à®© ®¯¥à æ¨¥© ', ã¤®¢«¥â¢®àïîé¥© â®¦¤¥áâ¢ ¬ (3); (4) ¨
â®¦¤¥áâ¢ ¬ (5); (6) á®®â¢¥âáâ¢¥®, íª¢¨¢ «¥âë.

�¥¬¬  3 ï¢«ï¥âáï ¯àï¬ë¬ á«¥¤áâ¢¨¥¬ «¥¬¬ë 2, ãáâ  ¢«¨¢ îé¥©
íª¢¨¢ «¥â®áâì â®¦¤¥áâ¢ (3), (4) ¨ (5), (6), ¢å®¤ïé¨å ¢ ®¯à¥¤¥«¥¨ï
1 ¨ 2 £àã¤ë, á®®â¢¥âáâ¢¥®.
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�¯à¥¤¥«¥¨¥ £àã¤ë â®¦¤¥áâ¢ ¬¨ (5), (6) ¨¬¥¥â áãé¥áâ¢¥®¥ ¯à¥-
¨¬ãé¥áâ¢® ¯® á«¥¤ãîé¥© ¯à¨ç¨¥: ®ª §ë¢ ¥âáï, çâ® íâ¨ â®¦¤¥áâ¢ 
¥áâì ¯àï¬®¥ á«¥¤áâ¢¨¥ ¯à¨æ¨¯  ä¥®¬¥®«®£¨ç¥áª®© á¨¬¬¥âà¨¨ ¢ â¥-
®à¨¨ ä¨§¨ç¥áª¨å áâàãªâãà [2]. �« ¢®© § ¤ ç¥© íâ®© â¥®à¨¨, ¢ ä®à¬ã-

«¨à®¢ª¥ ¥¥  ¢â®à  �.�.�ã« ª®¢ , ï¢«ï¥âáï ¨áá«¥¤®¢ ¨¥ ¨ ®¡®á®¢ -
¨¥ áâà®¥¨ï ä¨§¨ç¥áª¨å § ª®®¢. �®§¨ª îé¨¥ ¨§ ¯à¨æ¨¯  ä¥®¬¥-
®«®£¨ç¥áª®© á¨¬¬¥âà¨¨ â®¦¤¥áâ¢  (5), (6) ä ªâ¨ç¥áª¨ ¯à¥¤áâ ¢«ïîâ
á®¡®© äãªæ¨® «ìë¥ ãà ¢¥¨ï ®â®á¨â¥«ì® â¥à à®© ®¯¥à æ¨¨
'. �¥à¥©¤¥¬ ª ®¯à¥¤¥«¥¨î ¯à®áâ¥©è¥© ä¨§¨ç¥áª®© áâàãªâãàë ¬¨¨-
¬ «ì®£® à £  (2,2).

�ãáâì ¨¬¥îâáï âà¨ ¬®¦¥áâ¢  M;N ¨ G ¯à®¨§¢®«ì®© ¯à¨à®¤ë,
¯à¨ç¥¬ í«¥¬¥âë ¯¥à¢ëå ¤¢ãå,   ¨¬¥® M ¨ N, ¡ã¤¥¬ ®¡®§ ç âì
áâà®çë¬¨ « â¨áª¨¬¨ ¨ £à¥ç¥áª¨¬¨ ¡ãª¢ ¬¨ á®®â¢¥âáâ¢¥®. �ãáâì

¨¬¥¥âáï â ª¦¥ äãªæ¨ï f :M�N ! G, á®¯®áâ ¢«ïîé ï ª ¦¤®© ¯ -
à¥ < i� > ¨§ ¯àï¬®£® ¯à®¨§¢¥¤¥¨ï M �N ¥ª®â®àë© í«¥¬¥â f(i�)
¨§ ¬®¦¥áâ¢  G. � ®â®è¥¨¨ äãªæ¨¨ f ¡ã¤¥¬ ¯à¥¤¯®« £ âì ¢ë¯®«-
¥¨¥ á«¥¤ãîé¥£® ãá«®¢¨ï:
A. �«ï «î¡ëå í«¥¬¥â®¢ � 2 N ¨ j 2 M ç áâ¨çë¥ ®â®¡à ¦¥¨ï

M � f�g ! G ¨ fjg �N ! G á®®â¢¥âáâ¢¥® áîàê¥ªâ¨¢ë, â® ¥áâì
ï¢«ïîâáï ®â®¡à ¦¥¨ï¬¨   ¬®¦¥áâ¢® G.

�ë¬¨ á«®¢ ¬¨ ¤«ï ¯à®¨§¢®«ì®£® í«¥¬¥â  g 2 G ãà ¢¥¨ï f(i�)

= g ¨ f(j�) = g ¨¬¥îâ à¥è¥¨ï ®â®á¨â¥«ì® i 2M ¨ � 2 N, ¯à¨ç¥¬
í«¥¬¥âë � 2 N ¨ j 2M â®¦¥ ¯à®¨§¢®«ìë¥.

�¢¥¤¥¬ ¥é¥ äãªæ¨î F :M2�N2 ! G
4, á®¯®áâ ¢«ïï ç¥âëà¥åâ®-

ç¥ç®¬ã ª®àâ¥¦ã < ij; �� > ¨§ M2 �N2 ª®àâ¥¦ < f(i�); f(i�); f(j�);
f(j�) > ¤«¨ë ç¥âëà¥ ¨§ G4, í«¥¬¥âë ª®â®à®£® ¥áâì ®¡à §ë ¢á¥å
¢®§¬®¦ëå ¯ à < i� >;< i� >;< j� >;< j� >, ã¯®àï¤®ç¥ë¥ ¯®
¨áå®¤®¬ã ª®àâ¥¦ã.
�¯à¥¤¥«¥¨¥ 3. �ã¤¥¬ £®¢®à¨âì, çâ® äãªæ¨ï f : M�N ! G,

ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î A, § ¤ ¥â   ¬®¦¥áâ¢ å M ¨ N ä¨§¨ç¥-

áªãî áâàãªâãàã à £  (2,2), ¥á«¨ áãé¥áâ¢ã¥â â ª ï â¥à à ï  «£¥-
¡à ¨ç¥áª ï ®¯¥à æ¨ï ' : G3 ! G, çâ® ¤«ï ¢á¥å ç¥â¢¥à®ª < ij; �� >

¢ë¯®«ï¥âáï á«¥¤ãîé¥¥ á®®â®è¥¨¥:

f(i�) = '(f(i�); f(j�); f(j�)): (7)

�®®â®è¥¨¥ (7), á¯à ¢¥¤«¨¢®¥ ¤«ï «î¡®£® ª®àâ¥¦  < ij; �� > 2
M2 �N2, á®áâ ¢«ï¥â á®¤¥à¦ ¨¥ ¯à¨æ¨¯  ä¥®¬¥®«®£¨ç¥áª®© á¨¬-

¬¥âà¨¨ ¢ â¥®à¨¨ ä¨§¨ç¥áª¨å áâàãªâãà. �®£« á® íâ®¬ã ¯à¨æ¨¯ã
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®¡à § ¯àï¬®£® ¯à®¨§¢¥¤¥¨ï M2 � N2 ¢ G
4 ¯à¨ ®â®¡à ¦¥¨¨ F ¥

á®¢¯ ¤ ¥â á® ¢á¥¬ G
4,   ï¢«ï¥âáï ¥£® ¥ª®â®àë¬ ¯®¤¬®¦¥áâ¢®¬. �

á¢®î ®ç¥à¥¤ì, á®®â®è¥¨¥ (7)  « £ ¥â   ¨áå®¤ãî äãªæ¨î f ¤®-
áâ â®ç® á¨«ì®¥ ®£à ¨ç¥¨¥, â ª ª ª ¥ ¤«ï ¢áïª®© â ª®© äãªæ¨¨

 ©¤¥âáï â¥à à ï ®¯¥à æ¨ï ', ¢ëà ¦ îé ï íâ® á®®â®è¥¨¥.

�¥®à¥¬  1. �¥à à ï  «£¥¡à ¨ç¥áª ï ®¯¥à æ¨ï ' ¨§ ®¯à¥¤¥«¥¨ï

3 ä¨§¨ç¥áª®© áâàãªâãàë à £  (2; 2), ãáâ  ¢«¨¢ îé ï ä¥®¬¥®-

«®£¨ç¥áª¨ á¨¬¬¥âà¨ç®¥ á®®â®è¥¨¥ (7), § ¤ ¥â   ¬®¦¥áâ¢¥ G

£àã¤ã.

�®«®¦¨¬ ¢ á®®â®è¥¨¨ (7) i = j : f(i�) = '(f(i�); f(i�); f(i�))
¨ � = � : f(i�) = '(f(i�); f(j�); f(j�)). � á®®â¢¥âáâ¢¨¨ á ãá«®¢¨-
¥¬ A ¯ àë ¯¥à¥¬¥ëå f(i�); f(i�) ¨ f(i�); f(j�) ¥§ ¢¨á¨¬ë. �¢®-

¤ï ¤«ï ¨å ®¡®§ ç¥¨¥ x = f(i�); y = f(i�) ¢ ¯¥à¢®¬ á«ãç ¥ ¨
x = f(i�); y = f(j�) { ¢® ¢â®à®¬, ¯®«ãç ¥¬ â®¦¤¥áâ¢  (6). �«ï ¯®-
«ãç¥¨ï ¦¥ ®á®¢ëå â®¦¤¥áâ¢ (5) ¢ ®¯à¥¤¥«¥¨¨ 2 £àã¤ë ¢®§ì¬¥¬ ¢
¬®¦¥áâ¢¥ M ¤®¯®«¨â¥«ì® ª ¯ à¥ < ij > âà¥â¨© í«¥¬¥â k ¨ § -
¯¨è¥¬ á®®â®è¥¨¥ (7) ¥é¥ ¤«ï ¤àã£¨å ¤¢ãå ª®àâ¥¦¥© < ik; �� > ¨
< jk; �� >:

f(i�) = '(f(i�); f(k�); f(k�));
f(j�) = '(f(j�); f(k�); f(k�)):

)
(70)

�§ âà¥å á®®â®è¥¨© (7); (70) «¥£ª® ãáâ  ¢«¨¢ ¥¬ à ¢¥áâ¢®

'(f(i�); f(k�); f(k�)) = '(f(i�); f(j�); '(f(j�); f(k�); f(k�)));

á ¥§ ¢¨á¨¬ë¬¨ ¯® ãá«®¢¨îA ¯¥à¥¬¥ë¬¨ f(i�); f(k�); f(k�); f(j�).
�¢®¤ï ¤«ï ¨å ®¡®§ ç¥¨¥ x = f(i�); y = f(k�); z = f(k�); s =
f(j�), ¯®«ãç ¥¬ ¢â®à®¥ ¨§ ¤¢ãå â®¦¤¥áâ¢ (5). �¥à¢®¥ ¦¥ ¨§ â®¦¤¥áâ¢

(5) ¯®«ãç¨¬   «®£¨ç®, ¡¥àï ¤®¯®«¨â¥«ì® ª ¯ à¥ < �� > âà¥â¨©
í«¥¬¥â  ¨§ ¬®¦¥áâ¢  N. � ¯¨è¥¬ á®®â®è¥¨¥ (7) ¥é¥ ¤«ï ¤àã£¨å
¤¢ãå ª®àâ¥¦¥© < ij; � > ¨ < ij; � >:

f(i�) = '(f(i); f(j); f(j�));
f(i�) = '(f(i); f(j); f(j�)):

)
(700)

�§ âà¥å á®®â®è¥¨© (7); (700) á«¥¤ã¥â à ¢¥áâ¢®

'(f(i); f(j); f(j�)) = '('(f(i); f(j); f(j�)); f(j�); f(j�));
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á ¥§ ¢¨á¨¬ë¬¨ ¯® ãá«®¢¨î A ¯¥à¥¬¥ë¬¨ f(i); f(j); f(j�); f(j�).
�¢®¤ï ¤«ï ¨å ®¡®§ ç¥¨¥ x = f(i); y = f(j); z = f(j�); s = f(j�),
¯à¨å®¤¨¬ ª ¯¥à¢®¬ã ¨§ â®¦¤¥áâ¢ (5). � ª¨¬ ®¡à §®¬, ãáâ ®¢«¥ë ¢á¥
â®¦¤¥áâ¢  (5),(6), ¢å®¤ïé¨¥ ¢ ®¯à¥¤¥«¥¨¥ 2 £àã¤ë, çâ® ¨ § ¢¥àè ¥â

¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.
�¡à â¨¬ â¥¯¥àì ¢¨¬ ¨¥   à §«¨çãî à®«ì â®¦¤¥áâ¢ (5) ¨ (6) ¢

®¯à¥¤¥«¥¨¨ 2 £àã¤ë. �¥à¢ë¥ ¨§ ¨å ï¢® ®á®¢®¯®« £ îé¨¥, ¨¬¥î-
é¨¥ å à ªâ¥à äãªæ¨® «ìëå ãà ¢¥¨©, ®¯à¥¤¥«ïîé¨å £àã¤ã, ¢â®-
àë¥ ¦¥ ®âà ¦ îâ ç áâë¥ ¥¥ á¢®©áâ¢ . �®íâ®¬ã ¨¬¥¥â á¬ëá« ¢ ®¢®¬
®¯à¥¤¥«¥¨¨ £àã¤ë á®åà ¨âì â®¦¤¥áâ¢  (5),   â®¦¤¥áâ¢  (6) § ¬¥¨âì
¥ª®â®àë¬ ¡®«¥¥ ¥áâ¥áâ¢¥ë¬ ãá¤®¢¨¥¬,  « £ ¥¬ë¬   â¥à àãî
®¯¥à æ¨î '. �â® ãá«®¢¨¥ ¬®¦® ¯«ãç¨âì ¨§ â®£® ¦¥ ä¥®¬¥®«®£¨ç¥-
áª¨ á¨¬¬¥âà¨ç®£® á®®â®è¥¨ï (7) ¤«ï ä¨§¨ç¥áª®© áâàãªâãàë à £ 

(2,2).

�¥¬¬  4. �¥à à ï  «£¥¡à ¨ç¥áª ï ®¯¥à æ¨ï ' ¨§ ®¯à¥¤¥«¥¨ï 3
ä¨§¨ç¥áª®© áâàãªâãàë à £  (2; 2) ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¥¬ã ¥-

®¡å®¤¨¬®¬ã ãá«®¢¨î:

B: �«ï «î¡ëå ¤¢ãå í«¥¬¥â®¢ q; h 2 G ç áâ¨çë¥ ®â®¡à ¦¥¨ï

x 7! '(x; q; h); x 7! '(q; x; h); x 7! '(q; h; x) áîàê¥ªâ¨¢ë.

� áá¬®âà¨¬ á ç «  ¯¥à¢®¥ ®â®¡à ¦¥¨¥ x 7! '(x; q; h). �® ãá«®-

¢¨î A  ©¤¥âáï â ª ï ¯ à  < j� >, ¤«ï ª®â®à®© f(j�) = h. � «¥¥,
¯® â®¬ã ¦¥ ãá«®¢¨î A ¤«ï â®ç¥ª j 2 M ¨ � 2 N ¯à¥¤ë¤ãé¥© ¯ -
àë  ©¤ãâáï â ª¨¥ â®çª¨ i 2 M ¨ � 2 N, ¤«ï ª®â®àëå f(j�) = q

¨ f(i�) = p, £¤¥ p { ¯à®¨§¢®«ìë© í«¥¬¥â ¨§ G. �® â®£¤ , ¯®« £ ï
x = f(i�), ¯® á®®â®è¥¨î (7) ¯®«ãç ¥¬ p = '(x; q; h). �® ¥áâì ã ¯à®-
¨§¢®«ì®£® í«¥¬¥â  p 2 G ¯à¨ ç áâ¨ç®¬ ®â®¡à ¦¥¨¨ x 7! '(x; q; h)
¨¬¥¥âáï å®âï ¡ë ®¤¨ ¯à®®¡à §, çâ® ¨ ¤®ª §ë¢ ¥â áîàê¥ªâ¨¢®áâì
íâ®£® ®â®¡à ¦¥¨ï. �îàê¥ªâ¨¢®áâì ®áâ ¢è¨åáï ç áâ¨çëå ®â®¡à -
¦¥¨© x 7! '(q; x; h) ¨ x 7! '(q; h; x) ãáâ  ¢«¨¢ ¥âáï á®¢¥àè¥®

  «®£¨ç®. �¥¬¬  4 ¤®ª §  .
�á«®¢¨¥ B ¨¬¥¥â ¡®«¥¥ ¯à¨¢ëçãî ¤«ï  «£¥¡à ¨áâ®¢ íª¢¨¢ «¥â-

ãî ä®à¬ã:
B0
: �«ï «î¡ëå âà¥å í«¥¬¥â®¢ p; q; h ¨§ ¬®¦¥áâ¢  G ª ¦¤®¥ ¨§

ãà ¢¥¨© p = '(x; q; h); p = '(q; x; h) ¨ p = '(q; h; x) ¨¬¥¥â à¥è¥¨¥
®â®á¨â¥«ì® x.

� ¬¥¨¬ ¥ á®¢á¥¬ ¥áâ¥áâ¢¥ë¥ â®¦¤¥áâ¢  (6) ¢ ®¯à¥¤¥«¥¨¨ (2)
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£àã¤ë ¡®«¥¥ ¥áâ¥áâ¢¥ë¬ ãá«®¢¨¥¬ B, ª®â®à®¥ â ª¦¥ ï¢«ï¥âáï á«¥¤-
áâ¢¨¥¬ ä¥®¬¥®«®£¨ç¥áª®© á¨¬¬¥âà¨¨.
�¯à¥¤¥«¥¨¥ 4. �«£¥¡à  G á â¥à à®© ®¯¥à æ¨¥© ', ã¤®¢«¥â¢®-

àïîé¥© ãá«®¢¨îB (¨«¨ íª¢¨¢ «¥â®¬ã ¥¬ã ãá«®¢¨î B0),  §ë¢ ¥âáï

£àã¤®©, ¥á«¨ ¤«ï ¥¥ ¢ë¯®«ïîâáï á«¥¤ãîé¨¥ ¤¢  â®¦¤¥áâ¢ :

'(x; y; z) = '('(x; y; s); s; z);
'(x; y; z) = '(x; s; '(s; y; z)):

)
(8)

�¥¬¬  5. �¯à¥¤¥«¥¨¥ 2 ¨ ®¯à¥¤¥«¥¨¥ 4 £àã¤ë ª ª  «£¥¡àë G

á â¥à à®© ®¯¥à æ¨¥© ', ã¤®¢«¥â¢®àïîé¥© ç¥âëà¥¬ â®¦¤¥áâ¢ ¬

(5),(6) ¨«¨ ¯à¨ ãá«®¢¨¨ B ¤¢ã¬ â®¦¤¥áâ¢ ¬ (8) á®®â¢¥âáâ¢¥®,
íª¢¨¢ «¥âë.

�®¦¤¥áâ¢  (5) ¨ (8) á®¢¯ ¤ îâ, ¯®íâ®¬ã á ç «  ¨§ ãá«®¢¨ï B ¨
â®¦¤¥áâ¢ (8) ¯®«ãç¨¬ â®¦¤¥áâ¢  (6). � ¯¨è¥¬ ¯¥à¢®¥ ¨§ â®¦¤¥áâ¢ (8)
¤«ï ª®àâ¥¦  < xyyy >,   ¢â®à®¥ ¤«ï ª®àâ¥¦  < yyxy >: '(x; y; y) =
'('(x; y; y); y; y), '(y; y; x) = '(y; y; '(y; y; x)). �® ãá«®¢¨î B ®â®¡à -
¦¥¨ï x 7! '(x; y; y) ¨ x 7! '(y; y; x) áîàê¥ªâ¨¢ë. �¢¥¤ï á®®â¢¥â-

áâ¢ãîé¨¥ ¯¥à¥®¡®§ ç¥¨ï í«¥¬¥â®¢ '(x; y; y) ¨ '(y; y; x) ¨§ G, ¯®-
«ãç ¥¬ â®¦¤¥áâ¢  (6). �®ª ¦¥¬ â¥¯¥àì, çâ® ãá«®¢¨¥ B ¥áâì á«¥¤áâ¢¨¥
â®¦¤¥áâ¢ (5),(6). �à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥, â® ¥áâì çâ®  ©¤ãâáï â -
ª¨¥ âà¨ í«¥¬¥â  p; q; h ¨§ ¬®¦¥áâ¢  G, çâ® ®¤® ¨§ âà¥å ãà ¢¥¨©
ãá«®¢¨ï B0 ¥ ¨¬¥¥â à¥è¥¨ï. �¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¤®ª § â¥«ì-
áâ¢  ¯à¥¤¯®«®¦¨¬, çâ® ¥ ¨¬¥¥â à¥è¥¨ï ãà ¢¥¨¥ p = '(x; q; h).
� ¯¨è¥¬ ¯¥à¢®¥ ¨§ â®¦¤¥áâ¢ (5) ¤«ï ª®àâ¥¦  < phhq >: '(p; h; h) =
'('(p; h; q); q; h), ®âªã¤ , ¨á¯®«ì§ãï ®¤® ¨§ â®¦¤¥áâ¢ (6), ¯®«ãç ¥¬:
p = '('(p; h; q); q; h). � ª¨¬ ®¡à §®¬, ãà ¢¥¨¥ p = '(x; q; h) ¨¬¥¥â

à¥è¥¨¥ x = '(p; h; q), çâ® ¯à®â¨¢®à¥ç¨â á¤¥« ®¬ã ¯à¥¤¯®«®¦¥¨î.
�¢  ¤àã£¨å ãà ¢¥¨ï ¨§ ãá«®¢¨ïB0 ¨áá«¥¤ãîâáï   «®£¨ç®. �áâ  -
¢«¨¢ ¥¬ë¥ ¯à¨ íâ®¬ ¯à®â¨¢®à¥ç¨ï ¨ ¯®ª §ë¢ îâ, çâ® ãá«®¢¨¥ B0 (¨«¨
íª¢¨¢ «¥â®¥ ¥¬ã ãá«®¢¨¥ B) ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ â®¦¤¥áâ¢ (5),(6).
�¥¬¬  5 ¤®ª §  .

�á«®¢¨¥ B,   ¯¥à¢ë© ¢§£«ï¤ ¬®¦¥â ¯®ª § âìáï á«¨èª®¬ á¨«ìë¬,
â¥¬ ¡®«¥¥, çâ® ¢ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 5 ¯à¨ ¯®«ãç¥¨¨ â®¦¤¥áâ¢
(6) ãá«®¢¨¥ B ¨á¯®«ì§®¢ «®áì ¥ ¢ ¯®«®¬ ®¡ê¥¬¥, ¯®áª®«ìªã ¨¬¥-
«  § ç¥¨¥ â®«ìª® áîàê¥ªâ¨¢®áâì ®â®¡à ¦¥¨© x 7! '(x; y; y) ¨

x 7! '(y; y; x) ¤«ï ¯à®¨§¢®«ì®£® í«¥¬¥â  y. �ä®à¬ã«¨àã¥¬ íâ® ¡®«¥¥

200



á« ¡®¥ ãá«®¢¨¥:
C. �«ï «î¡®£® í«¥¬¥â  q 2 G áîàê¥ªâ¨¢ë ç áâ¨çë¥ ®â®¡à ¦¥-

¨ï, § ¤ ¢ ¥¬ë¥ äãªæ¨ï¬¨ x 7! '(x; q; q) ¨ x 7! '(q; q; x).
�®«¥¥ ¯à¨¢ëçë© ¯® ä®à¬¥ ¨ íª¢¨¢ «¥âë© ¢ à¨ â íâ®£® ãá«®¢¨ï

¡ã¤¥â á«¥¤ãîé¨©:
C0
: �«ï «î¡ëå ¤¢ãå í«¥¬¥â®¢ p; q 2 G ª ¦¤®¥ ¨§ ãà ¢¥¨© p =

'(x; q; q) ¨ p = '(q; q; x) ¨¬¥¥â à¥è¥¨¥ ®â®á¨â¥«ì® x 2 G.
� ¬¥â¨¬, ®¤ ª®, çâ® á« ¡®¥ ãá«®¢¨¥ C ª ¦¥âáï ¬¥¥¥ ¥áâ¥áâ¢¥-

ë¬, ç¥¬ á¨«ì®¥ ¨ "¯®«®ªà®¢®¥" ãá«®¢¨¥ B.
�¯à¥¤¥«¥¨¥ 5.�«£¥¡à  G á â¥à à®© ®¯¥à æ¨¥© ', ã¤®¢«¥â¢®àï-

îé¥© ãá«®¢¨î C (¨«¨ íª¢¨¢ «¥â®¬ã ¥¬ã ãá«®¢¨î C0) ¨ â®¦¤¥áâ¢ ¬
(8),  §ë¢ ¥âáï £àã¤®©.

�¥¬¬  6. �¯à¥¤¥«¥¨¥ 2 ¨ ®¯à¥¤¥«¥¨¥ 5 £àã¤ë ª ª  «£¥¡àë G

á â¥à à®© ®¯¥à æ¨¥© ', ã¤®¢«¥â¢®àïîé¥© ç¥âëà¥¬ â®¦¤¥áâ¢ ¬

(5); (6) ¨«¨ ¯à¨ ãá«®¢¨¨ C ¤¢ã¬ â®¦¤¥áâ¢ ¬ (8) íª¢¨¢ «¥âë.

�®ª § â¥«ìáâ¢® «¥¬¬ë 6 ¢ ¯¥à¢®© ¥£® ç áâ¨ ¯®«ãç¥¨ï â®¦¤¥áâ¢ (6)
¯®¢â®àï¥â á®®â¢¥âáâ¢ãîéãî ç áâì ¤®ª § â¥«ìáâ¢  «¥¬¬ë 5,   áîàê-
¥ªâ¨¢®áâì ®â®¡à ¦¥¨© x 7! '(x; q; q) ¨ x 7! '(q; q; x), âà¥¡ã¥¬ ï
ãá«®¢¨¥¬ C, ¥áâì ¥¯®áà¥¤áâ¢¥®¥ á«¥¤áâ¢¨¥ â®¦¤¥áâ¢ (6).

�¥®à¥¬  2. �á¥ ç¥âëà¥ ®¯à¥¤¥«¥¨ï £àã¤ë,   ¨¬¥®, ®¯à¥¤¥«¥¨ï

1; 2; 4; 5 íª¢¨¢ «¥âë ¬¥¦¤ã á®¡®©.

�¥®à¥¬  2 ï¢«ï¥âáï á®¢®ªã¯ë¬ á«¥¤áâ¢¨¥¬ «¥¬¬ 3, 5, 6, ãáâ  ¢«¨-
¢ îé¨å íª¢¨¢ «¥â®áâì ¯ à ®¯à¥¤¥«¥¨© 1 ¨ 2, 2 ¨ 4, 2 ¨ 5,   â ª¦¥
âà §¨â¨¢®áâ¨ íâ®£® ®â®è¥¨ï íª¢¨¢ «¥â®áâ¨.

�ãáâì ¨¬¥¥âáï £àã¤  G á â¥à à®©  «£¥¡à ¨ç¥áª®© ®¯¥à æ¨¥© ' ¨
¯ãáâì e { ¥ª®â®àë© ¥¥ ä¨ªá¨à®¢ ë© í«¥¬¥â. �¯à¥¤¥«¨¬   ¬®-
¦¥áâ¢¥ G ¡¨ àãî  «£¥¡à ¨ç¥áªãî ®¯¥à æ¨î ¯® ä®à¬ã«¥

xy = '(x; e; y): (9)

�¥®à¥¬  3 (�íà -� £¥à  [1]).�®¦¥áâ¢® G á ¡¨ à®©  «£¥¡à -

¨ç¥áª®© ®¯¥à æ¨¥© (9) ï¢«ï¥âáï £àã¯¯®©.

�¥©âà «ìë¬ í«¥¬¥â®¬ ¡ã¤¥â, ®ç¥¢¨¤®, ä¨ªá¨à®¢ ë© í«¥¬¥â
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e, ¯®áª®«ìªã ¢ á¨«ã â®¦¤¥áâ¢ (6) xe = '(x; e; e) = x ¨ ex = '(e; e; x) =
x. �¡à âë© ª x í«¥¬¥â x

�1 ®¯à¥¤¥«¨âáï ¢ëà ¦¥¨¥¬: x�1 =
'(e; x; e), â ª ª ª ¢ á¨«ã â®¦¤¥áâ¢ (5), (6) ¨¬¥¥¬: xx

�1 =
'(x; e; '(e; x; e)) = '(x; x; e) = e, x�1x = '('(e; x; e); e; x) = '(e; x; x) =

e. �áá®æ¨ â¨¢®áâì ¦¥ ¡¨ à®© ®¯¥à æ¨¨ (9) ¥áâì á«¥¤áâ¢¨¥ â®«ì-
ª® â®¦¤¥áâ¢ (5): (xy)z = '('(x; e; y); e; z) = '('(x; e; y); y; '(y; e; z)) =
'(x; e; '(y; e; z)) = x(yz), çâ® ¨ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 3.

� ¬¥â¨¬, çâ® ¨áå®¤ ï â¥à à ï  «£¥¡à ¨ç¥áª ï ®¯¥à æ¨ï ' ¤«ï
£àã¤ë ®¤®§ ç® ¢ëà ¦ ¥âáï ç¥à¥§ ¡¨ à®¥ £àã¯¯®¢®¥ ã¬®¦¥¨¥
(9) ¯® á«¥¤ãîé¥© ä®à¬ã«¥:

'(x; y; z) = xy
�1
z; (10)

¯®áª®«ìªã xy
�1
z = '('(x; e; '(e; y; e)); e; z) = '('(x; y; e); e; z) =

'(x; y; z). �àã¯¯ë, ¯®«ãç ¥¬ë¥ ¨§ £àã¤ë á ¯®¬®éìî ¤¢ãå ä¨ªá¨à®¢ -
ëå í«¥¬¥â®¢ e ¨ e0, ¨§®¬®àäë ¬¥¦¤ã á®¡®©, ¯à¨ç¥¬ ¨å ¨§®¬®àä¨§¬
§ ¤ ¥âáï ®â®¡à ¦¥¨¥¬ x 7! '(x; e; e0).

� ª¨¬ ®¡à §®¬, äãªæ¨® «ìë¥ ãà ¢¥¨ï (5),(6), ï¢«ïîé¨¥áï
á«¥¤áâ¢¨¥¬ ¯à¨æ¨¯  ä¥®¬¥®«®£¨ç¥áª®© á¨¬¬¥âà¨¨ ¤«ï ä¨§¨ç¥áª®©
áâàãªâãàë à £  (2,2), á¢®¨¬¨ à¥è¥¨ï¬¨ ®¯à¥¤¥«ïîâ ¥ â®«ìª® £àã-
¤ã á â¥à à®© ®¯¥à æ¨¥© ', ® ¨ £àã¯¯ã á ¡¨ à®© ®¯¥à æ¨¥© (9). �®
¥áâì £àã¯¯  ª ª ®¤  ¨§ ã¨¢¥àá «ìëå  «£¥¡à ¢ë¤¥«¥  â¥¬, çâ® ¥¥
¥áâ¥áâ¢¥ë¬ ¨áâ®ª®¬ ï¢«ï¥âáï ¯à¨æ¨¯ ä¥®¬¥®«®£¨ç¥áª®© á¨¬¬¥-

âà¨¨. �ãªæ¨® «ìë¥ ãà ¢¥¨ï (5),(6) ¢¯¥à¢ë¥ ¡ë«¨ ¯®«ãç¥ë ¯à¨
¨áá«¥¤®¢ ¨¨ ¤¥©áâ¢¨â¥«ì®© ä¨§¨ç¥áª®© áâàãªâãàë à £  (2,2), ª®-
£¤  G = R [3]. � íâ®¬ ç áâ®¬ á«ãç ¥ ¡ë«¨  ©¤¥ë ¢á¥ ¨å à¥è¥¨ï:
'(x; y; z) =  

�1( (x) �  (y) +  (z)), £¤¥  { ¯à®¨§¢®«ì ï äãªæ¨ï
®¤®© ¯¥à¥¬¥®© á ®â«¨ç®© ®â ã«ï ¯à®¨§¢®¤®©,    �1 { ®¡à â ï ª
¥© äãªæ¨ï. �à¥¤áâ ¢«ï¥â, ®ç¥¢¨¤®, ¨â¥à¥á ¯®¨áª à¥è¥¨ï ãà ¢¥-
¨© (5),(6) ¨ ¤«ï ¤àã£¨å ¬®¦¥áâ¢G,  ¯à¨¬¥à, G = R

2. � ª¨¥ § ¤ ç¨
¢®§¨ª îâ ¯à¨ ª« áá¨ä¨ª æ¨¨ ¤¢ã¬¥âà¨ç¥áª¨å ä¨§¨ç¥áª¨å áâàãªâãà,
ª®£¤  ¯ à¥ < i� > 2 M �N á®¯®áâ ¢«ï¥âáï ¥ ®¤® ç¨á«®,   ¤¢ :

f(i�) = (f1(i�); f2(i�)) 2 R2 [4].
�¢â®à ¢ëà ¦ ¥â ¡« £®¤ à®áâì ¯à®ä. �.�.�¨å ©«¨ç¥ª® ¨ ãç áâ-

¨ª ¬  ãç®£® á¥¬¨ à  ¯® â¥®à¨¨ ä¨§¨ç¥áª¨å áâàãªâãà ¢ �®à®-
�«â ©áª®¬ ã¨¢¥àá¨â¥â¥ §  ¯®¤¤¥à¦ªã ¤ ®£® ¨áá«¥¤®¢ ¨ï ¨ ¬®-
£®ç¨á«¥ë¥ ®¡áã¦¤¥¨ï ¯à¥¤¢ à¨â¥«ìëå à¥§ã«ìâ â®¢.
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