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�.�. �¨å ©«¨ç¥­ª® ¢ à ¡®â¥ [1] ¯®«ãç¨« ¯®«­ãî ª« áá¨ä¨ª æ¨î ¬¥-
âà¨ç¥áª¨å äã­ªæ¨© ¢á¥å ¤¢ã¬¥à­ëå ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­ëå
£¥®¬¥âà¨©. � á¨«ã â¥®à¥¬ë ®¡ íª¢¨¢ «¥­â­®áâ¨ ä¥­®¬¥­®«®£¨ç¥áª®©
¨ £àã¯¯®¢®© á¨¬¬¥âà¨© ª ¦¤ ï ¨§ â ª¨å £¥®¬¥âà¨© ¤®¯ãáª ¥â âà¥å-
¯ à ¬¥âà¨ç¥áª¨î £àã¯¯ã ¤¢¨¦¥­¨©. �­ ï íâã ¬¥âà¨ç¥áªãî äã­ªæ¨î
¬ë ¢®ááâ ­ ¢«¨¢ ¥¬ £àã¯¯ã ¤¢¨¦¥­¨©,   ®â ¯®á«¥¤­¥© ¢®§¢à é ¥¬áï
ª ¬¥âà¨ª¥. �.�. �¥¢ ¢ á¢®¥© ¤¨áá¥àâ æ¨¨ [2] ¯®«ãç¨« ª« áá¨ä¨ª æ¨î
¬¥âà¨ç¥áª¨å äã­ªæ¨© âà¥å¬¥à­ëå ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­ëå
£¥®¬¥âà¨©, ª®â®àë¥ ¤®¯ãáª îâ è¥áâ¨¬¥à­ãî £àã¯¯ã ¤¢¨¦¥­¨©. �¥«ìî
íâ®£® ¯à¨«®¦¥­¨ï ï¢«ï¥âáï ­ å®¦¤¥­¨¥ ¡ §¨á­ëå ¨­ä¨­¨â¥§¨¬ «ì­ëå
®¯¥à â®à®¢ è¥áâ¨¬¥à­ëå  «£¥¡à �¨ íâ¨å £àã¯¯ ¤¢¨¦¥­¨©.

�®£« á­® [1] ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­®¥ ¤¢ã¬¥à­®¥ ¬­®£®-
®¡à §¨¥ F ¯à¥¤áâ ¢«ï¥â á®¡®© ¬­®¦¥áâ¢® â ª¨å â®ç¥ª i = (xi; yi) ¤¢ã-
¬¥à­®£® ¬­®£®®¡à §¨ïM, çâ® «î¡®© ¯ à¥ < ij > ¨§ ®âªàëâ®£® ¨ ¯«®â-
­®£® ¢ F � F ¬­®¦¥áâ¢  Sf á®¯®áâ ¢«ï¥âáï ¤¥©áâ¢¨â¥«ì­®¥ ç¨á«®

f(ij) = f(xi; yi; xj; yj); (1)

¯à¨ç¥¬ ¤«ï ¯à®¨§¢®«ì­®£® ª®àâ¥¦  ç¥âëà¥å â®ç¥ª < ijkl > â ª¨å, çâ®
¯ àë < ij >; : : : ; < kl >2 Sf , è¥áâì ¢§ ¨¬­ëå à ááâ®ï­¨© f(ij); : : : ;
f(kl) äã­ªæ¨®­ «ì­® á¢ï§ ­ë. � x1 �á­®¢­®© ç áâ¨ ­ áâ®ïé¥© ¬®­®£à -
ä¨¨ ¯®áâã«¨àã¥âáï «®ª «ì­ ï ­¥¢ëà®¦¤¥­­®áâì ¬¥âà¨ç¥áª®© äã­ªæ¨¨
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(1). �.�. �¨å ©«¨ç¥­ª® {  ¢â®à®¬ �á­®¢­®© ç®áâ¨ { ¢ x6 ¡ë«¨ ­ ©¤¥-
­ë á â®ç­®áâìî ¤® íª¢¨¢ «¥­â­®áâ¨ ¢á¥ ¯«®áª¨¥ ¬¥âà¨ç¥áª¨¥ äã­ªæ¨¨
((4) { (14) ¨§ x6). � x2 ¤®ª §ë¢ ¥âáï, çâ® ä¥­®¬¥­®«®£¨ç¥áª ï á¨¬¬¥-
âà¨ï à ­£  4 íª¢¨¢ «¥­â­  £àã¯¯®¢®© á¨¬¬¥âà¨¨ áâ¥¯¥­¨ 3, â® ¥áâì
ª ¦¤ ï ­¥¢ëà®¦¤¥­­ ï ¬¥âà¨ç¥áª ï äã­ªæ¨ï (4) { (14) ¨§ x6 ¤®¯ãáª -
¥â âà¥å¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã ¤¢¨¦¥­¨©, ®â­®á¨â¥«ì­® ª®â®à®© ®­ 
ï¢«ï¥âáï ¤¢ãåâ®ç¥ç­ë¬ ¨­¢ à¨ ­â®¬. � ­¥¥ [3] ®­ ¦¥ ­ è¥« âà¥å¬¥à-
­ë¥ £àã¯¯ë ¯à¥®¡à §®¢ ­¨©, ª®â®àë¥ ®áâ ¢«ïîâ ¨­¢ à¨ ­â­ë¬¨ íâ¨
¬¥âà¨ç¥áª¨¥ äã­ªæ¨¨. � §¨á­ë¥ ®¯¥à â®àë  «£¥¡à �¨ á®®â¢¥âáâ¢ãî-
é¨å £àã¯¯ ¢ë¯¨è¥¬ ¨§ â¥®à¥¬ë 2 x6, ãç¨âë¢ ï ª ­®­¨ç¥áªãî ä®à¬ã
§ ¯¨á¨ ¬¥âà¨ç¥áª®© äã­ªæ¨¨. �­¨ ¡ã¤ãâ ¨¤â¨ ¢ â®¬ ¦¥ ¯®àï¤ª¥, çâ® ¨
¬¥âà¨ç¥áª¨¥ äã­ªæ¨¨ (4) { (14) ¨§ x6:

X1 = @x; X2 = @y; X3 = �y@x + x@y; (2)

X1 = @x;
X2 = tgy sinx@x + cosx@y;
X3 = tgy cosx@x � sinx@y ;

9=
; (3)

X1 = @x;
X2 = �thy sinx@x + cosx@y;
X3 = �thy cosx@x � sinx@y;

9=
; (4)

X1 = @x; X2 = @y; X3 = y@x + x@y; (5)

X1 = @x;
X2 = �cthy sinx@x + cosx@y;
X3 = �cthy cosx@x � sinx@y;

9=
; (6)

X1 = y@x; X2 = x@y; X3 = x@x � y@y ; (7)

X1 = @x; X2 = @y; X3 = x@x + y@y; (8)

X1 = @x; X2 = @y; X3 = (y � �x)@x + (x� �y)@y ; (9)
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X1 = @x; X2 = @y; X3 = x@x + (y � 2x)@y; (10)

X1 = @x; X2 = @y; X3 = �(y + 
x)@x + (x� 
y)@y ; (11)

X1 = @x; X2 = x@x + y@y ; X3 = (x2 � "y2)@x + 2xy@y; (12)

£¤¥ 
 > 0, � > 0 ¨ � 6= 1, " = 0;�1.
�§ [1] á«¥¤ã¥â, çâ® ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­®¥ ¯à®áâà ­áâ¢®

F ¥áâì ¬­®¦¥áâ¢® â ª¨å â®ç¥ª i = (xi; yi; zi) âà¥å¬¥à­®£® ¬­®£®®¡à §¨ï
M, çâ® «î¡®© ¯ à¥ < ij > ¨§ ®âªàëâ®£® ¨ ¯«®â­®£® ¬­®¦¥áâ¢  Sf �
F � F á®¯®áâ ¢«ï¥âáï ç¨á«®

f(ij) = f(xi; yi; zi; xj; yj; zj): (13)

�¥âà¨ç¥áª ï äã­ªæ¨ï (13), á®£« á­® x1 ¤®«¦­  ¡ëâì ­¥¢ëà®¦¤¥­­®©,
¯à¨ç¥¬ ¢á¥ ¤¥áïâì à ááâ®ï­¨© ¬¥¦¤ã ¯à®¨§¢®«ì­ë¬¨ ¯ïâìî â®çª ¬¨
äã­ªæ¨®­ «ì­® á¢ï§ ­ë. �.�. �¥¢ [2] á â®ç­®áâìî ¤® íª¢¨¢ «¥­â­®áâ¨
­ è¥« ¢á¥ âà¥å¬¥à­ë¥ ­¥¢ëà®¦¤¥­­ë¥ ¬¥âà¨ç¥áª¨¥ äã­ªæ¨¨ (13). �à¨-
¢¥¤¥¬ íâã ª« áá¨ä¨ª æ¨î

f(ij) = (xi � xj)
2 + (yi � yj)

2 + (zi � zj)
2; (14)

f(ij) = (xi � xj)
2 + (yi � yj)

2 � (zi � zj)
2; (15)

f(ij) = [(xi � xj)
2 + (yi � yj)

2]e
2(
arctg

yi � yj
xi � xj

+ zi + zj)
; (16)

f(ij) = [(xi � xj)
2 � (yi � yj)

2]e
2(�Ar(c)th

yi � yj
xi � xj

+ zi + zj)
; (17)

f(ij) =
yi � yj
xi � xj

ezi+zj ; (18)

f(ij) = (xi � xj)
2e

yi � yj
xi � xj

+ zi + zj
; (19)
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f(ij) = xiyj � xjyi + zi � zj; (20)

f(ij) = sinzi sinzj(sinyi sinyj cos(xi � xj) + cosyi cosyj ) + coszi coszj ;
(21)

f(ij) = chzi chzj(sinyi sinyj cos(xi � xj) + cosyi cosyj)� shzi shzj ;
(22)

f(ij) = chzi chzj(chyi chyj cos(xi � xj)� shyi shyj) � shzi shzj ; (23)

f(ij) = shzi shzj(sinyi sinyj cos(xi � xj) + cosyi cosyj)� chzi chzj;
(24)

£¤¥ 
 > 0, � > 0 ¨ � 6= 1.
�®£« á­® â¥®à¥¬¥ ®¡ íª¢¨¢ «¥­â­®áâ¨ ä¥­®¬¥­®«®£¨ç¥áª®© ¨ £àã¯-

¯®¢®© á¨¬¬¥âà¨© (x2 ­ áâ®ïé¥© ¬®­®£à ä¨¨) ¬¥âà¨ç¥áª¨¥ äã­ªæ¨¨ (14)
{ (24) ¤®¯ãáª îâ è¥áâ¨¬¥à­ë¥ £àã¯¯ë ¤¢¨¦¥­¨©, ¯à¨ç¥¬ ¨å  «£¥¡àë
�¨ ¨¬¥îâ á«¥¤ãîé¨© ¡ §¨á:

X� = ��(x; y; z)@x + ��(x; y; z)@y + ��(x; y; z)@z; (25)

£¤¥ � = 1; 2; : : : ; 6. �ç¥¢¨¤­®, çâ® ¯à®¨§¢®«ì­ë© ®¯¥à â®à íâ®©  «£¥¡àë
§ ¤ ¥âáï ¢ëà ¦¥­¨¥¬

X = �(x; y; z)@x+ �(x; y; z)@y + � (x; y; z)@z; (26)

£¤¥

� = a��� ; � = a��� ; � = a���;

¯à¨ç¥¬ a� = const ¨ ¯® "­¥¬®¬ã ¨­¤¥ªáã" � ¢¥¤¥âáï áã¬¬¨à®¢ ­¨¥ ®â 1
¤® 6. �¥áâ¨ ­¥§ ¢¨á¨¬ë¬ ¯ à ¬¥âà ¬ a� ¬®¦­® á®¯®áâ ¢¨âì í«¥¬¥­â
(a1; : : : ; a6) ¢¥é¥áâ¢¥­­®£® «¨­¥©­®£® ¯à®áâà ­áâ¢  V 6 â ª, çâ® ¡ §¨áã
¨§ V 6 ¡ã¤¥â á®®â¢¥âáâ¢®¢ âì ¡ §¨á  «£¥¡àë �¨ ®¯¥à â®à®¢ (26).

�®áª®«ìªã ¬¥âà¨ç¥áª ï äã­ªæ¨ï (13) ï¢«ï¥âáï ¤¢ãåâ®ç¥ç­ë¬ ¨­¢ -
à¨ ­â®¬ £àã¯¯ë ¤¢¨¦¥­¨© á ¡ §¨á®¬ (25) á®®â¢¥âáâ¢ãîé¥©  «£¥¡àë
�¨, ¯® ¨­ä¨­¨â¥§¨¬ «ì­®¬ã ªà¨â¥à¨î ¨­¢ à¨ ­â­®áâ¨

X(i)f(ij) +X(j)f(ij) = 0
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¨«¨ ¢ à §¢¥à­ãâ®© ä®à¬¥:

�(i)
@f(ij)

@xi
+ �(i)

@f(ij)

@yi
+ � (i)

@f(ij)

@zi
+

+�(j)
@f(ij)

@xj
+ �(j)

@f(ij)

@yj
+ � (j)

@f(ij)

@zj
= 0:

(27)

� ­ è¥¬ á«ãç ¥ ¬¥âà¨ç¥áª ï äã­ªæ¨ï f(ij) ¨§¢¥áâ­ , ¯®íâ®¬ã (27)
¯à¥¤áâ ¢«ï¥â á®¡®© äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ ­  ª®íää¨æ¨¥­âë ¯à®-
¨§¢®«ì­®£® ®¯¥à â®à   «£¥¡àë �¨ £àã¯¯ë ¤¢¨¦¥­¨©. �¯à ¢¥¤«¨¢  á«¥-
¤ãîé ï ®á­®¢­ ï

�¥®à¥¬ . � §¨á­ë¥ ®¯¥à â®àë (25) è¥áâ¨¬¥à­ëå  «£¥¡à �¨ £àã¯¯
¤¢¨¦¥­¨© ¯à®áâà ­áâ¢ á ¬¥âà¨ç¥áª¨¬¨ äã­ªæ¨ï¬¨ (4) { (14) ¢ ­ ¤«¥-
¦ é¥ ¢ë¡à ­­®© á¨áâ¥¬¥ «®ª «ì­ëå ª®®à¤¨­ â § ¤ îâáï á®®â¢¥â-
áâ¢¥­­® á«¥¤ãîé¨¬¨ ¢ëà ¦¥­¨ï¬¨:

X1 = @x; X2 = @y; X3 = @z; X4 = �y@x + x@y;

X5 = �z@x + x@z; X6 = �z@y + y@z ;
(28)

X1 = @x; X2 = @y; X3 = @z; X4 = �y@x + x@y;

X5 = z@x + x@z; X6 = z@y + y@z ;
(29)

X1 = @x; X2 = @y; X3 = �(y + 
x)@x + (x� 
y)@y ;

X4 = (
y � x)@x � (y + 
x)@y +
1 + 
2

2
@z;

X5 = (�x2 + y2 + 2
xy)@x � (
(x2 � y2) + 2xy)@y + (1 + 
2)x@z;

X6 = (
(y2 � x2)� 2xy)@x + (x2 � y2 � 2
xy)@y + (1 + 
2)y@z ;

(30)

X1 = @x; X2 = @y; X3 = (�x � y)@x + (�y � x)@y;

X4 = (�y � x)@x + (�x � y)@y +
1� �2

2
@z;

X5 = �(x2 + y2 � 2�xy)@x + (�(x2 + y2) � 2xy)@y + (1� �2)x@z;

X6 = (�(x2 + y2)� 2xy)@x � (x2 + y2 � 2�xy)@y + (1� �2)y@z ;

(31)
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X1 = @x; X2 = @y; X3 = x@x + y@y ;

X4 = x@x � y@y + @z; X5 = x2@x + x@z; X6 = �y2@y + y@z ;
(32)

X1 = @x; X2 = @y; X3 = x@x + (y � 2x)@y;

X4 = �2x@y + @z; X5 = �x2@y + x@z;

X6 = �x2@x+ 2(x2 � xy)@y + y@z ;

(33)

X1 = y@x; X2 = x@y; X3 = x@x � y@y ;

X4 = @z; X5 = @x + y@z ; X6 = @y � x@z;
(34)

X1 = �@x; X2 = �ctgy cosx@x � sinx@y;

X3 = ctgy sinx@x � cosx@y;

X4 = ctgz sin�1y cosx@x + ctgz cosy sinx@y + siny sinx@z;

X5 = �ctgz sin�1y sinx@x + ctgz cosy cosx@y + siny cosx@z;

X6 = �ctgz siny@y + cosy@z ;

(35)

X1 = �@x; X2 = �ctgy cosx@x � sinx@y;

X3 = ctgy sinx@x � cosx@y;

X4 = thz sin�1y cosx@x + thz cosy sinx@y + siny sinx@z ;

X5 = �thz sin�1y sinx@x + thz cosy cosx@y + siny cosx@z;

X6 = �thz siny@y + cosy@z ;

(36)

X1 = �@x; X2 = thy cosx@x + sinx@y ;

X3 = �thy sinx@x + cosx@y;

X4 = thz ch�1y cosx@x � thz shy sinx@y + chy sinx@z;

X5 = �thz ch�1y sinx@x � thz shy cosx@y + chy cosx@z;

X6 = thz chy@y � shy@z ;

(37)
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X1 = �@x; X2 = �ctgy cosx@x � sinx@y;

X3 = ctgy sinx@x � cosx@y;

X4 = cthz sin�1y cosx@x + cthz cosy sinx@y + siny sinx@z ;

X5 = �cthz sin�1y sinx@x + cthz cosy cosx@y + siny cosx@z;

X6 = �cthz siny@y + cosy@z ;

(38)

£¤¥ 
 > 0, � > 0 ¨ � 6= 1.

�§ íâ®© â¥®à¥¬ë ¢ëâ¥ª ¥â á«¥¤ãîé¥¥

�«¥¤áâ¢¨¥. �«£¥¡àë �¨ £àã¯¯ ¤¢¨¦¥­¨© á ¡ §¨á­ë¬¨ ®¯¥à â®à -
¬¨ (28) { (38) ã¤®¢«¥â¢®àïîâ á®®â¢¥âáâ¢¥­­® á«¥¤ãîé¨¬ ª®¬¬ãâ æ¨-
®­­ë¬ á®®â­®è¥­¨ï¬:

[X1; X2] = 0; [X1; X3] = 0; [X1; X4] = X2;

[X1; X5] = X3; [X1; X6] = 0; [X2; X3] = 0;

[X2; X4] = �X1; [X2; X5] = 0; [X2; X6] = X3;

[X3; X4] = 0; [X3; X5] = �X1; [X3; X6] = �X2;

[X4; X5] = �X6; [X4; X6] = X5; [X5; X6] = �X4;

(280)

[X1; X2] = 0; [X1; X3] = 0; [X1; X4] = X2;

[X1; X5] = X3; [X1; X6] = 0; [X2; X3] = 0;

[X2; X4] = �X1; [X2; X5] = 0; [X2; X6] = X3;

[X3; X4] = 0; [X3; X5] = X1; [X3; X6] = X2;

[X4; X5] = �X6; [X4; X6] = X5; [X5; X6] = X4;

(290)

[X1; X2] = 0; [X1; X3] = �
X1 +X2; [X1; X4] = �X1 � 
X2;

[X1; X5] = 2X4; [X1; X6] = 2X3; [X2; X3] = �X1 � 
X2;

[X2; X4] = 
X1 �X2; [X2; X5] = �2X3; [X2; X6] = 2X4;

[X3; X4] = 0; [X3; X5] = �X6 � 
X5; [X3; X6] = X5 � 
X6;

[X4; X5] = 
X6 �X5; [X4; X6] = �
X5 �X6; [X5; X6] = 0;

(300)
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[X1; X2] = 0; [X1; X3] = �X1 �X2; [X1; X4] = �X1 + �X2;

[X1; X5] = 2X4; [X1; X6] = 2X3; [X2; X3] = �X1 + �X2;

[X2; X4] = �X1 �X2; [X2; X5] = 2X3; [X2; X6] = 2X4;

[X3; X4] = 0; [X3; X5] = �X6 + �X5; [X3; X6] = �X5 + �X6;

[X4; X5] = �X6 �X5; [X4; X6] = �X5 �X6; [X5; X6] = 0;

(310)

[X1; X2] = 0; [X1; X3] = X1; [X1; X4] = X1;

[X1; X5] = X4 +X3; [X1; X6] = 0; [X2; X3] = X2;

[X2; X4] = �X2; [X2; X5] = 0; [X2; X6] = X4 �X3;

[X3; X4] = 0; [X3; X5] = X5; [X3; X6] = X6;

[X4; X5] = X5; [X4; X6] = �X6; [X5; X6] = 0;

(320)

[X1; X2] = 0; [X1; X3] = X1 � 2X2; [X1; X4] = �2X2;

[X1; X5] = X4; [X1; X6] = �2X3; [X2; X3] = X2;

[X2; X4] = 0; [X2; X5] = 0; [X2; X6] = X4;

[X3; X4] = 0; [X3; X5] = X5; [X3; X6] = X6 � 2X5;

[X4; X5] = 0; [X4; X6] = �2X5; [X5; X6] = 0;

(330)

[X1; X2] = �X3; [X1; X3] = 2X1; [X1; X4] = 0;

[X1; X5] = 0; [X1; X6] = �X5; [X2; X3] = �2X2;

[X2; X4] = 0; [X2; X5] = �X6; [X2; X6] = 0;

[X3; X4] = 0; [X3; X5] = �X5; [X3; X6] = X6;

[X4; X5] = 0; [X4; X6] = 0; [X5; X6] = �X4;

(340)

[X1; X2] = �X3; [X1; X3] = X2; [X1; X4] = �X5;

[X1; X5] = X4; [X1; X6] = 0; [X2; X3] = �X1;

[X2; X4] = �X6; [X2; X5] = 0; [X2; X6] = X4;

[X3; X4] = 0; [X3; X5] = �X6; [X3; X6] = X5;

[X4; X5] = �X1; [X4; X6] = �X2; [X5; X6] = �X3;

(350)
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[X1; X2] = �X3; [X1; X3] = X2; [X1; X4] = �X5;

[X1; X5] = X4; [X1; X6] = 0; [X2; X3] = �X1;

[X2; X4] = �X6; [X2; X5] = 0; [X2; X6] = X4;

[X3; X4] = 0; [X3; X5] = �X6; [X3; X6] = X5;

[X4; X5] = X1; [X4; X6] = X2; [X5; X6] = X3;

(360)

[X1; X2] = �X3; [X1; X3] = X2; [X1; X4] = �X5;

[X1; X5] = X4; [X1; X6] = 0; [X2; X3] = X1;

[X2; X4] = �X6; [X2; X5] = 0; [X2; X6] = �X4;

[X3; X4] = 0; [X3; X5] = �X6; [X3; X6] = �X5;

[X4; X5] = X1; [X4; X6] = X2; [X5; X6] = X3;

(370)

¯à¨ç¥¬ ª®¬¬ãâ æ¨®­­ë¥ á®®â­®è¥­¨ï ¤«ï  «£¥¡àë �¨ (38) ¨ (36) á®-
¢¯ ¤ îâ.

�§ áâàãªâãàë ª®¬¬ãâ æ¨®­­ëå á®®â­®è¥­¨©  «£¥¡à �¨ £àã¯¯ ¤¢¨-
¦¥­¨© á ¡ §¨á­ë¬¨ ®¯¥à â®à ¬¨ (28) { (38) ¨ áâàãªâãà­ëå ¯à¨§­ ª®¢
¯®¤ «£¥¡à [3] á«¥¤ã¥â, çâ® ®¯¥à â®àë X1, X2, X4  «£¥¡à �¨ (28) { (29)
¨ X1, X2, X3  «£¥¡à �¨ (30) { (38) ®¡à §ãîâ âà¥å¬¥à­ë¥ ¯®¤ «£¥¡àë
�¨, ª®â®àë¥ ¡ã¤¥¬ ®¡®§­ ç âì á¨¬¢®«®¬ A3.

�ãáâì L { ¯à®¨§¢®«ì­ ï  «£¥¡à  �¨. �®¬¬ãâ ­â®¬  «£¥¡àë �¨ L
­ §ë¢ ¥âáï ¥¥ ¨¤¥ « L(1) = [L;L], ª®â®àë© á®áâ®¨â ¨§ í«¥¬¥­â®¢ ¢¨¤ :
[u; v], £¤¥ u; v 2 L. �â®à®© ª®¬¬ãâ ­â ®¯à¥¤¥«ï¥âáï â ª: L(2) = [L1; L1]
¨, ­ ª®­¥æ, ¯® ¨­¤ãªæ¨¨ L(k+1) = [Lk; Lk]. �áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¯à¨-
å®¤¨¬ ª àï¤ã ª®¬¬ãâ ­â®¢  «£¥¡àë �¨ L:

L � L(1) � L(2) � : : : � L(n) � : : : (38)

�«£¥¡à  �¨ L ­ §ë¢ ¥âáï à §à¥è¨¬®©, ¥á«¨ ¥¥ àï¤ ª®¬¬ãâ ­â®¢ (38)
§ ª ­ç¨¢ ¥âáï ­ã«¥¢ë¬ ¨¤¥ «®¬.

�¥£ª® ¯à®¢¥àï¥âáï, çâ® ¯®¤ «£¥¡à  A3  «£¥¡à �¨ á ®¯¥à â®à ¬¨ (28)
{ (33) à §à¥è¨¬ ,   á ®¯¥à â®à ¬¨ (34) { (38) ­¥à §à¥è¨¬ .
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x2. �®ª § â¥«ìáâ¢® ®á­®¢­®© â¥®à¥¬ë ¤«ï  «£¥¡à

�¨ á à §à¥è¨¬®© ¯®¤ «£¥¡à®©

�à¨áâã¯¨¬ ª ¤®ª § â¥«ìáâ¢ã ®á­®¢­®© â¥®à¥¬ë ¤«ï £àã¯¯ ¤¢¨¦¥­¨© á
®¯¥à â®à ¬¨ (28) { (33).

�«ï ¬¥âà¨ç¥áª®© äã­ªæ¨¨ (14) äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ (27) ¯à¨-
¬¥â á«¥¤ãîé¨© ¢¨¤:

�(i)(xi � xj) + �(i)(yi � yj) + � (i)(zi � zj)�

� �(j)(xi � xj)� �(j)(yi � yj)� � (j)(zi � zj) = 0:
(39)

�à®¤¨ää¥à¥­æ¨àã¥¬ ãà ¢­¥­¨¥ (39) ¯® ª®®à¤¨­ â ¬ â®çª¨ i,   à¥-
§ã«ìâ âë ¤¨ää¥à¥­æ¨à®¢ ­¨© ¯® ª®®à¤¨­ â ¬ â®çª¨ j

�x(i) + �x(j) = 0; �x(i) + �y(j) = 0; �x(i) + �z(j) = 0; (40:1)

�y(i) + �x(j) = 0; �y(i) + �y(j) = 0; �y(i) + �z(j) = 0; (40:2)

�z(i) + �x(j) = 0; �z(i) + �y(j) = 0; �z(i) + �z(j) = 0: (40:3)

� §¤¥«ïï ¯¥à¥¬¥­­ë¥, ®â­®áïé¨¥áï ª ª®®à¤¨­ â ¬ à §«¨ç­ëå â®ç¥ª, ¢
á¨áâ¥¬ å (40.1) { (40.3) ¨ ¨­â¥£à¨àãï ¯®«ãç¥­­ë¥ ãà ¢­¥­¨ï, ¯à¨å®¤¨¬
ª ¢ëà ¦¥­¨ï¬:

�(x; y; z) = �a1y � a2z + a4;
�(x; y; z) = a1x� a3z + a5;
� (x; y; z) = a2x+ a3y + a6:

9=
;

� ª £®¢®à¨«®áì ¢® ¢¢¥¤¥­¨¨ ª®àâ¥¦ (a4; a5; a6; a1; a2; a3) ¯à¨­ ¤«¥-
¦¨â ¢¥é¥áâ¢¥­­®¬ã «¨­¥©­®¬ã ¯à®áâà ­áâ¢ã V 6 ¨ ¯®íâ®¬ã ¡ -
§¨áã (1,0,0,0,0,0), (0,1,0,0,0,0), (0,0,1,0,0,0), (0,0,0,1,0,0), (0,0,0,0,1,0),
(0,0,0,0,0,1) á®®â¢¥âáâ¢ã¥â ¡ §¨á (28).

�®¤áâ ¢¨¬ ¢ ãà ¢­¥­¨¥ (27) ¢ëà ¦¥­¨¥ (15)

�(i)(xi � xj) + �(i)(yi � yj) � � (i)(zi � zj)�

� �(j)(xi � xj)� �(j)(yi � yj) + � (j)(zi � zj) = 0:
(41)

�à®¤¨ää¥à¥­æ¨àã¥¬ ãà ¢­¥­¨¥ (41) ¯® ª®®à¤¨­ â ¬ xi, yi, zi, ¯®á«¥
ç¥£® à¥§ã«ìâ âë íâ¨å ¤¨ää¥à¥­æ¨à®¢ ­¨© ¯® ª®®à¤¨­ â ¬ xj , yj , zj :

�x(i) + �x(j) = 0; �x(i) + �y(j) = 0; �x(i) � �z(j) = 0; (42:1)
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�y(i) + �x(j) = 0; �y(i) + �y(j) = 0; �y(i) � �z(j) = 0; (42:2)

��z(i) + �x(j) = 0; ��z(i) + �y(j) = 0; �z(i) + �z(j) = 0: (42:3)

� ááã¦¤ ï, ¤ «¥¥, ¢ ®â­®è¥­¨¨ á¨áâ¥¬ë (42.1) { (42.3) â®ç­® â ª¦¥ ª ª
¨ ¢ ®â­®è¥­¨¨ ª á¨áâ¥¬¥ (40.1) { (40.3), ¯à¨å®¤¨¬ ª ¡ §¨á­ë¬ ®¯¥à â®-
à ¬ (29).

�à¨áâã¯¨¬ â¥¯¥àì ª ­ å®¦¤¥­¨î ¡ §¨á­ëå ®¯¥à â®à®¢ è¥áâ¨¬¥à-
­®©  «£¥¡àë �¨ £àã¯¯ë ¤¢¨¦¥­¨©, ¤®¯ãáª ¥¬®© ¬¥âà¨ç¥áª®© äã­ªæ¨¥©
(16). �®áª®«ìªã

@f(ij)

@xi
= [(xi � xj)� 
(yi � yj)]�;

@f(ij)

@xj
= �[(xi � xj) � 
(yi � yj)]�;

@f(ij)

@yi
= [(yi � yj) + 
(xi � xj)]�;

@f(ij)

@yj
= �[(yi � yj) + 
(xi � xj)]�;

@f(ij)

@zi
= [(xi � xj)

2 + (yi � yj)
2]�;

@f(ij)

@zj
= [(xi � xj)

2 + (yi � yj)
2]�;

£¤¥ � = 2exp[2
arctg yi�yj
xi�xj

+2zi+2zj ], 
 > 0, â® ¨áå®¤­®¥ äã­ªæ¨®­ «ì-

­®¥ ãà ¢­¥­¨¥ (27) ¯à¨¬¥â á«¥¤ãîé¨© ¢¨¤:

[(xi � xj) � 
(yi � yj)]�(i) � [(xi � xj) � 
(yi � yj)]�(j) +

+[(yi � yj) + 
(xi � xj)]�(i) � [(yi � yj) + 
(xi � xj)]�(j) +

+[(xi � xj)
2 + (yi � yj)

2]� (i) + [(xi � xj)
2 + (yi � yj)

2]� (j) = 0:

(43)

�à®¤¨ää¥à¥­æ¨àã¥¬ ãà ¢­¥­¨¥ (43) á­ ç «  ¯® ª®®à¤¨­ â ¬xi; yi; zi
â®çª¨ i,   à¥§ã«ìâ âë ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯® ª®®à¤¨­ â ¬ xj; yj ; zj
â®çª¨ j

� �x(i)� �x(j) � 
�x(i) � 
�x(j) � 2� (i) � 2� (j) �

� 2(xi � xj)�x(i) + 2(xi � xj)�x(j) = 0;
(44:1)


�x(i) � �y(j) � �x(i)� 
�y(j) � 2(yi � yj)�x(i) + 2(xi � xj)�y(j) = 0;
(44:2)
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��z(j) � 
�z(j) + 2(xi � xj)�z(j) = 0; (44:3)

��y(i) + 
�x(j) � 
�y(i)� �x(j) � 2(xi � xj)�y(i) + 2(yi � yj)�x(j) = 0;
(44:4)


�y(i) + 
�y(j) � �y(i) � �y(j) � 2� (i)� 2� (j)�

� 2(yi � yj)�y(i) + 2(yi � yj)�y(j) = 0;
(44:5)


�z(j) � �z(j) + 2(yi � yj)�z(j) = 0; (44:6)

��z(i) � 
�z(i)� 2(xi � xj)�z(i) = 0; (44:7)


�z(i) � �z(i) � 2(yi � yj)�z(i) = 0: (44:8)

�¨ää¥à¥­æ¨àãï ãà ¢­¥­¨ï (44.1) ¨ (44.2) ¯® ª®®à¤¨­ â¥ xi,   § â¥¬
¯® xj, (44.2) ¨ (44.5) { ¯® yi,   § â¥¬ ¯® yj, (44.3) { ¯® xi, (44.7) { ¯® xj,
¯®«ãç ¥¬ á«¥¤ãîé¨¥ â®¦¤¥áâ¢ :

�z(i) = �z(j) = 0; �z(i) + 
�z(i) = �z(j) + 
�z(j) = 0;


�z(i) � �z(i) = 
�z(j) � �z(j) = 0; �xx(i) + �xx(j) = 0;

�yy(i) + �yy(j) = 0; �xy(i) + �xy(j) = 0:

� §¤¥«ïï ¢ íâ®© á¨áâ¥¬¥ ¯¥à¥¬¥­­ë¥, ®â­®áïé¨¥áï ª ª®®à¤¨­ â ¬ à §-
«¨ç­ëå â®ç¥ª, ¨ ¨­â¥£à¨àãï ¯®«ãç¥­­ë¥ ãà ¢­¥­¨ï, ¯à¨å®¤¨¬ ª äã­ª-
æ¨ï¬:

�(x; y; z) = �(x; y); �(x; y; z) = �(x; y); � (x; y; z) = a1x+ a2y + a3:

�§ ãà ¢­¥­¨© (44.1), (44.5), (44.2), (44.4), à §¤¥«ïï ¯¥à¥¬¥­­ë¥, ¯®«ã-
ç ¥¬

�x + 
�x + 2� = 0; 
�y � �y � 2� = 0;


�x � �x � 2a1y + 2a2x = a4; �y + 
�y � 2a1y + 2a2x = a4;
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¨«¨, à §à¥è ï ®â­®á¨â¥«ì­® ¯à®¨§¢®¤­ëå �x, �y, �x, �y:

(1 + 
2)�x = 2a1(
y � x)� 2a2(y + 
x) � 2a3 + 
a4;

(1 + 
2)�x = �2a1(y + 
x) + 2a2(x� 
y) � a4 � 2
a3;

(1 + 
2)�y = 2a1(y + 
x) � 2a2(x� 
y) + a4 + 2
a3;

(1 + 
2)�y = 2a1(
y � x)� 2a2(y + 
x) � 2a3 + 
a4

¨ ¯®á«¥ ¨­â¥£à¨à®¢ ­¨ï:

�(x; y; z) =
a1

1 + 
2
(�x2 + y2 + 2
xy) �

a2
1 + 
2

(
(x2 � y2) + 2xy)�

�
2a3

1 + 
2
(x� 
y) +

a4
1 + 
2

(y + 
x) + a5;

�(x; y; z) = �
a1

1 + 
2
(
(x2 � y2) + 2xy) +

a2
1 + 
2

(x2 � y2 � 2
xy) �

�
2a3

1 + 
2
(y + 
x) �

a4
1 + 
2

(x� 
y) + a6;

� (x; y; z) =a1x+ a2y + a3:

� à¥§ã«ìâ â¥ ¯®«ãç ¥¬ ¡ §¨á­ë¥ ®¯¥à â®àë (30).
�«ï ¬¥âà¨ç¥áª®© äã­ªæ¨¨ (17):

@f(ij)

@xi
= [(xi � xj)� �(yi � yj)]�;

@f(ij)

@xj
= �[(xi � xj) � �(yi � yj)]�;

@f(ij)

@yi
= [�(xi � xj)� (yi � yj)]�;

@f(ij)

@yj
= �[�(xi � xj)� (yi � yj)]�;

@f(ij)

@zi
= [(xi � xj)

2 � (yi � yj)
2]�;

@f(ij)

@zj
= [(xi � xj)

2 � (yi � yj)
2]�;

£¤¥ � = 2exp[2�Ar(c)th yi�yj
xi�xj

+ 2zi + 2zj ], � > 0, � 6= 1, ¨ ¯®â®¬ã äã­ª-

æ¨®­ «ì­®¥ ãà ¢­¥­¨¥ (27) ¯à¨¬¥â â ª®© ¢¨¤:

[(xi � xj) � �(yi � yj)]�(i)� [(xi � xj) � �(yi � yj)]�(j) +

+[�(xi � xj)� (yi � yj)]�(i)� [�(xi � xj)� (yi � yj)]�(j) +

+[(xi � xj)
2 � (yi � yj)

2]� (i) + [(xi � xj)
2 � (yi � yj)

2]� (j) = 0:

(45)
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�à®¤¨ää¥à¥­æ¨àã¥¬ ãà ¢­¥­¨¥ (45) ¯® ª®®à¤¨­ â ¬ xi, yi, zi,   à¥-
§ã«ìâ âë { ¯® xj, yj , zj

� �x(i) � �x(j) � ��x(i) � ��x(j) � 2� (i)� 2� (j) �
� 2(xi � xj)�x(i) + 2(xi � xj)�x(j) = 0;

��x(i) � �y(j) + �x(i) � ��y(j) + 2(yi � yj)�x(i) + 2(xi � xj)�y(j) = 0;

��z(j) � ��z(j) + 2(xi � xj)�z(j) = 0;

��z(j) + �z(j) � 2(yi � yj)�z(j) = 0;

��y(i) + ��x(j) � ��y(i) + �x(j) � 2(xi � xj)�y(i) � 2(yi � yj)�x(j) = 0;

��y(i) + ��y(j) + �y(i) + �y(j) + 2� (i) + 2� (j) +
+ 2(yi � yj)�y(i) � 2(yi � yj)�y(j) = 0;

��z(i) � ��z(i) � 2(xi � xj)�z(i) = 0;

��z(i) + �z(i) + 2(yi � yj)�z(i) = 0:

� «¥¥, à ááã¦¤ ï â®ç­® â ª¦¥, ª ª ¯à¨ à¥è¥­¨¨ äã­ªæ¨®­ «ì­®£® ãà ¢-
­¥­¨ï (43), ¯à¨å®¤¨¬ ª äã­ªæ¨ï¬:

�(x; y; z) =�
a1

1� �2
(x2 + y2 � 2�xy) +

a2
1� �2

(�(x2 + y2)� 2xy)�

�
2a3

1� �2
(x� �y) +

a4
1� �2

(�x � y) + a5;

�(x; y; z) =
a1

1� �2
(�(x2 + y2) � 2xy) �

a2
1� �2

(x2 + y2 � 2�xy) +

+
2a3

1� �2
(�x � y) �

a4
1� �2

(x� �y) + a6;

� (x; y; z) =a1x+ a2y + a3;

®â ª®â®àëå ª ¡ §¨áã  «£¥¡àë �¨ (31).
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�à¨áâã¯¨¬ â¥¯¥àì ª ­ å®¦¤¥­¨î ¡ §¨á­ëå ®¯¥à â®à®¢  «£¥¡àë �¨
£àã¯¯ë ¤¢¨¦¥­¨©, ¤¢ãåâ®ç¥ç­ë¬ ¨­¢ à¨ ­â®¬ ª®â®à®© ï¢«ï¥âáï ¬¥-
âà¨ç¥áª ï äã­ªæ¨ï (18). �®áª®«ìªã

@f(ij)

@xi
= �

yi � yj
(xi � xj)2

�;
@f(ij)

@xj
=

yi � yj
(xi � xj)2

�;

@f(ij)

@yi
=

1

xi � xj
�;

@f(ij)

@yj
= �

1

xi � xj
�;

@f(ij)

@zi
=
yi � yj
xi � xj

�;
@f(ij)

@zj
=
yi � yj
xi � xj

�;

£¤¥ � = exp(zi+ zj), â® äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ (27) ¯à¨­¨¬ ¥â ¢¨¤:

� (yi � yj)�(i) + (yi � yj)�(j) + (xi � xj)�(i) � (xi � xj)�(j) +

+(xi � xj)(yi � yj)� (i) + (xi � xj)(yi � yj)� (j) = 0:
(46)

�à®¤¨ää¥à¥­æ¨àã¥¬ ãà ¢­¥­¨¥ (46) ¯® xi; yi; zi,   à¥§ã«ìâ âë ¯®
xj; yj ; zj

��x(i) � �x(j) � (yi � yj)�x(i) + (yi � yj)�x(j) = 0;

�x(i) � �y(j) � � (i) � (xi � xj)�x(i) � � (j) + (yi � yj)�y(j) = 0;

��z(j) + (yi � yj)�z(j) = 0; �z(j) + (xi � xj)�z(j) = 0;

�x(j) � �y(i) � � (i) � (yi � yj)�y(i)� � (j) + (xi � xj)�x(j) = 0;

�y(i) + �y(j) � (xi � xj)�y(i) + (xi � xj)�y(j) = 0;

��z(i) � (yi � yj)�z(i) = 0; �z(i) � (xi � xj)�z(i) = 0:

� ááã¦¤ ï  ­ «®£¨ç­®, ¯à¨å®¤¨¬ ª äã­ªæ¨ï¬:

�(x; y; z) = a2x
2 + (a3 + a4)x+ a5;

�(x; y; z) = �a1y
2 + (a3 � a4)y + a6;

� (x; y; z) = a1x+ a1y + a3;

9=
;
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  ®â ­¨å ª ®¯¥à â®à ¬ (32).
�, ­ ª®­¥æ, ¤«ï ¬¥âà¨ç¥áª®© äã­ªæ¨¨ (19):

@f(ij)

@xi
= [2(xi � xj)� (yi � yj)]�;

@f(ij)

@xj
= �[2(xi � xj)� (yi � yj)]�;

@f(ij)

@yi
= (xi � xj)�;

@f(ij)

@yj
= �(xi � xj)�;

@f(ij)

@zi
= (xi � xj)

2�;
@f(ij)

@zj
= (xi � xj)

2�;

£¤¥ � = exp[ yi�yj
xi�xj

+ zi + zj ], ¯®íâ®¬ã äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ (27)
¯à¨­¨¬ ¥â â ª®© ¢¨¤:

[2(xi � xj)� (yi � yj)]�(i) � [2(xi � xj) � (yi � yj)]�(j) +

+ (xi � xj)�(i) � (xi � xj)�(j) +

+ (xi � xj)
2� (i) + (xi � xj)

2� (j) = 0:

(47)

�à®¤¨ää¥à¥­æ¨àã¥¬ ãà ¢­¥­¨¥ (47) ¯® xi, yi, zi,   ¯®«ãç¥­­ë¥ à¥-
§ã«ìâ âë ¯® xj, yj , zj

� 2�x(i) � 2�x(j) � �x(i) � �x9j) � 2� (i) � 2� (j) �
� 2(xi � xj)�x(i) + 2(xi � xj)�x(j) = 0;

�x(i) � 2�y(j) � �y(j) + 2(xi � xj)�y(j) = 0;

�2�z(i) � �z(i)� 2(xi � xj)�z(i) = 0;

�2�z(j) � �z(j) + 2(xi � xj)�z(j) = 0;

��y(i) � �y(j) = 0; �z(i) = �z(j) = 0;

�2�y(i) � �x(j) � �y(i) � 2(xi � xj)�y(i) = 0:
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� ááã¦¤ ï â ª¦¥, ª ª ¨ ¯à¨ à¥è¥­¨¨ äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï
(43), ¯à¨å®¤¨¬ ª äã­ªæ¨ï¬:

�(x; y; z) = �a1x
2 + a2x+ a3;

�(x; y; z) = (2a1 � a5)x
2 � 2a1xy � 2(a2 + a6)x+ a2y + a4;

� (x; y; z) = a1x+ a5y + a6;

9=
;

  § â¥¬ ª ¡ §¨á­ë¬ ®¯¥à â®à ¬ (33).
�â¨¬ ¤®ª § â¥«ìáâ¢® ¯¥à¢®© ç áâ¨ ®á­®¢­®© â¥®à¥¬ë ¤«ï  «£¥¡à �¨

á à §à¥è¨¬®© ¯®¤ «£¥¡à®© A3 § ¢¥àè ¥âáï.

x3. �®ª § â¥«ìáâ¢® ®á­®¢­®© â¥®à¥¬ë ¤«ï  «£¥¡à

�¨ á ­¥à §à¥è¨¬®© ¯®¤ «£¥¡à®©

� íâ®¬ ¯ à £à ä¥ ¯à®¢¥¤¥¬ ¤®ª § â¥«ìáâ¢® ¤«ï  «£¥¡à �¨ £àã¯¯ ¤¢¨-
¦¥­¨©, ¤¢ãåâ®ç¥ç­ë¬¨ ¨­¢ à¨ ­â ¬¨ ª®â®àëå ï¢«ïîâáï ¬¥âà¨ç¥áª¨¥
äã­ªæ¨¨ (20) { (24),   ¯®¤ «£¥¡à  �¨ A3 ­¥à §à¥è¨¬ .

� ãç¥â®¬ ¢ëà ¦¥­¨ï (20) ¤«ï ¬¥âà¨ç¥áª®© äã­ªæ¨¨ f(ij) ¨áå®¤­®¥
äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ (27) ¯à¨­¨¬ ¥â â ª®© ¢¨¤:

yj�(i) � xj�(i) � yi�(j) + xi�(j) + � (i) � � (j) = 0: (48)

�à®¤¨ää¥à¥­æ¨àã¥¬ â®¦¤¥áâ¢® (48) ¯® ª®®à¤¨­ â ¬ xi, yi, zi,   à¥-
§ã«ìâ âë ¯® ª®®à¤¨­ â ¬ xj, yj , zj :

��x(i) + �x(j) = 0; �x(i) + �y(j) = 0; �z(i) = �z(j) = 0;

�z(i) = �z(j) = 0; �y(i) + �x(j) = 0; �y(i) � �y(j) = 0:

� §¤¥«ïï ¯¥à¥¬¥­­ë¥, ¨­â¥£à¨àãï, ¢®§¢à é ïáì § â¥¬ ¢ â®¦¤¥áâ¢® (48)
¨ á­®¢  à §¤¥«ïï ¯¥à¥¬¥­­ë¥, ®ª®­ç â¥«ì­® ¯®«ãç ¥¬:

�(x; y; z) = a1x+ a2y + a4;
�(x; y; z) = a3x� a1y + a5;
� (x; y; z) = �a5x+ a4y + a6:

�âà®ª¨ (a2; a3; a1:a6; a4; a5) ¯à¨­ ¤«¥¦ âè¥áâ¨¬¥à­®¬ã «¨­¥©­®¬ã ¯à®-
áâà ­áâ¢ã V 6, ¯à¨ç¥¬ ¥£® ¡ §¨áã (1,0,0,0,0,0,), (0,1,0,0,0,0), (0,0,1,0,0,0),
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(0,0,0,1,0,0), (0,0,0,0,1,0), (0,0,0,0,0,1) ¡ã¤¥â á®®â¢¥âáâ¢®¢ âì á¨áâ¥¬  ¡ -
§¨á­ëå ®¯¥à â®à®¢ (34).

�à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë ¤«ï ®áâ ¢è¨åáï ¬¥âà¨ç¥áª¨å äã­ªæ¨©
f(ij) ¡ã¤¥â ¯à¨¬¥­ïâìáï ®¤­  ¨ â  ¦¥ ¬¥â®¤¨ª . �®íâ®¬ã ¯®¤à®¡­ë¥
à ááã¦¤¥­¨ï ¡ã¤ãâ ¢¥áâ¨áì â®«ìª® ¢ ®â­®è¥­¨¨ £àã¯¯ë ¤¢¨¦¥­¨© á
¬¥âà¨ç¥áª®© äã­ªæ¨¥© (21).

�®ª ¦¥¬ á¥©ç á â¥®à¥¬ã ¤«ï £àã¯¯ë ¤¢¨¦¥­¨© á ¬¥âà¨ç¥áª®© äã­ª-
æ¨¥© (21). �«ï ã¤®¡áâ¢  ¯®á«¥¤ãîé¨å ¢ëç¨á«¥­¨© íâã ¬¥âà¨ç¥áªãî
äã­ªæ¨î § ¯¨è¥¬ ¢ á«¥¤ãîé¥© ä®à¬¥:

f(ij) = �xi �xj + �yi �yj + �zi �zj + �wi �wj ; (49)

£¤¥ ¢¢¥¤¥­ë ®¡®§­ ç¥­¨ï

�x = sinx siny sinz; �y = cosx siny sinz;
�z = cosy sinz; �w = cosz;

�
(50)

¯à¨ç¥¬ �x2+ �y2 + �z2+ �w2 = 1. � ¤ «ì­¥©è¥¬ ã¤®¡­® ¢¢¥áâ¨ ¯¥à¥®¡®§­ -
ç¥­¨¥ ª®®à¤¨­ â: �x! x, �y ! y, �z ! z, �w! w. �®£¤ 

f(ij) = xixj + yiyj + zizj +wiwj: (490)

�®áª®«ìªã

@f(ij)

@xi
= xj �

xi
wi
wj;

@f(ij)

@xj
= xi �

xj
wj
wi;

@f(ij)

@yi
= yj �

yi
wi
wj ;

@f(ij)

@yj
= yi �

yj
wj
wi;

@f(ij)

@zi
= zj �

zi
wi
wj;

@f(ij)

@zj
= zi �

zj
wj
wi;

äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ (27) § ¯¨è¥âáï ¢ ¢¨¤¥:

�(i)
xjwi � xiwj

wi
+ �(i)

yjwi � yiwj

wi
+ � (i)

zjwi � ziwj

wi
�

� �(j)
xjwi � xiwj

wj
� �(j)

yjwi � yiwj

wj
� � (j)

zjwi � ziwj

wj
= 0:

(51)

�à®¤¨ää¥à¥­æ¨àã¥¬ íâ® ãà ¢­¥­¨¥ ¯® ª®®à¤¨­ â ¬ xi, yi, zi,   à¥-
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§ã«ìâ âë ¯® ª®®à¤¨­ â ¬ xj, yj , zj

�x(i)
�
1 +

xixj
wiwj

�
+ �(i)

xj(1� y2i � z2i )

w3
iwj

+ �x(j)
�
1 +

xixj
wiwj

�
+

+ �(i)
xi(1 � y2j � z2j )

wiw3
j

+ �x(i)
yixj
wiwj

+ �(i)
xiyixj
w3
iwj

+

+ �x(j)
yjxi
wiwj

+ �(j)
xiyjxj
wiw

3
j

+ �x(i)
zixj
wiwj

+ � (i)
xizixj
w3
iwj

+

+ �x(j)
zjxi
wiwj

+ � (j)
xizjxj
wiw3

j

= 0;

(52:1)

�x(i)
xiyj
wiwj

+ �(i)
yj(1 � y2i � z2i )

w3
iwj

+ �y(j)
�
1 +

xixj
wiwj

�
+

+ �(j)
xixjyj
wiw3

j

+ �x(i)
�
1 +

yiyj
wiwj

�
+ �(i)

xiyiyj
w3
iwj

+ �y(j)
yjxi
wiwj

+

+ �(j)
xi(1� x2j � z2j )

wiw3
j

+ �x(i)
ziyj
wiwj

+ � (i)
xiziyj
w3
iwj

+

+ �y(j)
zjxi
wiwj

+ � (j)
xizjyj
wiw3

j

= 0;

(52:2)

�x(i)
xizj
wiwj

+ �(i)
zj(1� y2i � z2i )

w3
iwj

+ �z(j)
�
1 +

xixj
wiwj

�
+

+ �(j)
xixjzj
wiw3

j

+ �x(i)
yizj
wiwj

+ �(i)
xiyizj
w3
iwj

+ �z(j)
yjxi
wiwj

+

+ �(j)
xiyjzj
wiw3

j

+ �x(i)
�
1 +

zizj
wiwj

�
+ � (i)

xizizj
w3
iwj

+

+ �z(j)
zjxi
wiwj

+ � (j)
xi(1� x2j � y2j )

wiw3
j

= 0;

(52:3)
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�y(i)
�
1 +

xixj
wiwj

�
+ �(i)

xiyixj
w3
iwj

+ �x(j)
yixj
wiwj

+

+ �(j)
yi(1� y2j � z2j )

wiw3
j

+ �y(i)
yixj
wiwj

+ �(i)
xj(1� x2i � z2i )

w3
iwj

+

+ �x(j)
�
1 +

yiyj
wiwj

�
+ +�(j)

yixjyj
wiw3

j

+ �y(i)
zixj
wiwj

+ � (i)
yizixj
w3
iwj

+

+ �x(j)
zjyi
wiwj

+ � (j)
yixjzj
wiw

3
j

= 0;

(52:4)

�y(i)
xiyj
wiwj

+ �(i)
xiyiyj
w3
iwj

+ �y(j)
yixj
wiwj

+ �(j)
yixjyj
wiw3

j

+

+ �y(i)
�
1 +

yiyj
wiwj

�
+ �(i)

yj (1� x2i � z2i )

w3
iwj

+ �y(j)
�
1 +

yiyj
wiwj

�
+

+ �(j)
yi(1� x2j � z2j )

wiw3
j

+ �y(i)
ziyj
wiwj

+ � (i)
yiziyj
w3
iwj

+

+ �y(j)
zjyi
wiwj

+ � (j)
yiyjzj
wiw3

j

= 0;

(52:5)

�y(i)
xizj
wiwj

+ �(i)
xiyizj
w3
iwj

+ �z(j)
yixj
wiwj

+ �(j)
yixjzj
wiw3

j

+

+ �y(i)
yizj
wiwj

+ �(i)
zj(1� x2i � z2i )

w3
iwj

+ �z(j)
�
1 +

yiyj
wiwj

�
+

+ �(j)
yiyjzj
wiw3

j

+ �y(i)
�
1 +

zizj
wiwj

�
+ � (i)

yizizj
w3
iwj

+

+ �z(j)
zjyi
wiwj

+ � (j)
yi(1� x2j � y2j )

wiw
3
j

= 0;

(52:6)
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�z(i)
�
1 +

xixj
wiwj

�
+ �(i)

xizixj
w3
iwj

+ �x(j)
zixj
wiwj

+

+ �(j)
zi(1� y2j � z2j )

wiw3
j

+ �z(i)
yixj
wiwj

+ �(i)
yizixj
w3
iwj

+ �x(j)
ziyj
wiwj

+

+ �(j)
zixjyj
wiw3

j

+ �z(i)
zixj
wiwj

+ � (i)
xj(1� x2i � y2i )

w3
iwj

+

+ �x(j)
�
1 +

zizj
wiwj

�
+ � (j)

zixjzj
wiw3

j

= 0;

(52:7)

�z(i)
xiyj
wiwj

+ �(i)
xiziyj
w3
iwj

+ �y(j)
zixj
wiwj

+

+ �(j)
zixjyj
wiw3

j

+ �z(i)
�
1 +

yiyj
wiwj

�
+ �(i)

yiziyj
w3
iwj

+ �y(j)
yizj
wiwj

+

+ �(j)
zi(1� x2j � z2j )

wiw
3
j

+ �z(i)
ziyj
wiwj

+ � (i)
yj (1� x2i � y2i )

w3
iwj

+

+ �y(j)
�
1 +

zizj
wiwj

�
+ � (j)

ziyjzj
wiw

3
j

= 0;

(52:8)

�z(i)
xizj
wiwj

+ �(i)
xizizj
w3
iwj

+ �z(j)
zixj
wiwj

+

+ �(j)
zixjzj
wiw

3
j

+ �z(i)
yizj
wiwj

+ �(i)
yizizj
w3
iwj

+ �z(j)
ziyj
wiwj

+

+ �(j)
ziyjzj
wiw

3
j

+ �z(i)
�
1 +

zizj
wiwj

�
+ � (i)

zj(1� x2i � y2i )

w3
iwj

+

+ �z(j)
�
1 +

zizj
wiwj

�
+ � (j)

zi(1� x2j � y2j )

wiw3
j

= 0;

(52:9)

�¬­®¦¨¬ (52.1) ­  wiwj=xixj, (52.2) { ­  wiwj=xiyj , (52.3) { ­ 
wiwj=xizj , (52.4) { ­  wiwj=yixj, (52.5) { ­  wiwj=yiyj, (52.6) { ­ 
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wiwj=yizj, (52.7) { ­  wiwj=zixj, (52.8) { ­ wiwj=ziyj , (52.9) { ­ wiwj=zizj:

�
1 +

wiwj

xixj

�
�x(i) +

1� y2i � z2i
xiw2

i

�(i) +
�
1 +

wiwj

xixj

�
�x(j) +

+
1� y2j � z2j

xjw2
j

�(j) +
yi
xi
�x(i) +

yi
w2
i

�(i) +
yj
xj
�x(j) +

yj
w2
j

�(j) +

+
zi
xi
�x(i) +

zi
w2
i

� (i) +
zj
xj
�x(j) +

zj
w2
j

� (j) = 0;

(53:1)

�x(i) +
1� y2i � z2i

xiw2
i

�(i) +
wiwj + xixj

xiyj
�y(j) +

xj
w2
j

�(j) +

+
wiwj + yiyj

xiyj
�x(i) +

yi
w2
i

�(i) + �y(j) +
1� x2j � z2j

yjw2
j

�(j) +

+
zi
xi
�x(i) +

zi
w2
i

� (i) +
zj
yj
�y(j) +

zj
w2
j

� (j) = 0;

(53:2)

�x(i) +
1� y2i � z2i

xiw2
i

�(i) +
wiwj + xixj

xizj
�z(j) +

xj
w2
j

�(j) +

+
yi
xi
�x(i) +

yi
w2
i

�(i) +
yj
zj
�z(j) +

yj
w2
j

�(j) +

+
wiwj + zizj

wiwj
�x(i) +

zi
w2
i

� (i) + �z(j) +
1� x2j � y2j

zjw2
j

� (j) = 0;

(53:3)

wiwj + xixj
wiwj

�y(i) +
xi
w2
i

�(i) + �x(j) +
1� y2j � z2j

xjw
2
j

�(j) +

+ �y(i) +
1� x2i � z2i

yiw
2
i

�(i) +
wiwj + yiyj

yixj
�x(j) +

yj
w2
j

�(j) +

+
zi
yi
�y(i) +

zi
w2
i

� (i) +
zj
xj
�x(j) +

zj
w2
j

� (j) = 0;

(53:4)
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xi
yi
�y(i) +

xi
w2
i

�(i) +
xj
yj
�y(j) +

xj
w2
j

�(j) +

+
�
1 +

wiwj

yiyj

�
�y(i) +

1� x2i � z2i
yiw2

i

�(i) +
�
1 +

wiwj

yiyj

�
�y(j) +

+
1� x2j � z2j

yjw
2
j

�(j) +
zi
yi
�y(i) +

zi
w2
i

� (i) +
zj
yj
�y(j) +

zj
w2
j

� (j) = 0;

(53:5)

xi
yi
�y(i) +

xi
w2
i

�(i) +
xj
zj
�z(j) +

xj
w2
j

�(j) +

+ �y(i) +
1� x2i � z2i

yiw
2
i

�(i) +
wiwj + yiyj

yizj
�z(j) +

yj
w2
j

�(j) +

+
wiwj + zizj

yizj
�y(i) +

zi
w2
i

� (i) + �z(j) +
1� x2j � y2j

zjw2
j

� (j) = 0;

(53:6)

wiwj + xixj
zixj

�z(i) +
xi
w2
i

�(i) + �x(j) +
1� y2j � z2j

xjw
2
j

�(j) +

+
yi
zi
�z(i) +

yi
w2
i

�(i) +
yj
xj
�x(j) +

yj
w2
j

�(j) +

+ �z(i) +
1� x2i � y2i

ziw2
i

� (i) +
wiwj + zizj

zixj
�x(j) +

zj
w2
j

� (j) = 0;

(53:7)

xi
zi
�z(i) +

xi
w2
i

�(i) +
xj
yj
�y(j) +

xj
w2
j

�(j) +

+
wiwj + yiyj

ziyj
�z(i) +

yi
w2
i

�(i) + �y(j) +
1� x2j � z2j

yjw
2
j

�(j) +

+ �z(i) +
1� x2i � y2i

yiw2
i

� (i) +
wiwj + zizj

ziyj
�y(j) +

zj
w2
j

� (j) = 0;

(53:8)

xi
zi
�z(i) +

xi
w2
i

�(i) +
xj
zj
�z(j) +

xj
w2
j

�(j) +

+
yi
zi
�z(i) +

yi
w2
i

�(i) +
yj
zj
�z(j) +

yj
w2
j

�(j) +
�
1 +

wiwj

zizj

�
�z(i) +

+
1� x2i � y2i

ziw2
i

� (i) +
�
1 +

wiwj

zizj

�
�z(j) +

1� x2j � y2j
zjw2

j

� (j) = 0;

(53:9)
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�à®¤¨ää¥à¥­æ¨àã¥¬ (53.1) á­ ç «  ¯® yi ¨ yj ,   § â¥¬ ¯® zi ¨ zj,
(53.5) { á­ ç «  ¯® xi ¨ xj,   § â¥¬ ¯® zi ¨ zj, (53.9) { á­ ç «  ¯® xi ¨
xj,   § â¥¬ ¯® yi ¨ yj :

�x(i) �
w2
i

yi
�xy(i) + �x(j) �

w2
j

yj
�xy(j) = 0;

�x(i)�
w2
i

zi
�xz(i) + �x(j) �

w2
j

zj
�xz(j) = 0;

9>>=
>>; (54:1)

�y(i) �
w2
i

xi
�yx(i) + �y(j) �

w2
j

xj
�yx(j) = 0;

�y(i) �
w2
i

zi
�yz(i) + �y(j) �

w2
j

zj
�yz(j) = 0;

9>>=
>>; (54:2)

�z(i) �
w2
i

xi
�zx(i) + �z(j) �

w2
j

xj
�zx(j) = 0;

�z(i) �
w2
i

yi
�zy(i) + �z(j) �

w2
j

yj
�zy(j) = 0:

9>>=
>>; (54:3)

� §¤¥«ïï ¢ á¨áâ¥¬ å (54.1) { (54.3) ¯¥à¥¬¥­­ë¥, ®â­®áïé¨¥áï ª ª®®à¤¨-
­ â ¬ à §«¨ç­ëå â®ç¥ª, ¯®«ãç ¥¬:

�x �
w2

y
�xy = 0; �x �

w2

z
�xz = 0; �y �

w2

x
�yx = 0;

�y �
w2

z
�yz = 0; �z �

w2

x
�zx = 0; �z �

w2

y
�zy = 0:

�­â¥£à¨àãï íâã á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ­ å®¤¨¬:

�x =
c1(x)

w
; �y =

c2(y)

w
; �z =

c3(z)

w
: (55)

�à®¤¨ää¥à¥­æ¨àã¥¬ (53.2) ¯® yi ¨ xj, (53.3) { ¯® zi ¨ xj, (53.4) { ¯®
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xi ¨ yj , (53.6) { ¯® zi ¨ yj , (53.7) { ¯® xi ¨ zj , (53.8) { ¯® yi ¨ zj:

�y(j) �
w2
j

xj
�yx(j) + �x(i) �

w2
i

yi
�xy(i) = 0;

�z(j) �
w2
j

xj
�zx(j) + �x(i)�

w2
i

zi
�xz(i) = 0;

�y(i) �
w2
i

xi
�xy(i) + �x(j) �

w2
j

yj
�xy(j) = 0;

�z(j) �
w2
j

yj
�zy(j) + �y(i) �

w2
i

zi
�yz(i) = 0;

�z(i) �
w2
i

xi
�zx(i) + �x(j) �

w2
j

zj
�xz(j) = 0;

�z(i)�
w2
i

yi
�zy(i) + �y(j) �

w2
j

zj
�yz(j) = 0:

� §¤¥«ïï ¯¥à¥¬¥­­ë¥, ¯à¨å®¤¨¬ ª ãà ¢­¥­¨ï¬:

�y �
w2

x
�yx = a1; �x �

w2

y
�xy = �a1; �z �

w2

x
�zx = a2;

�x �
w2

z
�xz = �a2; �z �

w2

y
�zy = a3; �y �

w2

z
�yz = �a3:

�ç¨âë¢ ï (55), ®â ¯®á«¥¤­¥© á¨áâ¥¬ë ¯à¨å®¤¨¬ ª á«¥¤ãîé¥©:

�y = a1 +
y

x

c1(x)

w
; �z = a2 +

z

x

c1(x)

w
;

�x = �a1 +
x

y

c2(y)

w
; �z = a3 +

z

y

c2(y)

w
;

�x = �a2 +
x

z

c3(z)

w
; �y = �a3 +

y

z

c3(z)

w
;

¨­â¥£à¨àãï ª®â®àãî, ¯®«ãç ¥¬

�(x; y; z) = a1y + a2z �
c1(x)

x
w + c4(x);

�(x; y; z) = �a1x+ a3z �
c2(y)

y
w + c5(y);

� (x; y; z) = �a2x� a3y �
c3(z)

z
w + c6(z):
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�¨ää¥à¥­æ¨àãï � ¯® x, � ¯® y, � ¯® z ¨ ãç¨âë¢ ï (55), ¯®«ãç ¥¬ c04 =
c05 = c06 = 0, (c1=x)

0 = 0, (c2=y)
0 = 0, (c3=z)

0 = 0 ¨ ¯®íâ®¬ã

�(x; y; z) = a1y + a2z + a4w + a7;
�(x; y; z) = �a1x+ a3z + a5w + a8;
� (x; y; z) = �a2x� a3y + a6w + a9:

�®¤áâ ¢«ïï íâ¨ ¢ëà ¦¥­¨ï ¢ ¨áå®¤­®¥ äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ (51),
ãáâ ­ ¢«¨¢ ¥¬, çâ® a7 = a8 = a9 = 0 ¨ ¯®á«¥ ¢®§¢à é¥­¨ï ª ¯à¥¦­¨¬
®¡®§­ ç¥­¨ï¬ ª®®à¤¨­ â �x, �y, �z, �w, ®ª®­ç â¥«ì­® ¯®«ãç ¥¬:

�(�x; �y; �z) = a1�y + a2�z + a4 �w;
�(�x; �y; �z) = �a1�x+ a3�z + a5 �w;
� (�x; �y; �z) = �a2�x� a3�y + a6 �w;

£¤¥, ­ ¯®¬­¨¬, �x2+�y2+�z2+ �w2 = 1. �®íâ®¬ã ¬ë ¨¬¥¥¬ â ª¨¥ ®¯¥à â®àë:

X1 = ��y@�x + �x@�y; X2 = ��z@�x + �x@�z;
X3 = ��z@�y + �y@�z ; X4 = �w@�x; X5 = �w@�y; X6 = �w@�z:

� íâ¨å ®¯¥à â®à å ¯¥à¥å®¤ï ª ª®®à¤¨­ â ¬ x, y, z, ¯®«ãç ¥¬ ¢ëà ¦¥­¨ï
(35).

� ¬¥­  ª®®à¤¨­ â

�x = sinx siny chz; �y = cosx siny chz;
�z = cosy chz; �w = shz;

�
(56)

£¤¥ �x2+�y2+�z2� �w2 = 1, ¯®§¢®«ï¥â ¬¥âà¨ç¥áªãî äã­ªæ¨î (22) § ¯¨á âì
¢ ª®¬¯ ªâ­®¬ ¢¨¤¥

f(ij) = �xi �xj + �yi �yj + �zi �zj � �wi �wj: (57)

�áå®¤­®¥ äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ (27) ¯à¨¬¥â â®£¤  â ª®© ¢¨¤:

�(i)
�xj �wi � �xi �wj

�wi
+ �(i)

�yj �wi � �yi �wj

�wi
+ � (i)

�zj �wi � �zi �wj

�wi
�

�(j)
�xj �wi � �xi �wj

�wj
� �(j)

�yj �wi � �yi �wj

�wj
� � (j)

�zj �wi � �zi �wj

�wj
= 0:

(58)

� «¥¥, ¯®¢â®àïï à ááã¦¤¥­¨ï, ¨á¯®«ì§®¢ ­­ë¥ ¯à¨ à¥è¥­¨¨ äã­ªæ¨®-
­ «ì­®£® ãà ¢­¥­¨ï (51), ­ å®¤¨¬ äã­ªæ¨¨:

�(�x; �y; �z) = a1�y + a2�z + a4 �w;
�(�x; �y; �z) = �a1�x+ a3�z + a5 �w;
� (�x; �y; �z) = �a2�x� a3�y + a6 �w;
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£¤¥, ­ ¯®¬­¨¬, �x2+ �y2 + �z2� �w2 = 1. �®£¤  ¬ë ¯à¨å®¤¨¬ ª ®¯¥à â®à ¬

X1 = ��y@�x + �x@�y; X2 = ��z@�x + �x@�z;
X3 = ��z@�y + �y@�z ; X4 = �w@�x; X5 = �w@�y; X6 = �w@�z:

� íâ¨å ®¯¥à â®à å ¯¥à¥å®¤ï ¯® ä®à¬ã« ¬ (56) ª ¯à¥¦­¨¬ ª®®à¤¨­ â ¬
x, y, z, ¯®«ãç ¥¬ ¤«ï ­¨å ¢ëà ¦¥­¨ï (36).

�à¨áâã¯¨¬ â¥¯¥àì ª ­ å®¦¤¥­¨î ¡ §¨á­ëå ®¯¥à â®à®¢  «£¥¡àë �¨
£àã¯¯ë ¤¢¨¦¥­¨©, ¤¢ãåâ®ç¥ç­ë¬ ¨­¢ à¨ ­â®¬ ª®â®à®© ï¢«ï¥âáï ¬¥-
âà¨ç¥áª ï äã­ªæ¨ï (23). �¢¥¤¥¬ ­®¢ë¥ ª®®à¤¨­ âë

�x = sinx chy chz; �y = cosx chy chz;
�z = shy chz; �w = shz;

�
(59)

£¤¥ �x2+�y2� �z2� �w2 = 1. �®£¤  ¬¥âà¨ç¥áª ï äã­ªæ¨ï (23) ¯à¨¬¥â â ª®©
¢¨¤:

f(ij) = �xi �xj + �yi �yj � �zi �zj � �wi �wj: (60)

�«ï ¨áå®¤­®£® äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï (27) ¨¬¥¥¬:

�(i)
�xj �wi � �xi �wj

�wi
+ �(i)

�yj �wi � �yi �wj

�wi
� � (i)

�zj �wi � �zi �wj

�wi
�

� �(j)
�xj �wi � �xi �wj

�wj
� �(j)

�yj �wi � �yi �wj

�wj
+ � (j)

�zj �wi � �zi �wj

�wj
= 0:

(61)

� ááã¦¤ ï â ª ¦¥, ª ª ¯à¨ à¥è¥­¨¨ ãà ¢­¥­¨ï (51), ¯à¨å®¤¨¬ ª á«¥¤ã-
îé¨¬ ¢ëà ¦¥­¨ï¬ ¤«ï ª®§ää¨æ¨¥­â®¢ �, �, � :

�(�x; �y; �z) = �a1�y + a2�z + a4 �w;
�(�x; �y; �z) = a1�x+ a3�z + a5 �w;
� (�x; �y; �z) = a2�x+ a3�y + a6 �w:

�®íâ®¬ã

X1 = ��y@�x + �x@�y; X2 = �z@�x + �x@�z;
X3 = �z@�y + �y@�z; X4 = �w@�x; X5 = �w@�y; X6 = �w@�z:

�¥à¥å®¤ï ¯® ä®à¬ã« ¬ (59) ª ¯à¥¦­¨¬ ª®®à¤¨­ â ¬ x, y, z, ¡ã¤¥¬ ¨¬¥âì
®¯¥à â®àë (37).
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� ¯®¬®éìî § ¬¥­ë ª®®à¤¨­ â

�x = sinx siny shz; �y = cosx siny shz;
�z = cosy shz; �w = chz;

�
(62)

£¤¥ �x2 + �y2 + �z2 � �w2 = �1, ¬¥âà¨ç¥áª ï äã­ªæ¨ï (24) § ¯¨áë¢ ¥âáï ¢
¡®«¥¥ ã¤®¡­®¬ ¤«ï à¥è¥­¨ï ­ è¥© § ¤ ç¨ ¢¨¤¥

f(ij) = �xi �xj + �yi �yj + �zi �zj � �wi �wj: (63)

�®£¤  ãà ¢­¥­¨¥ (27) ¯à¨¬¥â â ª®© ¢¨¤:

�(i)
�xj �wi � �xi �wj

�wi
+ �(i)

�yj �wi � �yi �wj

�wi
+ � (i)

�zj �wi � �zi �wj

�wi
�

� �(j)
�xj �wi � �xi �wj

�wj
� �(j)

�yj �wi � �yi �wj

�wj
� � (j)

�zj �wi � �zi �wj

�wj
= 0:

(64)

�¥è ï ãà ¢­¥­¨¥ (64) â®ç­® â ª ¦¥, ª ª ¨ ãà ¢­¥­¨¥ (51), ¯®«ãç ¥¬
ª®íää¨æ¨¥­âë:

�(�x; �y; �z) = �a1�y � a2�z + a4 �w;
�(�x; �y; �z) = a1�x� a3�z + a5 �w;
� (�x; �y; �z) = a2�x+ a3�y + a6 �w

¨ á®®â¢¥âáâ¢ãîé¨¥ ¡ §¨á­ë¥ ®¯¥à â®àë:

X1 = ��y@�x + �x@�y; X2 = ��z@�x+ �x@�z;
X3 = ��z@�y + �y@�z; X4 = �w@�x; X5 = �w@�y; X6 = �w@�z:

�¥à¥å®¤ï ª ¯à¥¦­¨¬ ª®®à¤¨­ â ¬ ¯® ä®à¬ã« ¬ (62), ¯®«ãç ¥¬ ®¯¥à -
â®àë (38).

�â¨¬ ãâ¢¥à¦¤¥­¨¥¬ ¯®«­®áâìî § ¢¥àè ¥âáï ¤®ª § â¥«ìáâ¢® ®á­®¢-
­®© â¥®à¥¬ë.
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