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� ¤ ®© à ¡®â¥ ¯à®¢®¤¨âáï ¯®áâà®¥¨¥ ¤¢ã¬¥âà¨ç¥áª¨å ¤¢ã¬¥àëå ¬®£®®¡à §¨©. �âà®-
ïâáï ¤¢ã¬¥âà¨ç¥áª¨¥ äãªæ¨¨, ®¯à¥¤¥«ïîâáï á®£« á®¢ ë¥ á¢ï§®áâ¨ ¨ £àã¯¯ë ¨§®¬¥âà¨©.
�à¨¢®¤¨âáï ¨â¥à¯à¥â æ¨ï íâ¨å ¯à®áâà áâ¢ ¢ â¥à¬®¤¨ ¬¨ª¥.

1. �¢ã¬¥âà¨ç¥áª¨¥ ¯«®áª®áâ¨. � á ¬®¬ è¨à®ª®¬ á¬ëá«¥ ¤¢ã¬¥âà¨ç¥áª ï £¥®¬¥âà¨ï |
íâ® £¥®¬¥âà¨ï á ¤¢ã¬ï à ááâ®ï¨ï¬¨. � íâ®© £¥®¬¥âà¨¨ ¯ à¥ â®ç¥ª áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ ¥
®¤® ç¨á«®, ª ª ®¡ëç®,   ¤¢ . � [1] ¯à®¢®¤¨âáï ¯®« ï ª« áá¨ä¨ª æ¨ï ¤¢ã¬¥âà¨ç¥áª¨å ¤¢ã-
¬¥àëå ä¥®¬¥®«®£¨ç¥áª¨ á¨¬¬¥âà¨çëå £¥®¬¥âà¨©, â. ¥. £¥®¬¥âà¨© á® á«¥¤ãîé¨¬ á¢®©áâ¢®¬.
�ãé¥áâ¢ãîâ ¬®£®®¡à §¨¥ M , ï¢«ïîé¥¥áï ¯«®âë¬ ¯®¤¬®£®®¡à §¨¥¬ ¯àï¬®£® ¯à®¨§¢¥¤¥¨ï
N � N ¥ª®â®à®£® ¤¢ã¬¥à®£® ¬®£®®¡à §¨ï N   á¥¡ï, ¨ £« ¤ª ï ¥¢ëà®¦¤¥ ï äãªæ¨ï
f : M ! R2. �ãªæ¨î f ¡ã¤¥¬  §ë¢ âì ¬¥âà¨ç¥áª®© äãªæ¨¥© ¨«¨ ¤¢ã¬¥âà¨ª®©, ¨«¨ ¤¢ã-

¬¥âà¨ç¥áª®© äãªæ¨¥©, ¥¥ ª®¬¯®¥âë ¡ã¤¥¬ ®¡®§ ç âì (f 1; f 2). �ãé¥áâ¢ã¥â â ª ï £« ¤ª ï
äãªæ¨ï è¥áâ¨ ¯¥à¥¬¥ëå � : R3 ! R2 á ª®¬¯®¥â ¬¨ (�1; �2), ¯à¨ç¥¬ rang� = 2, çâ® ¤«ï
«î¡®£® ª®àâ¥¦  ¨§ âà¥å ¯à®¨§¢®«ìëå â®ç¥ª hxyzi, ª ¦¤ ï ¯ à  ¨§ ª®â®à®£® ¯à¨ ¤«¥¦¨â
¬®¦¥áâ¢ã M , ¨¬¥¥â ¬¥áâ® äãªæ¨® «ì®¥ ãà ¢¥¨¥

�(f(xy); f(xz); f(yz)) = 0:

�ãé¥áâ¢ãîâ ¢á¥£® ¤¢¥ ¤¢ã¬¥àë¥ ä¥®¬¥®«®£¨ç¥áª¨ á¨¬¬¥âà¨çë¥ ¤¢ã¬¥âà¨ç¥áª¨¥ áâàãª-
âãàë. �â® £¥®¬¥âà¨¨ á ¬¥âà¨ç¥áª¨¬¨ äãªæ¨ï¬¨, ª®â®àë¥ ¨¬¥îâ á«¥¤ãîé¨¥ ª®®à¤¨ âë¥
¯à¥¤áâ ¢«¥¨ï:

f 1(xy) = x1 � y1; f 2(xy) = x2 � y2; (1)

f 1(xy) = (x1 � y1)x2; f 2(xy) = (x1 � y1)y2; (2)

£¤¥ (x1; x2) | ª®®à¤¨ âë â®çª¨ x,   (y1; y2) | ª®®à¤¨ âë â®çª¨ y. �à®áâà áâ¢®, ¢ ª®â®à®¬
®¯à¥¤¥«¥  ¤  ï ¤¢ã¬¥âà¨ç¥áª ï áâàãªâãà , ¡ã¤¥â ®¡®§ ç âìáï F 2. � ¬¥â¨¬, çâ® ®¡« áâ¨
®¯à¥¤¥«¥¨ï ¤¢ã¬¥âà¨ç¥áª¨å äãªæ¨© (1) ¨ (2) á®¢¯ ¤ îâ á® ¢á¥¬ ¯àï¬ë¬ ¯à®¨§¢¥¤¥¨¥¬ F 2�
F 2. �¡à â¨¬ ¢¨¬ ¨¥   â®, çâ® ¬®¦¥áâ¢® F 2 á®¢¯ ¤ ¥â á  ää¨®© ¯«®áª®áâìî.

� áá¬®âà¨¬ ¤¢¥ ¡¥áª®¥ç® ¡«¨§ª¨¥ â®çª¨ y = (x1; x2) ¨ x = (x1 + dx1; x2 + dx2),   ª®â®àëå
¬¥âà¨ç¥áª¨¥ äãªæ¨¨ (1) ¨ (2) ¯à¨¨¬ îâ § ç¥¨ï

f 1 = dx1; f 2 = dx2; (10)

f 1 = (dx1)(dx2 + x2); f 2 = (dx1)x2: (20)

�¥à¥å®¤ï ¢ ¬¥âà¨ç¥áª¨å äãªæ¨ïå (10), (20) ®â á¯¥æ¨ «ìëå ª®®à¤¨ â (x1; x2) ª ¯à®¨§¢®«ìë¬
(y1; y2) ¯® ä®à¬ã« ¬ x1 =  1(y1; y2), x2 =  2(y1; y2), ¯®«ãç¨¬

f 1 = a1idy
i; f 2 = a2i dy

i;

f 1 = (a1idy
i)(a2i dy

i + �2); f 2 = a1i dy
i�2;

£¤¥ aij = @ i=@yj , �2 =  2, i; j = 1; 2.
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�à¥®¡à §®¢ ¨¥ g ¤¢ã¬¥âà¨ç¥áª®£® ¤¢ã¬¥à®£® ¯à®áâà áâ¢  F 2  §®¢¥¬ ¤¢¨¦¥¨¥¬, ¥á«¨
®® á®åà ï¥â ¬¥âà¨ç¥áªãî äãªæ¨î f , â.¥. ¤¢ã¬¥âà¨ªã (f 1; f 2). � [1] ¯®ª § ®, çâ® ¯® ¬¥âà¨ç¥-
áª®© äãªæ¨¨ f  å®¤¨âáï ¤¢ãå¯ à ¬¥âà¨ç¥áª ï £àã¯¯  ¤¢¨¦¥¨©GF 2 ,   ¯® íâ®© £àã¯¯¥ ¤¢¨¦¥-
¨© ¢®ááâ  ¢«¨¢ ¥âáï ¬¥âà¨ç¥áª ï äãªæ¨ï f á â®ç®áâìî ¤® £« ¤ª®© äãªæ¨¨ ' : R2 ! R2.
�¥è ï íâã § ¤ çã ¤«ï ¢ëè¥ ¯à¨¢¥¤¥ëå ¯à®áâà áâ¢, ¯à¨å®¤¨¬ ª £àã¯¯ ¬ ¤¢¨¦¥¨© GF 2 ,
ª®â®àë¥ § ¤ îâáï á«¥¤ãîé¨¬¨ ãà ¢¥¨ï¬¨:

¤«ï ¬¥âà¨ç¥áª®© äãªæ¨¨ (1)

x10 = x1 + b; x20 = x2 + a;

¤«ï ¬¥âà¨ç¥áª®© äãªæ¨¨ (2)

x10 = e�x1 + b; x20 = e��x2; (3)

£¤¥ �, a, b | ¯à®¨§¢®«ìë¥ ¯®áâ®ïë¥. �¡ê¥¤¨ïï íâ¨ á¨áâ¥¬ë ¢ ®¤ã, ¨¬¥¥¬

x10 = e"�x1 + b; x20 = e�"�x2 + (1� ")a; (4)

£¤¥ " = 0; 1. �¡à â¨¬ ¢à¨¬ ¨¥   â®, çâ® á¨áâ¥¬  (4) § ¢¨á¨â ®â ¤¢ãå ¥§ ¢¨á¨¬ëå ¥¯à¥àë¢ëå
¯ à ¬¥âà®¢: a ¨ b ¯à¨ " = 0; � ¨ � ¯à¨ " = 1. �¢ãåâ®ç¥çë¬¨ ¨¢ à¨ â ¬¨ £àã¯¯ë (3) ï¢«ïîâáï
â ª¦¥ á«¥¤ãîé¨¥ äãªæ¨¨:

� =
f 1(xy)� f 2(xy)

f 1(xy)
=
x2 � y2

x2
; (5)

A = f 1(xy)� f 2(xy) = (x1 � y1)(x2 � y2): (6)

�¢ã¬¥âà¨ç¥áª ï £¥®¬¥âà¨ï á ¬¥âà¨ç¥áª®© äãªæ¨¥© (2) ¤®¯ãáª ¥â á®¤¥à¦ â¥«ìãî ¨â¥à-
¯à¥â æ¨î ¢ â¥à¬®¤¨ ¬¨ª¥. � áá¬®âà¨¬ â¥à¬®¤¨ ¬¨ç¥áªãî á¨áâ¥¬ã (���),  å®¤ïéãîáï ¢
à ¢®¢¥á®¬ á®áâ®ï¨¨. �à¥¤¯®«®¦¨¬, çâ® ®  á®¢¥àè ¥â æ¨ª« � à® ¯® ¯ãâ¨ T 1S1T 2S2T 1, £¤¥
S1 > S2, â. ¥. íâ®â æ¨ª« ®¤®§ ç® å à ªâ¥à¨§ã¥âáï ¯ à ¬¥âà ¬¨ T 1, S1, T 2, S2. �ãáâì T 1 ¨ T 2 |
â¥¬¯¥à âãàë  £à¥¢ â¥«ï ¨ å®«®¤¨«ì¨ª  á®®â¢¥âáâ¢¥®, ¯à¨ç¥¬ T 1 > T 2. �à¥¤¯®«®¦¨¬, çâ®
¢ à¥§ã«ìâ â¥ íâ®£® ¯à®æ¥áá  ��� ®â  £à¥¢ â¥«ï ¯®«ãç ¥â ª®«¨ç¥áâ¢® â¥¯«  Q1 = T 1(S1�S2) ¨
®â¤ ¥â å®«®¤¨«ì¨ªã ª®«¨ç¥áâ¢® â¥¯«  Q2 = T 2(S2 � S1). �®¯ãáâ¨¬, çâ® x | á®áâ®ï¨¥ ��� á
íâà®¯¨¥© S1 = x1 ¨ â¥¬¯¥à âãà®© T 1 = x2,   y | á®áâ®ï¨¥ á¨áâ¥¬ë á íâà®¯¨¥© S2 = y1 ¨ â¥¬-
¯¥à âãà®© T 2 = y2. �®£¤  ¨â¥à¯à¥â¨àã¥¬ ¤¢ã¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® M ª ª ¯à®áâà áâ¢®
á®áâ®ï¨© à ¢®¢¥á®© ���,   ¤¢ã¬¥âà¨ç¥áª¨¥ äãªæ¨¨ f 1(xy) ¨ f 2(xy) ª ª ª®«¨ç¥áâ¢  â¥¯« 
Q1 ¨ jQ2j á®®â¢¥âáâ¢¥® |

f 1(xy) = Q1 = T 1(S1 � S2); f 2(xy) = jQ2j = T 2(S1 � S2):

� ¬¥â¨¬, çâ® ¯ à  á®áâ®ï¨© x ¨ y ®¤®§ ç® ®¯à¥¤¥«ï¥â æ¨ª« � à® á® á«¥¤ãîé¨¬¨ ¯ à -
¬¥âà ¬¨: (T 1; S1; T 2; S2). �®£« á® íâ®© ¨â¥à¯à¥â æ¨¨ ¨¢ à¨ â (5) ¯à¥¤áâ ¢«ï¥â á®¡®© ª®íä-
ä¨æ¨¥â ¯®«¥§®£® ¤¥©áâ¢¨ï æ¨ª«  � à®

� =
Q1 � jQ2j

Q1
=
x2 � y2

x2
=
T 1 � T 2

T 1
< 1;

  ¨¢ à¨ â (6) | ¯®«¥§ ï à ¡®â  æ¨ª«  � à®

A = Q1 � jQ2j = (x1 � y1)(x2 � y2) = (S1 � S2)(T 1 � T 2):

�® á¢®¥¬ã ä¨§¨ç¥áª®¬ã á¬ëá«ã ª®®à¤¨ âë x1 ¨ y1 áâà®£® ¯®«®¦¨â¥«ìë [2].
� áá¬®âà¨¬ ¤¢¨¦¥¨¥ g ¯«®áª®áâ¨ M , ª®â®à®¥ ¯à®¨§¢®«ìë¥ á®áâ®ï¨ï x ¨ y ¯¥à¥¢®¤¨â

¢ á®áâ®ï¨ï x0 ¨ y0 á®®â¢¥âáâ¢¥®, â. ¥. S01 = g1(S1; T 1), T 01 = g2(S1; T 1), S02 = g1(S2; T 2),
T 02 = g2(S2; T 2). �â® ¯à¨¢®¤¨â ª â®¬ã, çâ® æ¨ª« � à® á ¯ à ¬¥âà ¬¨ (S1; T 1; S2; T 2) ¯¥à¥å®-
¤¨â ¢ æ¨ª« � à® á ¯ à ¬¥âà ¬¨ (S01; T 01; S02; T 02). �¨§¨ç¥áª¨ íâ® ®§ ç ¥â, çâ® ®â®¡à ¦¥¨¥ g
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ãáâ  ¢«¨¢ ¥â á¢ï§ì ¬¥¦¤ã ¤¢ã¬ï ªàã£®¢ë¬¨ ¯à®æ¥áá ¬¨ (æ¨ª« ¬¨). �«¥¤®¢ â¥«ì®, ��� � ¨
¯®«¥§ ï à ¡®â  A íâ¨å æ¨ª«®¢ à ¢ë. � ¬¥â¨¬, çâ® ¢ íâ®¬ á«ãç ¥

S0 = e�S + b; T 0 = e��T;

â. ¥. â¥¬¯¥à âãàë  £à¥¢ â¥«ï ¨ å®«®¤¨«ì¨ª  ¯à¨ ¯à¥®¡à §®¢ ¨¨ g ¬¥ïîâáï ¯à®¯®àæ¨® «ì®
á ®¤¨¬ ¨ â¥¬ ¦¥ ª®íää¨æ¨¥â®¬. �ëà ¦ ï e�� ¨§ ¯à¥®¡à §®¢ ¨© â¥¬¯¥à âãàë  £à¥¢ â¥«ï
¨ ¯®¤áâ ¢«ïï ¢ ¯à¥®¡à §®¢ ¨ï â¥¬¯¥à âãàë å®«®¤¨«ì¨ª  íâ¨å æ¨ª«®¢, ¯®«ãç¨¬

T 01

T 1
=
T 02

T 2
: (7)

�«ï ®¯à¥¤¥«¥¨ï ª®íää¨æ¨¥â  e�� à áá¬®âà¨¬ á®áâ®ï¨¥ á íâ «®®© â¥¬¯¥à âãà®© T0, ª®â®-
à®¥ ¯à¨ ¯à¥®¡à §®¢ ¨¨ g ¯¥à¥å®¤¨â ¢ á®áâ®ï¨¥ á â¥¬¯¥à âãà®© T . �®£¤  � = ln(T0=T ). �®íâ®¬ã
á®£« á® (7) â¥¬¯¥à âãàë å®«®¤¨«ì¨ª®¢ æ¨ª«®¢ � à® ®â®á¨â¥«ì® ¯à¥®¡à §®¢ ¨© g á¢ï§ ë
à ¢¥áâ¢®¬

T 02 =
T

T0

T 2;

£¤¥ T0 | â¥¬¯¥à âãà   £à¥¢ â¥«ï ¯¥à¢®£® ¨§ ¨å.
�à ¥ªâ®à¨ï¬¨ ®¤®¯ à ¬¥âà¨ç¥áª®© ¯®¤£àã¯¯ë £àã¯¯ë (3)

S0 = e�S; T 0 = e��T (30)

ï¢«ïîâáï £¨¯¥à¡®«ë,   â ª¦¥ ¢¥àâ¨ª «ìë¥ ¨ £®à¨§®â «ìë¥ ¯àï¬ë¥. �ãáâì £àã¯¯  ¯à¥®¡à -
§®¢ ¨© (3) ¯¥à¥¢®¤¨â á®áâ®ï¨¥ x ¢ á®áâ®ï¨¥ x0. �®£¤    ¢®§à áâ ¨¥ â¥¬¯¥à âãàë á¨áâ¥¬ 
à¥ £¨àã¥â ã¡ë¢ ¨¥¬ íâà®¯¨¨ ¨  ®¡®à®â. �§ (3) á«¥¤ã¥â à ¢¥áâ¢® S0T 0 = ST .

�§ ¨¢ à¨ â®áâ¨ ¤¢ã¬¥âà¨ç¥áª®© äãªæ¨¨ (f 1; f 2) ¯à®áâà áâ¢  M ®â®á¨â¥«ì® £àã¯¯ë
¤¢¨¦¥¨© á«¥¤ã¥â, çâ® æ¨ª« � à® «î¡®© à ¢®¢¥á®© ��� ¬®¦® § ¬¥¨âì   ä¨§¨ç¥áª¨ ¡®«¥¥
¢ë£®¤ë© æ¨ª« � à® á â¥¬ ¦¥ ��� � ¨ â®© ¦¥ ¯®«¥§®© à ¡®â®© A.

2. �¥âà¨ç¥áª¨¥ äãªæ¨¨ ¤¢ã¬¥âà¨ç¥áª¨å ¤¢ã¬¥àëå ¬®£®®¡à §¨©. � ¤ ®¬ ¯ -
à £à ä¥ ®¯à¥¤¥«ïîâáï ¤¢ã¬¥âà¨ç¥áª¨¥ ¬®£®®¡à §¨ï ¨ áâà®ïâáï ¨å ¬¥âà¨ç¥áª¨¥ äãªæ¨¨.

�ãáâì M | £« ¤ª®¥ ¤¢ã¬¥à®¥ ¬®£®®¡à §¨¥, T (M) | ª á â¥«ì®¥ à áá«®¥¨¥, ª ¦¤ë©
á«®© Tx(M) ª®â®à®£® ¡ã¤¥¬ à áá¬ âà¨¢ âì ª ª  ää¨®¥ ¯à®áâà áâ¢®. �â ¤ àâë© á«®© R2

ï¢«ï¥âáï «¨¥©ë¬ ¯à®áâà áâ¢®¬, ª®â®àë© â ª¦¥ ¡ã¤¥¬ à áá¬ âà¨¢ âì ª ª  ää¨®¥ ¯à®-
áâà áâ¢®. �ãáâì A(M) | à áá«®¥¨¥  ää¨ëå à¥¯¥à®¢ eu á® áâàãªâãà®© £àã¯¯®© A(2; R),
ª®â®à ï ï¢«ï¥âáï £àã¯¯®©  ää¨ëå ¯à¥®¡à §®¢ ¨©. �ää¨ë© à¥¯¥à ¬®£®®¡à §¨ïM ¢ â®ç-
ª¥ x á®áâ®¨â ¨§ â®çª¨ p 2 Tx(M) ¨ «¨¥©®£® à¥¯¥à  u = (X1;X2) ¢ x. �®£¤  eu = (p;X1; X2).
� ¬¥â¨¬, çâ® í«¥¬¥âë ¨§ A(2; R) ¬®¦® ¯à¥¤áâ ¢«ïâì ¢ ¢¨¤¥ ea = �

a �
0 1

�
, ¯à¨ç¥¬ a 2 GL(2; R),

� 2 R2. � ¦¤ë©  ää¨ë© à¥¯¥à eu ¨§ A(M) ¬®¦® à áá¬®âà¥âì ª ª  ää¨®¥ ¯à¥®¡à §®¢ -
¨¥ R2   Tx(M) [3]. �ãáâì o |  ç «® ¢ R2 ¨ (e1; e2) | ä¨ªá¨à®¢ ë© ¡ §¨á ¢ R2. �®£¤ eu(o; e1; e2) = (p;X1;X2).

� áá¬®âà¨¬ £« ¤ª®¥ ®â®¡à ¦¥¨¥

! : Ax(M)�Ax(M)� Tx(M)! R2; (8)

ª®â®à®¥ § ¤ ¥âáï á«¥¤ãîé¥© ä®à¬ã«®©. �®§ì¬¥¬ ¯à®¨§¢®«ìë¥  ää¨ë¥ à¥¯¥àë eu; ev 2 Ax(M).
�ãáâì ¯à®¨§¢®«ìë© ¢¥ªâ®àX 2 Tx(M) ¢ ¡ §¨á¥ ev ¨¬¥¥â ª®®à¤¨ âëX1; X2. �®£¤  ¤«ï äãªæ¨¨
(8) ¨¬¥¥¬

!(eu; ev;X) = ajiX
iej + �iei; i; j = 1; 2: (9)

�à¥¤¯®«®¦¨¬, çâ® ev = (q;Y1; Y2) ¨ eu = (p;X1;X2). � ®â®è¥¨¨ ®â®¡à ¦¥¨ï (8) ¢ë¤¢¨¥¬ âà¥-
¡®¢ ¨¥ ea = eX�1, £¤¥ eX | ¬ âà¨æ  ®â«¨ç¨ï à¥¯¥à  eu ®â à¥¯¥à  ev. �«ï ®âªàëâ®£® ¯®ªàëâ¨ï
U� ¬®£®®¡à §¨ï M (¢ á¨«ã «®ª «ì®© âà¨¢¨ «ì®áâ¨ à áá«®¥¨ï A(M)) áãé¥áâ¢ã¥â á¥¬¥©áâ¢®
¨§®¬®àä¨§¬®¢ {� : A(U�)! U��A(2; R), ®¯à¥¤¥«ïîé¨å á¥ç¥¨ï ç¥à¥§ eu ¨ ev ¤«ï �� : U� ! A(M)
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¯® ä®à¬ã« ¬ �1�(x) = {
�1
1� (x; e) ¨ �2�(x) = {

�1
2� (x; e) á®®â¢¥âáâ¢¥®. �®£¤  á®®â¢¥âáâ¢¨¥ x 7! !

ï¢«ï¥âáï £« ¤ª¨¬ ¢ ¯à®¨§¢®«ì®© ª®®à¤¨ â®© ®ªà¥áâ®áâ¨ U �M . �®íâ®¬ã í«¥¬¥âë ¬ âà¨-
æë ea ï¢«ïîâáï £« ¤ª¨¬¨ äãªæ¨ï¬¨ ¢ U , ª®â®àë¥ ¡ã¤¥¬  §ë¢ âì áâàãªâãàë¬¨ äãªæ¨ï¬¨

¤¢ã¬¥âà¨ç¥áª®£® ¬®£®®¡à §¨ï M .

�¥¬¬ . �à¨ ¯¥à¥å®¤¥ ®â á¨áâ¥¬ë ª®®à¤¨ â U ª á¨áâ¥¬¥ ª®®à¤¨ â U 0 ¢ â®çª å ¨å ¯¥-

à¥á¥ç¥¨ï áâàãªâãàë¥ äãªæ¨¨ ea ¯à¥®¡à §ãîâáï ¯® § ª®ã
a0ji = ajk

@xk

@x0i
; �0i = �i; i; j; k = 1; 2;

£¤¥ a | «¨¥© ï ª®¬¯®¥â  áâàãªâãàëå äãªæ¨© ea ¢ ª®®à¤¨ â®© ®ªà¥áâ®áâ¨ U ,   a0

| «¨¥© ï ª®¬¯®¥â  ¬ âà¨æë ea0 ¢ ª®®à¤¨ â®© ®ªà¥áâ®áâ¨ U 0.

�§ íâ®© «¥¬¬ë á«¥¤ã¥â, çâ® äãªæ¨¨ (9) ¨¢ à¨ âë ®â®á¨â¥«ì® ¯à®¨§¢®«ì®© § ¬¥ë
ª®®à¤¨ â.

� áá¬®âà¨¬ § ¬ªãâãî ¯®¤£àã¯¯ã �¨ G � A(2; R). �¡®§ ç¨¬ ç¥à¥§ Q(M;G) ¨«¨ ¯à®áâ® Q
à¥¤ãæ¨à®¢ ®¥ ¯®¤à áá«®¥¨¥ à áá«®¥¨ï A(M) = P (M;A(2; R)). � áá¬®âà¨¬ áã¦¥¨¥ ®â®¡à -
¦¥¨ï (8)   Qx ®â®á¨â¥«ì® ¯¥à¢®£®  à£ã¬¥â 

! : Qx(M)�Ax(M)� Tx(M)! R2: (10)

�â® ®â®¡à ¦¥¨¥ ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ !(�(eu); ev;X), £¤¥ eu; ev 2 Ax(M),   � : Ax(M) ! Qx(M)
| £« ¤ª ï ¯à®¥ªæ¨ï, ª®â®à ï à¥¯¥àë b (eu0), b 2 A(2; R)=G, ®â®¡à ¦ ¥â ¢ eu0. �§ £« ¤ª®áâ¨
®â®¡à ¦¥¨ï � á«¥¤ã¥â, çâ® äãªæ¨ï (10) ï¢«ï¥âáï £« ¤ª®©. �®£¤  ¤«ï ä¨ªá¨à®¢ ®£® à¥¯¥à ev 2 Ax(M)

!~v(eu;X) = ajiX
iej + �jej ; i; j = 1; 2; (11)

£¤¥ eu | ¯à®¨§¢®«ìë© à¥¯¥à ¨§ Qx. �®áª®«ìªã ¢ (11) eu | ¯à®¨§¢®«ìë© à¥¯¥à ¨§ Qx,   ev |
ä¨ªá¨à®¢ ë© à¥¯¥à ¨§ Ax(M), â® ¤«ï áâàãªâãàëå äãªæ¨© ea G-¯à®áâà áâ¢  á¯à ¢¥¤«¨¢®
à §«®¦¥¨¥

ea = ebec; (12)

£¤¥ ¢ ¯à®¨§¢®«ì®© â®çª¥ ¨§ U ¬ âà¨æ  eb| ¯à®¨§¢®«ìë© í«¥¬¥â ¯®¤£àã¯¯ë G,   ec| ¥ª®â®-
à ï ä¨ªá¨à®¢  ï ¬ âà¨æ  ¨§ A(2; R). �¨¦¥ ¯®¤ ev ¡ã¤¥â ¯®¨¬ âìáï à¥¯¥à (0; @x1 ; @x2). �®¦®
¯®ª § âì, çâ® á®®â¢¥âáâ¢¨¥ x 7! ! £« ¤ª®.

�ãáâì ¯®¤£àã¯¯  �¨ G ª ª £àã¯¯  ¯à¥®¡à §®¢ ¨© § ¤ ¥âáï ãà ¢¥¨ï¬¨ (4). �®£¤  ¤«ï
áâàãªâãàëå äãªæ¨© ea ¨¬¥¥¬ à §«®¦¥¨¥ (12), ¯à¨ç¥¬ ¢ ª ¦¤®© â®çª¥ ¨§ U

eb =
0
@e"� 0 b

0 e�"� (1� ")a
0 0 1

1
A ; " = 0; 1:

�®áª®«ìªã eu | ¯à®¨§¢®«ìë©  ää¨ë© à¥¯¥à ¨§ Q(M;G), â® ®â®¡à ¦¥¨¥ (11) ¬®¦®
¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

!~v(eu;X) = ((a1iX
i + �1)e"� + b)e1 + ((a2iX

i + �2)e�"� + (1� ")a)e2: (110)

�®§ì¬¥¬ ¤¢  ¢¥ªâ®à  X ¨ Y ¨§ ¯à®áâà áâ¢  Tx(M) ¨ ®¯à¥¤¥«¨¬ á ¯®¬®éìî ®â®¡à ¦¥¨ï (110)
¨å ®¡à §ë ¢ ¯à®áâà áâ¢¥ R2: !~v(eu;X) ¨ !~v(eu; Y ). � á¨«ã ¯à®¨§¢®«ì®áâ¨ ¢ë¡®à  à¥¯¥à  eu ¯®-
«ãç¨¬ ¤¢  á¥¬¥©áâ¢  ¢¥ªâ®à®¢ ¢ R2, ª®â®àë¥ ï¢«ïîâáï ®à¡¨â ¬¨ £àã¯¯ë G. � ª ª ª £àã¯¯  G
¤¢ãå¯ à ¬¥âà¨ç¥áª ï ¨ ¤¥©áâ¢ã¥â ¯à®áâ® âà §¨â¨¢® ¢ R2, â® áãé¥áâ¢ãîâ ¤¢  ¥§ ¢¨á¨¬ëå
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¤¢ãåâ®ç¥çëå ¨¢ à¨ â  íâ®© £àã¯¯ë | (1) ¨ (2). �®íâ®¬ã ¯à¨å®¤¨¬ ª ¤¢ã¬¥âà¨ç¥áª¨¬ äãª-
æ¨ï¬

f 1(X;Y ) = a1iX
i � a1iY

i; f 2(X;Y ) = a2iX
i � a2iY

i; (13)

f 1(X;Y ) = (a1iX
i � a1iY

i)(a2iX
i + �2);

f 2(X;Y ) = (a1iX
i � a1iY

i)(a2iY
i + �2);

(14)

£¤¥ i; j = 1; 2. � ¬¥â¨¬, çâ® ¤¢ã¬¥âà¨ç¥áª¨¥ äãªæ¨¨ (13) ¨ (14) ®¯à¥¤¥«ïîâáï ¤¢ã¬ï ª®¢¥ªâ®à-
ë¬¨ ¯®«ï¬¨ ¨ ®¤¨¬ áª «ïàë¬ ¯®«¥¬.

�¢ã¬¥à®¥ ¬®£®®¡à §¨¥ M ¡ã¤¥¬  §ë¢ âì ¤¢ã¬¥âà¨ç¥áª¨¬, ¥á«¨ ¢ ¥¬ ®¯à¥¤¥«¥  ¤¢ã-

¬¥âà¨ç¥áª ï äãªæ¨ï (13) ¨«¨ (14). �¢ã¬¥âà¨ç¥áª ï äãªæ¨ï ¨¢ à¨ â  ®â®á¨â¥«ì® ¯à¥-
®¡à §®¢ ¨© áâàãªâãàëå äãªæ¨© ea! ebea.

�®á¯®«ì§ã¥¬áï â¥¬, çâ® ¤¨ää¥à¥æ¨ «ë ª®®à¤¨ â dx ¯à¥®¡à §ãîâáï ¯® ¢¥ªâ®à®¬ã § ª®ã,
â. ¥. ®¡à §ãîâ ¢¥ªâ®à. �®£¤ , ¯®« £ ï ¢ (13) ¨ (14) Y i = 0, X i = dxi, ¯®«ãç¨¬

f 1 = a1idx
i; f 2 = a2idx

i; (130)

f 1 = (a1idx
i)(a2i dx

i + �2); f 2 = a1idx
i�2: (140)

�á«¨ ¤«ï ¥ª®â®àëå ¤¢ã¬¥âà¨ç¥áª¨å ¯à®áâà áâ¢ ¢ U ¬®¦® ¯®¤®¡à âì â ªãî ¬ âà¨æã eb, çâ®
aji = �ji , �

i = xi, â® ¬¥âà¨ç¥áª¨¥ äãªæ¨¨ ¯à¨®¡à¥âãâ ¢¨¤ (10) ¨ (20). � ª¨¥ ¯à®áâà áâ¢   §ë-
¢ îâáï «®ª «ì® ¯«®áª¨¬¨.

3. �¢ï§®áâ¨ ¤¢ã¬¥âà¨ç¥áª¨å ¤¢ã¬¥àëå ¯à®áâà áâ¢. �¥¯¥àì ¯à¨áâã¯¨¬ ª ¨áá«¥¤®-
¢ ¨î á¢ï§®áâ¥© ¢ ¤¢ã¬¥âà¨ç¥áª¨å ¤¢ã¬¥àëå ¯à®áâà áâ¢ å. �à¥¤¯®«®¦¨¬, çâ® ¢ à áá«®¥¨¨
 ää¨ëå à¥¯¥à®¢ L(M) § ¤    ää¨ ï á¢ï§®áâì.

�ää¨ ï á¢ï§®áâì ¢ L(M) ¤¢ã¬¥âà¨ç¥áª®£® ¤¢ã¬¥à®£® ¯à®áâà áâ¢  M  §ë¢ ¥âáï á®-

£« á®¢ ®©, ¥á«¨ ¯ à ««¥«ìë© ¯¥à¥®á á«®¥¢ ¨§ T (M) á®åà ï¥â ¤¢ã¬¥âà¨ç¥áªãî äãªæ¨î
f = (f 1; f 2). �§ ®¯à¥¤¥«¥¨ï á®£« á®¢ ®© á¢ï§®áâ¨ ¯à®áâà áâ¢  M á«¥¤ãîâ à ¢¥áâ¢ 

rkf
1(X;Y ) = 0; rkf

2(X;Y ) = 0: (15)

�¥®à¥¬  1. �®¬¯®¥âë á¨¬¢®«®¢ �à¨áâ®ää¥«ï � á®£« á®¢ ®© á¢ï§®áâ¨ ¢ ª®®à¤¨ â-

®© ®ªà¥áâ®áâ¨ U ¤¢ã¬¥âà¨ç¥áª¨å ¤¢ã¬¥àëå ¯à®áâà áâ¢ á ¬¥âà¨ç¥áª¨¬¨ äãªæ¨ï¬¨ (13)
¨ (14) ¨¬¥îâ á«¥¤ãîé¨¥ ¢ëà ¦¥¨ï :

¤«ï ¤¢ã¬¥âà¨ª¨ (13)

�lik = alj
@aji
@xk

; (16)

£¤¥ a | ¬ âà¨æ , ®¡à â ï ª ¬ âà¨æ¥ a;
¤«ï ¤¢ã¬¥âà¨ª¨ (14)

�nik = anm
@ami
@xk

+ anmeami @ln�2@xk
; i; j; k; l; n;m = 1; 2; (17)

¯à¨ç¥¬ eami = "(m)ami , "(1) = 1, "(2) = �1.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® X | ¯ à ««¥«ì® ¯¥à¥®á¨¬®¥ ¢¥ªâ®à®¥ ¯®«¥. �ë-
ç¨á«ïï ª®¢ à¨ âë¥ ¯à®¨§¢®¤ë¥ ¬¥âà¨ç¥áª¨å äãªæ¨© f 1 ¨ f 2 ¨ ¯à¨à ¢¨¢ ï á®£« á® (15)
¨å ª ã«î, ¤«ï ¯¥à¢®© ¤¢ã¬¥âà¨ª¨ ¯®«ãç ¥¬

rka
1
i = 0; rka

2
i = 0:

31



� á¯¨áë¢ ï íâ¨ ¤¢¥ ª®¢ à¨ âë¥ ¯à®¨§¢®¤ë¥,   § â¥¬ ¨å ®¡ê¥¤¨ïï ¨ ¢ëà ¦ ï á¨¬¢®«ë �,
¯à¨å®¤¨¬ ª ¢ëà ¦¥¨ï¬ (16). �® ¢â®à®¬ á«ãç ¥ ¢ëç¨á«ïï ª®¢ à¨ âë¥ ¯à®¨§¢®¤ë¥, ¨¬¥¥¬�

@a1i
@xk

� �lika
1
l

�
(a2sX

s + �2) + a1i

��
@a2s
@xk

� �lska
2
l

�
Xs +

@�2

@xk

�
= 0;

�
@a1i
@xk

� �lika
1
l

�
(a2sY

s + �2) + a1i

��
@a2s
@xk

� �lska
2
l

�
Y s +

@�2

@xk

�
= 0:

� ª á â¥«ì®¬ ¯à®áâà áâ¢¥ Tx(M), £¤¥ x | ¯à®¨§¢®«ì ï â®çª  ¨§ M , íâ¨ ¢ëà ¦¥¨ï ¯à¥¤-
áâ ¢«ïîâ á®¡®© «¨¥©ë¥ äãªæ¨¨ ®â®á¨â¥«ì® ª®®à¤¨ â ¢¥ªâ®à®¢ X ¨ Y . �§ íâ¨å à ¢¥áâ¢
á«¥¤ã¥â, çâ® ¨å ª®íää¨æ¨¥âë à ¢ë ã«î. �®íâ®¬ã ¯à¨å®¤¨¬ ª (17).

�«¥¤áâ¢¨¥. �¨¬¢®«ë �à¨áâ®ää¥«ï (16) ¨¢ à¨ âë ®â®á¨â¥«ì® â®¦¤¥áâ¢¥ëå ¯à¥-
®¡à §®¢ ¨© áâàãªâãàëå äãªæ¨© a,   á¨¬¢®«ë �à¨áâ®ää¥«ï (17) ¨¢ à¨ âë ®â®á¨â¥«ì®
¯à¥®¡à §®¢ ¨© a1i ! e�a1i , a

2
i ! e��a2i , �

2 ! e���2, �1 ! e��1 + b.

� ©¤¥¬ § ç¥¨ï ª®¬¯®¥â á¨¬¢®«®¢ �à¨áâ®ää¥«ï á®£« á®¢ ®© á¢ï§®áâ¨ «®ª «ì®
¯«®áª¨å ¯à®áâà áâ¢. �§ ¢ëà ¦¥¨© (16) ¡ã¤¥â á«¥¤®¢ âì

�kij = 0; (160)

  ¨§ ¢ëà ¦¥¨© (17) |

�1
1k =

@(ln�2)
@xk

; �2
2k = �

@(ln�2)
@xk

; �ijk = 0; i 6= j: (170)

�«ï  å®¦¤¥¨ï ª®¬¯®¥â â¥§®à  ªà¨¢¨§ë R (¢ ¢ëè¥ à áá¬®âà¥®© ª®®à¤¨ â®©
®ªà¥áâ®áâ¨ U) á¢ï§®áâ¨ á á¨¬¢®« ¬¨ �à¨áâ®ää¥«ï (160) ¨ (170) ¢®á¯®«ì§ã¥¬áï ä®à¬ã«®©

Ri
jkl =

@�ilj
@xk

+ �mlj�
i
km �

@�ikj
@xl

� �mkj�
i
lm:

�àï¬®© ¯®¤áâ ®¢ª®© ¥á«®¦® ã¡¥¤¨âìáï ¢ â®¬, çâ® ª®¬¯®¥âë â¥§®à  ªà¨¢¨§ë R ¤«ï íâ¨å
á¢ï§®áâ¥© â®¦¤¥áâ¢¥® ®¡à é îâáï ¢ ã«ì.

�ëç¨á«¨¬ ª®¬¯®¥âë â¥§®à  ªàãç¥¨ï T , T k
ij = �kij��kji. �®á¯®«ì§®¢ ¢è¨áì ¢ëà ¦¥¨ï¬¨

(16) ¨ (17),  å®¤¨¬
¤«ï ¬®£®®¡à §¨ï á ¤¢ã¬¥âà¨ª®© (13)

T k
ij = akl

�
@ali
@xj

�
@alj
@xi

�
;

¤«ï ¬®£®®¡à §¨ï á ¤¢ã¬¥âà¨ª®© (14)

T k
ij = akl

�
@ali
@xj

�
@alj
@xi

�
+ akl

�eali@ ln �2@xj
� ealj @ ln �2@xi

�
;

¯à¨ç¥¬ i; j; k; l = 1; 2.
�à¨¢ ï xt, a < t < b, ¤¢ã¬¥âà¨ç¥áª®£® ¤¢ã¬¥à®£® ¬®£®®¡à §¨ï M á á®£« á®¢ ®© á¢ï§®-

áâìî  §ë¢ ¥âáï £¥®¤¥§¨ç¥áª®©, ¥á«¨ ª á â¥«ì®¥ ¢¥ªâ®à®¥ ¯®«¥ X = _xt, ®¯à¥¤¥«¥®¥ ¢¤®«ì
xt, ¯ à ««¥«ì® ¢¤®«ì xt, â. ¥. rXX áãé¥áâ¢ã¥â ¨ à ¢® ã«î ¤«ï ¢á¥å t [3].

�§ ®¯à¥¤¥«¥¨ï £¥®¤¥§¨ç¥áª®© á«¥¤ã¥â, çâ® ®  ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ ãà ¢¥¨©

�xl + �lij _x
i _xj = 0; i; j; l = 1; 2; (18)

£¤¥ â®çª   ¤ äãªæ¨¥© ®§ ç ¥â ¯à®¨§¢®¤ãî ¯® ¯ à ¬¥âàã t. � è  ¡«¨¦ ©è ï æ¥«ì á®áâ®¨â
¢ â®¬, çâ®¡ë ãà ¢¥¨ï £¥®¤¥§¨ç¥áª¨å (18) ¤«ï ¤¢ã¬¥âà¨ç¥áª¨å ¤¢ã¬¥àëå ¯à®áâà áâ¢ ¯à®¨-
â¥£à¨à®¢ âì ¯®«®áâìî ®¤¨ à § ¢ ®à¬ «ì®© ª®®à¤¨ â®© ®ªà¥áâ®áâ¨.
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�¥®à¥¬  2. �¥®¤¥§¨ç¥áª ï «¨¨ï ¤«ï ¯à®áâà áâ¢  á ¤¢ã¬¥âà¨ª®© (13) ¢ ª®®à¤¨ â®©

®ªà¥áâ®áâ¨ U ®â®á¨â¥«ì® á®£« á®¢ ®© á¢ï§®áâ¨ ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë ¤¨ää¥-

à¥æ¨ «ìëå ãà ¢¥¨© ¯¥à¢®£® ¯®àï¤ª 

a1i _x
i = a1; a2j _x

j = a2; i; j = 1; 2; (19)

£¤¥ a1; a2 = const.

�®ª § â¥«ìáâ¢®. �®¤áâ ¢«ïï ¢ëà ¦¥¨ï ¤«ï á¨¬¢®«®¢ �à¨áâ®ää¥«ï (16) ¢ ãà ¢¥¨ï
(18),   § â¥¬ ã¬®¦ ï á«¥¢    ¬ âà¨æã anl ¨ áã¬¬¨àãï, ¯à¨å®¤¨¬ ª ãà ¢¥¨ï¬ anl �x

l+ _anl _x
l = 0.

�â¥£à¨àãï íâ¨ ãà ¢¥¨ï, ¯®«ãç ¥¬ (19).

�¥®à¥¬  3. �¥®¤¥§¨ç¥áª ï «¨¨ï ¤«ï ¯à®áâà áâ¢  á ¤¢ã¬¥âà¨ª®© (14) ¢ ª®®à¤¨ â®©

®ªà¥áâ®áâ¨ U ®â®á¨â¥«ì® á®£« á®¢ ®© á¢ï§®áâ¨ ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë ¤¨ää¥-

à¥æ¨ «ìëå ãà ¢¥¨© ¯¥à¢®£® ¯®àï¤ª 

a1i _x
i = a1=�2; a2j _x

j = a2�2; i; j = 1; 2; (20)

£¤¥ a1; a2 = const, ¯à¨ç¥¬ äãªæ¨ï �2 ¢ U ®â«¨ç  ®â ã«ï.

�®ª § â¥«ìáâ¢®. �®¤áâ ¢«ïï ¢ëà ¦¥¨ï ¤«ï á¨¬¢®«®¢ �à¨áâ®ää¥«ï (17) ¢ ãà ¢¥¨ï
(18),   § â¥¬ ã¬®¦ ï á«¥¢    ¬ âà¨æã anl ¨ áã¬¬¨àãï, ¯à¨å®¤¨¬ ª ãà ¢¥¨ï¬

a1l �x
l + _a1l _x

l + a1l _x
l _�2=�2 = 0; a2l �x

l + _a2l _x
l � a12 _x

l _�2=�2 = 0:

�â¥£à¨àãï íâ¨ ãà ¢¥¨ï, ¯®«ãç ¥¬ (20).

�ãáâì KU | ¬®¦¥áâ¢® à¥è¥¨© á¨áâ¥¬ ãà ¢¥¨© ¢¨¤  (19) ¢ ª®®à¤¨ â®© ®ªà¥áâ®áâ¨ U ,
  NU | ¬®¦¥áâ¢® à¥è¥¨© á¨áâ¥¬ ãà ¢¥¨© ¢¨¤  (20). � ¬¥â¨¬, çâ® ¢ KU ¥áâì £¥®¤¥§¨ç¥áª ï
«¨¨ï ¯à®áâà áâ¢  á ¤¢ã¬¥âà¨ª®© (13),   ¢ NU | £¥®¤¥§¨ç¥áª ï «¨¨ï ¯à®áâà áâ¢  á ¤¢ã¬¥-
âà¨ç¥áª®© äãªæ¨¥© (14). �¡à â¨¬ ¢¨¬ ¨¥   â®, çâ® ¯à®¨§¢®«ì ï ªà¨¢ ï ¨§ á¥¬¥©áâ¢  KU

ï¢«ï¥âáï ¨â¥£à «ì®© ªà¨¢®© ¢¥ªâ®à®£® ¯®«ï � ¢ U , ¤«ï ª®â®à®£®

�1 = a1ja
j ; �2 = a2ja

j ; (21)

£¤¥ a|¬ âà¨æ , ®¡à â ï ª ¬ âà¨æ¥ a. �â¨ ¨â¥£à «ìë¥ ªà¨¢ë¥ ï¢«ïîâáï à¥è¥¨ï¬¨ á¨áâ¥¬ë
ãà ¢¥¨©

_x1 = a1ja
j ; _x2 = a2ja

j : (190)

� «®£¨ç®, ªà¨¢ ï ¨§ á¥¬¥©áâ¢  NU ï¢«ï¥âáï ¨â¥£à «ì®© ªà¨¢®© ¢¥ªâ®à®£® ¯®«ï ¢ U

�1 = a11a
1=�2 + a12a

2�2; �2 = a21a
1=�2 + a22a

2�2;

ª®â®à ï ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë ãà ¢¥¨©

_x1 = a11a
1=�2 + a12a

2�2; _x2 = a21a
1=�2 + a22a

2�2: (200)

� ¤ ®£® ¬®¬¥â  ¨ ¤® ª®æ  ¯ à £à ä  ¯®¤ U ¡ã¤¥â ¯®¨¬ âìáï ®à¬ «ì ï ª®®à¤¨ â-
 ï ®ªà¥áâ®áâì á  ç «®¬ ¢ â®çª¥ x0. �à®¨§¢®«ìãî â®çªã ®à¬ «ì®© ®ªà¥áâ®áâ¨ ¬®¦®
á®¥¤¨¨âì á  ç «®¬ ¥¤¨áâ¢¥®© £¥®¤¥§¨ç¥áª®©. �¡®§ ç¨¬ ç¥à¥§KU (x0) � KU (NU (x0) � NU)
¯®¤¬®¦¥áâ¢® ªà¨¢ëå, ¯à®å®¤ïé¨å ç¥à¥§ â®çªã x0. �«ï ¢ëïá¥¨ï â®£®, ª ª ï ªà¨¢ ï ¢ KU (x0)
¨«¨ ¢ NU (x0) ï¢«ï¥âáï £¥®¤¥§¨ç¥áª®©, ¢®á¯®«ì§ã¥¬áï ®¯à¥¤¥«¥¨¥¬, â. ¥. â¥¬, çâ® ¯à¨ ¯ à ««¥«ì-
®¬ ¯¥à¥®á¥ ª á â¥«ìë© ¢¥ªâ®à ¢¤®«ì £¥®¤¥§¨ç¥áª®© ¯¥à¥å®¤¨â â ª¦¥ ¢ ª á â¥«ìë© ¢¥ªâ®à.
�®£¤ 

@�i

@xk
�k + �ijk�

j�k = 0; i; j; k = 1; 2: (22)
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�â  á¨áâ¥¬  ãà ¢¥¨© ¢ U ¢á¥£¤  ¨â¥£à¨àã¥¬ , ¯®áª®«ìªã ç¥à¥§ â®çªã x0 ¢ ¯à®¨§¢®«ì®¬
 ¯à ¢«¥¨¨ ¢ëå®¤¨â ¥¤¨áâ¢¥ ï £¥®¤¥§¨ç¥áª ï «¨¨ï. � á¯¨áë¢ ï (22), ¯®«ãç ¥¬

@�1

@x1
�1 +

@�1

@x2
�2 + �1

11�
1�1 + �1

12�
1�2 + �1

21�
2�1 + �1

22�
2�2 = 0;

@�2

@x1
�1 +

@�2

@x2
�2 + �2

11�
1�1 + �2

12�
1�2 + �2

21�
2�1 + �2

22�
2�2 = 0:

�«ï ¬®£®®¡à §¨ï á ¤¢ã¬¥âà¨ª®© (13) ¯®¤áâ ¢«ïï ¢ (22) á®®â¢¥âáâ¢ãîé¨¥ ¢ëà ¦¥¨ï ¤«ï
¢¥ªâ®à®£® ¯®«ï (21) ¨ ¢ëà ¦¥¨ï ¤«ï á¨¬¢®«®¢ �à¨áâ®ää¥«ï (16), ¯à¨å®¤¨¬ ª â®¦¤¥áâ¢ã.
� ª¨¬ ®¡à §®¬, ¢ ¯à®áâà áâ¢¥ á ¤¢ã¬¥âà¨ç¥áª®© äãªæ¨¥© (13) ¢ ®à¬ «ì®© ª®®à¤¨ â®©
®ªà¥áâ®áâ¨ U á  ç «®¬ ¢ â®çª¥ x0 £¥®¤¥§¨ç¥áª®©, ¯à®å®¤ïé¥© ç¥à¥§ x0, ï¢«ï¥âáï ¯à®¨§¢®«ì ï
ªà¨¢ ï ¨§ á¥¬¥©áâ¢  KU (x0). � «®£¨çë¬ ®¡à §®¬ ¢ ¯à®áâà áâ¢¥ á ¤¢ã¬¥âà¨ª®© (14) ¤«ï
£¥®¤¥§¨ç¥áª®© ¨§ NU (x0) ¢ë¯®«ï¥âáï â®¦¤¥áâ¢®

@bi

@xk
aksb

s + eaij @ ln �2@xk
ajmb

maksb
s = 0; (23)

¯à¨ç¥¬ bi = ai=(�2)"(i), i; j; k; s;m = 1; 2. �âàãªâãàë¥ äãªæ¨¨ ¢ ®ªà¥áâ®áâ¨ U á  ç «®¬ ¢
x0, ¯à®¨§¢®«ìë¥ ¤«ï ¯à®áâà áâ¢  á ¤¢ã¬¥âà¨ª®© (13) ¨ ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î (23) ¤«ï
¯à®áâà áâ¢  á ¤¢ã¬¥âà¨ª®© (14), ¡ã¤¥¬  §ë¢ âì ª ®¨ç¥áª¨¬¨. �á«¨ ¤«ï ¯à®áâà áâ¢  á
¤¢ã¬¥âà¨ª®© (14) ¢ ®à¬ «ì®© ®ªà¥áâ®áâ¨ U á¯à ¢¥¤«¨¢ë à ¢¥áâ¢  aij = �ij , â® ãá«®¢¨ï (23)
¢ë¯®«ïîâáï â®¦¤¥áâ¢¥®, ¯®íâ®¬ã ª ®¨ç¥áª¨¬¨ áâàãªâãàë¬¨ äãªæ¨ï¬¨ ï¢«ïîâáï �ij ,
�1, �2.

� ©¤¥¬ £¥®¤¥§¨ç¥áª¨¥ «¨¨¨ ¥ª®â®àëå ¯à®áâà áâ¢. �®§ì¬¥¬ ¯à®áâà áâ¢® á ¤¢ã¬¥âà¨ª®©
(13), ª®â®à®¥ ¢ ®à¬ «ì®© ®ªà¥áâ®áâ¨ U á  ç «®¬ ¢ x0 ï¢«ï¥âáï ¯«®áª¨¬, â. ¥. ¢ U aij = �ij .
�®£¤  ¢ íâ®© ®ªà¥áâ®áâ¨ ¤«ï ãà ¢¥¨© £¥®¤¥§¨ç¥áª¨å «¨¨© (190) á  ç «ìë¬¨ ãá«®¢¨ï¬¨
x1(0) = x10 = 0, x2(0) = x20 = 0 ¨¬¥¥¬

x1(t) = a1t; x2(t) = a2t;

â. ¥. £¥®¤¥§¨ç¥áª¨¬¨, ¯à®å®¤ïé¨¬¨ ç¥à¥§ x0, ï¢«ïîâáï ¯àï¬ë¥, ¢ëå®¤ïé¨¥ ¨§ íâ®© â®çª¨.
� «®£¨ç®, ¤«ï ¯à®áâà áâ¢  á ¤¢ã¬¥âà¨ª®© (14), ¤«ï ª®â®à®£® ¢ ®à¬ «ì®© ®ªà¥áâ®áâ¨

U á  ç «®¬ ¢ â®çª¥ x0 aij = �ij , ãà ¢¥¨ï £¥®¤¥§¨ç¥áª¨å «¨¨© (20
0), ¯à®å®¤ïé¨å ç¥à¥§ â®çªã

x1(0) = x10 = 0, x2(0) = x20 = 1, ¯à¨¨¬ îâ ¢¨¤

_x1 = a1=�2; _x2 = a2�2;

¯à¨ç¥¬ ãá«®¢¨ï (23) ¢ë¯®«ïîâáï â®¦¤¥áâ¢¥®, â. ¥. «î¡ ï ªà¨¢ ï, ã¤®¢«¥â¢®àïîé ï ¯®á«¥¤-
¥© á¨áâ¥¬¥ ¨ ¯à®å®¤ïé ï ç¥à¥§  ç «®, ï¢«ï¥âáï £¥®¤¥§¨ç¥áª®©. � ¬¥â¨¬, çâ® ¢¥ªâ®àë¥ ¯®«ï

�1 = a1=�2; �2 = a2�2

¥ ¨¬¥îâ ®á®¡¥®áâ¥©.
� áá¬®âà¨¬ á«ãç © «®ª «ì® ¯«®áª®£® ¯à®áâà áâ¢ , ª®£¤  ¢ U ¥é¥ �i = xi. �®£¤ , ¨â¥£à¨-

àãï ãà ¢¥¨ï £¥®¤¥§¨ç¥áª¨å á  ç «ìë¬¨ ãá«®¢¨ï¬¨ x1(0) = x10 = 0, x2(0) = x20 = 1, ¯®«ãç¨¬

x1(t) = a1t; x2(t) = 1;

x1(t) = �
a1

a2
e�a

2t; x2(t) = ea
2t;

¯à¨ç¥¬ c2 6= 0, â. ¥. £¥®¤¥§¨ç¥áª¨¬¨ ï¢«ïîâáï ¯àï¬ë¥ ¨ £¨¯¥à¡®«ë, ¯à®å®¤ïé¨¥ ç¥à¥§ â®çªã
(0; 1).

34



4. �¢ã¬¥âà¨ç¥áª¨¥ ¤¢ã¬¥àë¥ ¯à®áâà áâ¢ , ¤®¯ãáª îé¨¥ £àã¯¯ë ¨§®¬¥âà¨©.

�áá«¥¤ã¥¬ â¥¯¥àì ¤¢ã¬¥âà¨ç¥áª¨¥ ¯à®áâà áâ¢  M , ¤®¯ãáª îé¨¥ £àã¯¯ã ¨§®¬¥âà¨©. �à¥®¡à -
§®¢ ¨¥ ¤¢ã¬¥âà¨ç¥áª®£® ¤¢ã¬¥à®£® ¬®£®®¡à §¨ï M  §ë¢ ¥âáï ¨§®¬¥âà¨¥©, ¥á«¨ ®® á®åà -
ï¥â ¬¥âà¨ç¥áªãî äãªæ¨î f . �ãáâì X | ¢¥ªâ®à®¥ ¯®«¥ ¢ ¤¢ã¬¥âà¨ç¥áª®¬ ¬®£®®®¡à §¨¨
M , ª®â®à®¥ ¢ ª®®à¤¨ â®© ®ªà¥áâ®áâ¨ U ¯à®¨§¢®«ì®© â®çª¨ x ®¯à¥¤¥«ï¥â ®¤®¯ à ¬¥âà¨-
ç¥áªãî £àã¯¯ã ¨§®¬¥âà¨© 't. �â® ¢¥ªâ®à®¥ ¯®«¥  §ë¢ ¥âáï ¨ä¨¨â¥§¨¬ «ì®© ¨§®¬¥âà¨¥©
¤¢ã¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢  M . �à¨ íâ®¬ ¢ë¯®«ïîâáï à ¢¥áâ¢ 

LXf
1 = 0; LXf

2 = 0;

£¤¥ LX | ¯à®¨§¢®¤ ï �¨ ¢  ¯à ¢«¥¨¨ ¢¥ªâ®à®£® ¯®«ï X. �®íâ®¬ã ¢¥ªâ®à®¥ ¯®«¥ X ï¢«ï-
¥âáï ¨ä¨¨â¥§¨¬ «ì®© ¨§®¬¥âà¨¥©.

�¥®à¥¬  4. �«ï â®£® çâ®¡ë ¢ ª®®à¤¨ â®© ®ªà¥áâ®áâ¨ U ¯à®¨§¢®«ì®© â®çª¨ ¤¢ã¬¥-

âà¨ç¥áª®£® ¤¢ã¬¥à®£® ¬®£®®¡à §¨ï M ¢¥ªâ®à®¥ ¯®«¥ X ¡ë«® ¨ä¨¨â¥§¨¬ «ì®© ¨§®¬¥-

âà¨¥©, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë ¨¬¥«  ¬¥áâ® á«¥¤ãîé ï á¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå

ãà ¢¥¨©:
¤«ï ¯à®áâà áâ¢ á ¤¢ã¬¥âà¨ª®© (130)

@aij
@xk

Xk + aik
@Xk

@xj
= 0; (24)

¤«ï ¯à®áâà áâ¢ á ¤¢ã¬¥âà¨ª®© (140)

@aij
@xk

Xk + aik
@Xk

@xj
= "(i)aij

@ ln �2

@xk
Xk; (25)

£¤¥ i; j; k = 1; 2, ¯à¨ç¥¬ X1 ¨ X2 | ª®®à¤¨ âë ¢¥ªâ®à®£® ¯®«ï X, "(1) = �1, "(2) = 1.

�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï ¢ëà ¦¥¨ï¬¨ ¤«ï ¯à®¨§¢®¤®© �¨ LX ¢  ¯à ¢«¥¨¨ ¢¥ª-
â®à®£® ¯®«ï X 1-ä®à¬ ¨ äãªæ¨©. �ëç¨á«ïï ¯à®¨§¢®¤ë¥ �¨ ¤¢ã¬¥âà¨ç¥áª¨å äãªæ¨© (130)
¨ (140), ¯à¨å®¤¨¬ ª á«¥¤ãîé¨¬ à ¢¥áâ¢ ¬:

¤«ï ¤¢ã¬¥âà¨ª¨ (130)

LXf
1 =

�
@a1j
@xk

Xk + a1k
@Xk

@xj

�
dxj ; LXf

2 =
�
@a2j
@xk

Xk + a2k
@Xk

@xj

�
dxj ;

¤«ï ¤¢ã¬¥âà¨ª¨ (140)

LXf
1 =

�
@a1i
@xk

Xk + a1k
@Xk

@xi

�
dxi(a2jdx

j + �2) + a1idx
i

��
@a2j
@xk

Xk + a2k
@Xk

@xj

�
dxj +

@�2

@xk
Xk

�
;

LXf
2 =

�
@a1i
@xk

Xk + a1k
@Xk

@xi

�
dxi�2 + a1idx

i @�
2

@xk
Xk:

�§ íâ¨å à ¢¥áâ¢ á«¥¤ã¥â, çâ® ¥á«¨ ¢¥ªâ®à®¥ ¯®«¥X ï¢«ï¥âáï ¨ä¨¨â¨§¨¬ «ì®© ¨§®¬¥âà¨¥©,
â® ¨¬¥îâ ¬¥áâ® ãà ¢¥¨ï (24) ¨ (25) á®®â¢¥âáâ¢¥®, ¨  ®¡®à®â.

�«¥¤áâ¢¨¥. �à ¢¥¨ï (24) ¨¢ à¨ âë ®â®á¨â¥«ì® â®¦¤¥áâ¢¥ëå ¯à¥®¡à §®¢ ¨© áâàãª-
âãàëå äãªæ¨© a,   ãà ¢¥¨ï (25) ¨¢ à¨ âë ®â®á¨â¥«ì® ¯à¥®¡à §®¢ ¨© a1i ! e�a1i ,
a2i ! e��a2i , �

2 ! e���2, �1 ! e��1 + b.

�®á¯®«ì§®¢ ¢è¨áì, ¤ «¥¥, ¢ëà ¦¥¨ï¬¨ ¤«ï á¨¬¢®«®¢ �à¨áâ®ää¥«ï (16) ¨ (17), ¯®á«¥ ¥-
á«®¦ëå ¯à¥®¡à §®¢ ¨© ¨§ (24) ¨ (25) ¯à¨å®¤¨¬

¤«ï ¯à®áâà áâ¢ á ¤¢ã¬¥âà¨ª®© (130)

@X i

@xj
+ �ijkX

k = 0;
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¤«ï ¯à®áâà áâ¢ á ¤¢ã¬¥âà¨ª®© (140)

@X i

@xj
+ �ijkX

k � 2Gi
jkX

k = 0;

£¤¥ ¢¢¥¤¥® á®ªà é îé¥¥ ®¡®§ ç¥¨¥ Gi
jk = ailealj @ ln �2

@xk
.

�à®¨â¥£à¨àã¥¬ ãà ¢¥¨ï (24) ¨ (25) ¤«ï ç áâ®£® á«ãç ï, ª®£¤  ¢ ª®®à¤¨ â®© ®ªà¥áâ-
®áâ¨ U ¯à®¨§¢®«ì®© â®çª¨ aij = �ij .

�¥®à¥¬  5. �¯¥à â®àë £àã¯¯ë ¨ä¨¨â¥§¨¬ «ìëå ¨§®¬¥âà¨© ¢ ª®®à¤¨ â®© ®ªà¥áâ-

®áâ¨ U á ¤¢ã¬¥âà¨ª®© (10) ¨¬¥îâ ¢¨¤

X1 = @x1 ; X2 = @x2 : (26)

�®ª § â¥«ìáâ¢®. � ¤ ç  á¢®¤¨âáï ª ¨â¥£à¨à®¢ ¨î á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥-
¨©

@X1

@x1
= 0;

@X1

@x2
= 0;

@X2

@x1
= 0;

@X2

@x2
= 0;

®â ª®â®à®© ¯à¨å®¤¨¬ ª ®¯¥à â®àã  «£¥¡àë �¨ X = a1@x1 + a2@x2 , £¤¥ a1 ¨ a2 | ¯à®¨§¢®«ìë¥
¯®áâ®ïë¥. �®« £ ï ¢ ¯¥à¢®¬ á«ãç ¥ a1 = 1, a2 = 0,   ¢® ¢â®à®¬ a1 = 0, a2 = 1, ¯à¨å®¤¨¬ ª
®¯¥à â®à ¬ (26).

�¥á«®¦® ã¡¥¤¨âìáï ¢ â®¬, çâ® £¥®¤¥§¨ç¥áª ï «¨¨ï ¯à®áâà áâ¢  á ¤¢ã¬¥âà¨ª®© (10) ï¢«ï-
¥âáï ®à¡¨â®© £àã¯¯ë ¨§®¬¥âà¨© á ®¯¥à â®à ¬¨ (26).

� ¯¨áë¢ ï ãà ¢¥¨ï (25) ¤«ï á«ãç ï aij = �ij , ¯®«ãç ¥¬

X1 = ax1 + c; X2 = �ax2 � d;
@X1

@x1
�2 +

@�2

@xk
Xk = 0:

� «¥¥,  è  æ¥«ì á®áâ®¨â ¢  å®¦¤¥¨¨ äãªæ¨© �2, ¤«ï ª®â®àëå ¯®á«¥¤ïï á¨áâ¥¬  à §à¥è¨-
¬ . � ¬¥â¨¬, çâ® äãªæ¨ï �2 6= const, ¯®áª®«ìªã ¨ ç¥ ®â (140) á¬®¦¥¬ ¯¥à¥©â¨ ª (130), ¤«ï íâ®£®
¤®áâ â®ç® ¯®«®¦¨âì g1 = f 2=�2, g2 = �2f 1=f 2 � �2. �®íâ®¬ã ¢®§¬®¦ë ¤¢  á«ãç ï: 1) a 6= 0,
2) a = 0, c2 + d2 6= 0.

� ¯¥à¢®¬ á«ãç ¥ ¨¬¥¥¬ ãà ¢¥¨¥ ¤«ï äãªæ¨¨ �2

�2 +
@�2

@x1
(x1 + �)�

@�2

@x2
(x2 + �) = 0; (27)

£¤¥ a; c; d | ¯à®¨§¢®«ìë¥ ¯®áâ®ïë¥, ¯à¨ç¥¬ � = c=a, � = d=a.
�® ¢â®à®¬ á«ãç ¥ ¯à¨å®¤¨¬ ª ãà ¢¥¨î

c
@�2

@x1
� d

@�2

@x2
= 0: (28)

�â¥£à¨àãï ãà ¢¥¨¥ (27),  å®¤¨¬

�2 =
 ((x1 + �)(x2 + �))

x1 + �
: (29)

� ¬¥â¨¬, çâ® äãªæ¨ï (29) ¥ § ¢¨á¨â ®â ¯¥à¥¬¥®© x1 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤   | ®¤®-
à®¤ ï äãªæ¨ï, â. ¥.

 = �(x1 + �)(x2 + �); (290)

£¤¥ � = const. �â¥£à¨àãï ãà ¢¥¨¥ (28) ¯à¨ c 6= 0, ¯®«ãç¨¬

�2 = '(1x
1 + x2); (30)

£¤¥ ¢¢¥¤¥® ®¡®§ ç¥¨¥ 1 = d=c. � «®£¨ç®, ¥á«¨ d 6= 0, â® ¨â¥£à «®¬ ãà ¢¥¨ï (28) ¡ã¤¥â

�2 = '(x1 + 2x
2); (31)
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£¤¥ 2 = c=d.

�¥®à¥¬  6. �¢ã¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® á ¤¢ã¬¥âà¨ª®©

f 1 = dx1(dx2 + �2); f 2 = dx1�2

¢ ª®®à¤¨ â®© ®ªà¥áâ®áâ¨ U ¤®¯ãáª ¥â ¤¢ã¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã ¨§®¬¥âà¨©, ¥á«¨ �2 =
�(x2 + �), ¯à¨ç¥¬ ¥¥ ®¯¥à â®àë X1 = @x1 , X2 = x1@x1 � (x2 + �)@x2 ; ¤®¯ãáª ¥â ®¤®¯ à ¬¥âà¨-

ç¥áªãî £àã¯¯ã ¨§®¬¥âà¨©, ¥á«¨ äãªæ¨ï �2 ¨¬¥¥â ¢¨¤ «¨¡® (29), «¨¡® (30), «¨¡® (31), ¯à¨ç¥¬
 | ¥®¤®à®¤ ï äãªæ¨ï, á ®¯¥à â®à ¬¨

X1 = (x1 + �)@x1 � (x2 + �)@x2 ; X1 = @x1 � 1@x2 ; X1 = 2@x1 � @x2 ;

  ¢ ®áâ «ìëå á«ãç ïå £àã¯¯ ¨§®¬¥âà¨© ¥â.

�«¥¤áâ¢¨¥. �á«¨ ¢ ãâ¢¥à¦¤¥¨¨ â¥®à¥¬ë 6 ¯à¥¤¯®« £ âì, çâ® �i = xi («®ª «ì® ¯«®áª¨©
á«ãç ©), â® ¯à¨å®¤¨¬ ª £àã¯¯¥ ¨§®¬¥âà¨© á ¡ §¨áë¬¨ ¢¥ªâ®àë¬¨ ¯®«ï¬¨

X1 = @x1 ; X2 = x1@x1 � x2@x2 : (32)

�¥á«®¦® ãáâ ®¢¨âì, çâ® £¥®¤¥§¨ç¥áª ï «¨¨ï ¯à®áâà áâ¢  á ¤¢ã¬¥âà¨ª®© (20) ¢ U ï¢«ï-
¥âáï ®à¡¨â®© £àã¯¯ë ¨§®¬¥âà¨© á ®¯¥à â®à ¬¨ (32).

5. �¢ã¬¥âà¨ç¥áª¨¥ ¯à®áâà áâ¢  ¢ ¥à ¢®¢¥á®© â¥à¬®¤¨ ¬¨ª¥. �¢ã¬¥à ï £¥®-
¬¥âà¨ï á ¤¢ã¬¥âà¨ª®© (140) ¤®¯ãáª ¥â á®¤¥à¦ â¥«ìãî ¨â¥à¯à¥â æ¨î ¢ ¥à ¢®¢¥á®© â¥à¬®-
¤¨ ¬¨ª¥. � áá¬®âà¨¬ ¥à ¢®¢¥áãî ��� ¨ ¢ë¤¥«¨¬ ¢ ¥© â ªãî ®¡« áâì, ¢ ª®â®à®© ¬®¦®
£®¢®à¨âì ® â¥¬¯¥à âãà¥ ¨ ®¡ íâà®¯¨¨. �ãáâì M | ¯à®áâà áâ¢® á®áâ®ï¨© íâ®© ���. �à¥¤¯®-
«®¦¨¬, çâ® á¨áâ¥¬  á®¢¥àè ¥â æ¨ª« � à® ¯® ¯ãâ¨ T 1S1T 2S2T 1, ¯à¨ç¥¬ ¯à¥¤¯®« £ ¥âáï, çâ®
T 1, T 2 ¨ S1, S2 ¬ «® ®â«¨ç îâáï ¤àã£ ®â ¤àã£  á®®â¢¥âáâ¢¥®. �â ª, æ¨ª« � à® ®¤®§ ç®
å à ªâ¥à¨§ã¥âáï ¯ à ¬¥âà ¬¨ (T 1, S1, T 2, S2). �ãáâì T 1 ¨ T 2 | â¥¬¯¥à âãàë  £à¥¢ â¥«ï ¨
å®«®¤¨«ì¨ª  á®®â¢¥âáâ¢¥®, ¯à¨ç¥¬ T 1 > T 2, S1 > S2. �à¥¤¯®«®¦¨¬, çâ® ¢ à¥§ã«ìâ â¥ íâ®£®
¯à®æ¥áá  á¨áâ¥¬  ®â  £à¥¢ â¥«ï ¯®«ãç ¥â ª®«¨ç¥áâ¢® â¥¯«  Q1 ¨ ®â¤ ¥â å®«®¤¨«ì¨ªã ª®«¨ç¥-
áâ¢® â¥¯«  Q2. �â¥à¯à¥â¨àã¥¬ ¤¢ã¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® M ª ª ¯à®áâà áâ¢® á®áâ®ï¨©
¥à ¢®¢¥á®© ���,   ¤¢ã¬¥âà¨ç¥áª¨¥ äãªæ¨¨ f 1 ¨ f 2 ª ª ª®«¨ç¥áâ¢  â¥¯«  Q1 ¨ jQ2j á®-
®â¢¥âáâ¢¥®. �ãáâì U | ª®®à¤¨ â ï ®ªà¥áâ®áâì ¢ M , â. ¥. ¬®¦¥áâ¢® ¡«¨§ª¨å á®áâ®ï¨©.
� áá¬®âà¨¬ ¤¢  á®áâ®ï¨ï ¨§ U : 1 = (x1 + dx1; x2 + dx2) ¨ 2 = (x1; x2). �®£¤  ¨â¥à¯à¥â¨àã¥¬
â¥¬¯¥à âãàã ¨ íâà®¯¨î íâ¨å á®áâ®ï¨© â ª: T 1 = x2+dx2, S1 = x1+dx1 ¨ T 2 = x2, S2 = x1. � ¬¥-
â¨¬, çâ® ¯ à  á®áâ®ï¨© 1 ¨ 2 ®¤®§ ç® ®¯à¥¤¥«ï¥â æ¨ª« � à® á ¯ à ¬¥âà ¬¨ (T 1; S1; T 2; S2).
�¢¥¤¥¬ äãªæ¨¨

A1
T = �2 + a2idx

i; A1
S = �1 + a1idx

i; A2
T = �2; A2

S = �1: (33)

�âàãªâãàë¥ äãªæ¨¨ aij = �ij ¨ �
i = xi ¢ U á®®â¢¥âáâ¢ãîâ «®ª «ì® à ¢®¢¥á®¬ã á®áâ®ï¨î

���. �§ (33) á«¥¤ã¥â, çâ® ¢ «®ª «ì® à ¢®¢¥á®¬ á®áâ®ï¨¨ A1
T = T 1, A1

S = S1, A2
T = T 2,

A2
S = S2. �¡®§ ç¨¬

�AS = A1
S �A2

S = a1idx
i; �AT = A1

T �A2
T = a2i dx

i:

�â¨ ¢ëà ¦¥¨ï ¢ «®ª «ì® ¯«®áª®¬ á«ãç ¥ ï¢«ïîâáï ¯®«ë¬¨ ¤¨ää¥à¥æ¨ « ¬¨ ¨ á®¢¯ ¤ îâ
á®®â¢¥âáâ¢¥® á dS ¨ dT . �®áª®«ìªã M ï¢«ï¥âáï ¤¢ã¬¥àë¬ ¬®£®®¡à §¨¥¬, â® íâ¨ ä®à¬ë
®¡« ¤ îâ ¨â¥£à¨àãîé¨¬¨ ¬®¦¨â¥«ï¬¨ bS ¨ bT á®®â¢¥âáâ¢¥®. � «¨ç¨¥ íâ¨å ¨â¥£à¨àãîé¨å
¬®¦¨â¥«¥© á¢¨¤¥â¥«ìáâ¢ã¥â ® â®¬, çâ® ¢ ¥à ¢®¢¥á®¬ á®áâ®ï¨¨ ¢ ��� äãªæ¨®¨àãîâ
\¨áâ®ç¨ª¨ íâà®¯¨¨", ª®â®àë¥ ¯à¨ ¯¥à¥å®¤¥ ¢ à ¢®¢¥á®¥ á®áâ®ï¨¥ ¨ááïª îâ. �®£¤ 

�AS =
1
bS
dBS; �AT =

1
bT
dBT ;
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£¤¥ BS ¨ BT | á®®â¢¥âáâ¢ãîé¨¥ ¨â¥£à «ë, ¯à¨ç¥¬ ¢ à ¢®¢¥á®¬ á®áâ®ï¨¨ bS = 1, bT = 1.
� ª¨¬ ®¡à §®¬,

f 1 = (�AT +AT )�AS ; f 2 = AT �AS ;

£¤¥ AT = A2
T . �â ª, ª®«¨ç¥áâ¢® â¥¯«  ¤«ï ¥à ¢®¢¥á®© ��� �Q = AT �AS . � ¬¥â¨¬, çâ® ¢

à ¢®¢¥áëå á®áâ®ï¨ïå íâ  ä®à¬ã«  á®¢¯ ¤ ¥â á �Q = TdS. �®íâ®¬ã á®£« á® ¢â®à®¬ã  ç «ã
â¥à¬®¤¨ ¬¨ª¨ ¨  è¥© ¨â¥à¯à¥â æ¨¨

�Q = AT �AS =
AT

bS
dBS = �2a1idx

i � x2dx1: (34)

� ¬¥â¨¬, çâ® ¢ á«ãç ¥ à ¢®¢¥áëå á®áâ®ï¨© (34) ¯à¥¤áâ ¢«ï¥â á®¡®© à ¢¥áâ¢®. � ª¨¬ ®¡à -
§®¬, ¤«ï ¥à ¢®¢¥áëå ¯à®æ¥áá®¢ ¯¥à¢®¥  ç «® â¥à¬®¤¨ ¬¨ª¨ § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

dU =
AT

bS
dBS � PdV:

�®£« á®  è¥© ¨â¥à¯à¥â æ¨¨ äãªæ¨ï (5) ¯à¥¤áâ ¢«ï¥â á®¡®© ª®íää¨æ¨¥â ¯®«¥§®£®
¤¥©áâ¢¨ï æ¨ª«  � à®

� =
a2idx

i

�2 + a2jdx
j
=

�AT

AT + �AT

< 1; (50)

  äãªæ¨ï (6) | ¯®«¥§ ï à ¡®â  æ¨ª«  � à®

A = a1idx
ia2jdx

j = �AS�AT =
dBS

bS

dBT

bT
:

�§ ¥à ¢¥áâ¢  (50) á«¥¤ã¥â, çâ® �2 > 0, AT > 0. �® â¥®à¥¬¥ � à® [2] ��� «î¡®£® â¥¯«®¢®£®
æ¨ª«  á â¥¬¯¥à âãà®©  £à¥¢ â¥«ï T 1 ¨ â¥¬¯¥à âãà®© å®«®¤¨«ì¨ª  T 2 ¬¥ìè¥ «¨¡® à ¢  ���
à ¢®¢¥á®£® æ¨ª«  � à® á â¥¬¨ ¦¥ T 1 ¨ T 2. �®íâ®¬ã

a2idx
i

�2 + a2jdx
j
�
T 1 � T 2

T 1
=

dx2

x2 + dx2
:

� ¬¥â¨¬, çâ® ¢ à ¢®¢¥á®¬ á®áâ®ï¨¨ ¯®á«¥¤¥¥ ¥à ¢¥áâ¢® ¯à¥¢à é ¥âáï ¢ à ¢¥áâ¢®.

�¨â¥à âãà 
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