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ABYMETPUYECKUE dU3SNYECKUE
CTPYKTYPbl PAHTA (n +1,2)

I'. I. Muxaiinuuenko

Caenys [1], cHauasla JaAUMM KpaTKoe ollpe/eseHUe S-MeTPUUeCKoi Qpu-
3MUECKOM CTPYKTYyphI panra (n+1,m+1),roes > 1un > m > 1 — uenble uu-
cna. I[ycts M u N — (Toukrn KOoTOpHIX ByneM 0603HAUATH CTPOUHBIMM Jia-
THMHCKMMMU U I'pevecKMMU GYKBaMM) raaaKue MHOroo6pa3na pa3MepHOCTe
sm n sn cooTBeTcTBeHHO, a f : &y — R°, &; C M x N — s-KOMIIOHEHTHaA
GYHKUMA conmocTaBJANOLIAA Kakaoi nape (ta) € &y s BellleCTBEHHBIX UM-
cen f(ia) = (f}(ia),..., f*(ia)) € R*. Ilpesinonaraerca, uro GyHKUMA f
riankas, HeBblpokAeHHaA (CM. HMze) U o6sacTh ee onpenesnenmsa &; ecThb
OTKpBITOE M myoTHOoe B M x M MHOkKeCTBC.

OTNPENENEHUE 1. Bynem rosoputh, urto dymxyus f = (f1,..., f*) nesn-
poxclenna, eCiU A MIOTHLIX B N™ 1 M* MHokecTB KopTexkeh (V1 ...9m),
(k1...k,) mnmHBL M 1 n yHKUMOHANBHBIE cocTBeTcTBUA 1 (f(im1),...,
fEym)) € R*™, o (f(ki1a),. .., f(kpa)) € R*™ umeroT MakCHMMaJIbHbIE PaHTU
sm ¥ sn auas naoTHbIX B M u I MHOKeCTB TOUEK I U ¢ COOTBETCTBEHHO.

B BBOOMMOI HUKe IecMETPUM ABYX MHOKeCTB (pusnueckoit cTpyk-
type) dynrumio f = (fl,...,f°) nazoBem s-mempuxoi. OBo3Hauum uepes
z= (2. . z™) m €= (€., €M) NokasbHble KOODAUHATBLI B MHOT'006pa-
3uax M u N. Torna B HeKOTOPOK OKpecTHOCTU Mapsbl (i) AJIA MCXOLHOM
GYHKUMM [ MOMKHO 3aMUCaTh €€ KOOPAMHATHOE BbIpaskKeHUE:

flia) = f(z'(@),...,2*™(i),€ (@), ... , € (a)). (1)

octponM, nasee, pynkumio F c ecrectBennoit B M x N™+! o6na-
CcTbio onpeneneHusa Gp, conocraBiss koprexky (ijk...v,affy...T) OIVHBL
m+n+2, rae (ijk...v) € M u (aBy...7) € N, Touky (f(ia), F(iB),. ..,
f(UT)) I= Rs(n+l)(_m+l).

ONPEAEJNEHUE 2. Bynem rosoputh, uto gyuxyus f = (f1,...,f*) sa-
daem na muoxncecmeazr M u N s-mempuneckyo Puauneckylo cmpyxmypy panza
(n+1,m+1), ecny cyLrecTByeT MJI0THOE B & MHOKECTBO, IJIA KasKIOTO KOP-
Texa (ijk...v,afy...T) KOTOPoro U HekoTOPOM ero okpectHocTH U((i...T))
HalizeTcs Takasa rnankad panra s pynkunn @ = (®y,...,®,), onpeneneHHan
B HekoTopoii obnactn uz R¥HDMHD) - co nepikameit Touky F({i...T)), uto
MHOkecTBO 3HaueHut F(U((i...7))) ABAseTCA NOAMHOMKECTBOM MHOKECTBA
Hyaeld pyHkuum @, 1. e.

®(f(ia), f(iB), ..., f(vT)) =0 (2)

nJA BeexX KopTexkeid us U((i...7)).

TakuM 06pa3oM, JOKaJIbHO MHOKeCTBO F(BF) NpUHAATEKNT HEKOTO-
pOii peryJApHON kKopa3MepHocTM s moBepxHocTy B R¥(MHDM+D)  pe o653a-
TeNbHO coBrazas ¢ Hei. ByneM ropoputh Takske, UTo pynxyus f sadaem na
deyz muoxcecmaar M u M s-mempuieckyio HenomMenoa02UNECKY CUMMEMPUNHYIO
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zeomempuro, TAK Kak ypaBHeHMe (2) no TepMuHOJOrMM paboThbl [2] Bhipa-
’KaeT NPUHLUN peHoMeHosorudeckoid cummerpun. CorJylacHo OCHOBHBIM
MOJIOKEHUAM TeOpMU GU3MUecKMX cTPYKTyp [2] ypaBHeHue (2) ABnsercH
aHAJMTUUECKOW 3aMMchio PU3UUECKOT0 3aKOHa B (EHOMEHOJIOTNYECKN MH-
BapMaHTHOMU popMe. DTOT 3aKOH BbIparkaeT HAJMUME S HE CBOAUMBIX ApPYyT
K Apyry GyHKUMOHaJbHbIX cBazeid @) =*0,... ,®, = 0 mexkay s(n+1)(m+1)
U3MEPAEMBIMU B OIbITE 3HAUEHUAMU S-KOMIIOHEHTHOU PU3MUECKON Besiu-
unnael f = (f!,.., f*). 3amerum, uro He BcAKMe QYHKUMM f MOLYT 3a-
naBaTb (QU3UYECKYIO CTPYKTYDPY, U NOTOMY OLHOW M3 OCHOBHBIX 3aJay4
TEOpUM ABJIAETCA MX TOJIHad Kiaccupurauma. B cayuae oZHoMeTpude-
cKUX cTPYKTyp (s = 1) Takaa kiaccudpukauma 6blyia NpoBeseHa IJA BCEX
n>m>1[3],aBciaydae AByMeTpUUecKHUX (s = 2) — TosubKo mnAn > m = 1
(cM. HUIKe TeopeMy).

ONPEAENEHME 3. Bynem roBoputh, uro gyunyuu f : &y — R* u f':
Gy >R, raeG; CMxNu G CM' xN', sxsusasenmusl, €CaM CyLIECTBYIOT
Takue JoKaJdbHble AuppeoMopPuambt v : M — M, w: N - N, ¢ : R® — R*,
UTO [UIA OTKPBITOrO M MJI0THOT0 B & MHOoecTBa nap (ia) napsl (v(i), w(a))
npunasexkar &y 1 mmeer Mmecro coorHoutenne Y(f(v(7),w(a))) = f(ia).
®usnueckne CTpyKTYphl, 3a1aBaeMble Ha MHoxkecTBax M, N u M, N’ skBu-
BaJIeHTHbIMU QYHKUMAMM f U f', 6y/ieM Ha3bIBATb 3KEUEAAEHIMMNBLALY.

ONPENEJEHME 4. [IBa nokajbHbIX Audpdeomoppuama A : M — M u o :
N — N Ha30BeM Jeudcenues, eciv IPpU HUX coXpaHAeTcsa yHKUMA f, T. e.
ecau [UIA Kasaoi napel (ia) € &; Takoit, uro (A(i),o(a)) € &5 nmeeT MecTo
paBeHcTBO f(A(7), 0()) = flia).

MHoskecTBO BCeX NBUKEHMI e€CTb Cpynrna, AJs KoTopoih pyHkumsa f
ABJIAETCA ABYXTOUYEUHBIM MHBapruaHToM. B pabote [1] mokazaHo, uTo He-
BbIpoAeHHaA QyHKUMA f 3anaeT Ha MHoxecTBaxX M n M s-meTpudeckyio
¢m3muecKyto cTpykTypy panra (n+ 1,m+ 1) B ToM ¥ TOJIbKO B TOM CJy-
vae, eCJIM 2Ta GYHKUMA LOMNYCKAET SMN-MEPHYIO JIOKAJbHYIO CPyNIy Jo-

"KaabHbIX ABuxkeHuit. locnennee, Gonee TouHo, o3nauaer, yro B M 1 N
CYLIECTBYIOT OTKPBIThbIE M IJIOTHbIE MHOKECTBA, [UIA BCEX TOYEK i M a
KOTOPBIX oIlpeseseHbl 9)peKTUBHbIE [NIAJLKHUe LHEHCTBUA SMN-MEPHOM Jio-
kanbHoOM rpynnel JIn G*™” B HekoTOopbIX okpecTHocTAX U(i) m U(a), Takue
uTo AeMcTBUA yKazaHHOW rpynubl B okpectHocTax U(7), U(j) n U(a), U(B)
coBnagatoT B repecedenHuax U(H)NU(j) v U(a)NU(B) u pyukumsa f aBnaercs
ABYXTOYEUYHBIM MHBAPHUAHTOM:

F(A(i ), 0(ar,a)) = flia), (3)

rae a € G*™". Ecau aua pyHKuMH f UCNoONb30BaTh KOOPAUHATHOE BbIpa-
skenue (1) v BBecTu B neiicrByloweit rpynmne G*™" joKaJibHbIE TapaMeTpbl

a=(a',...,a*™"), To ypaBHeHue (3) MO’KHO 3alUCaThb B CJeAYIOIIEM BUIE:
f(Mz,a),0(£,a)) = f(z,8), 3"
rae f(z,€) = f(z!, ..., 2°™ &, ... €™) u onylueHbl 0603HAUEHUA KOHKpeT-

HBIX TOYUEK ! U .

Takym o6pa3oM, Ha OTKPBITBIX U MJI0THLIX B M 1 N MHoKeCTBaX 3a0a-
Hbl M30MOp(dHBIe SMn-MepHble JUHeNHbIe ceMeNCTBa rlaKMUX BEKTOPHBIX
noJseir X v Z, 3aMKHYTbl€ OTHOCHUTEJILHO OllepallMy KOMMYTHUPOBaHUA, T. €.
asnrebpel JIu nokanbHBIX npeobpa3oBanuit (cMm. [4, §60]). CooTBeTcTBYyIO-
wue 6a3McHble BEKTOPHBIE MOJA 9TUX CEMENMCTB 3alMIIEM B ONEPATOPHOM

dopme:
Xo = M@) sz, B = o4O )
WA g TY T T gev?
roew =1,...,smn; p=1,... ,sm; v =1,...,sn, npyUUeM N0 KHEMbIM» MH-

JEeKrcaM u n v HpOBOﬂMTCH CYMMHpOBaHNMeE B YKa3aHHBIX IpeneJax.
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UszsectHo (cM. [5, §17]), uto ¢pynkuma f(z,€) 6yner no paseHcTBY (3)
ABYXTOUYEYHBIM MHBApPUAHTOM CDYINbl ABUKEHUA B TOM U TOJBKO B TOM
ciaydJae, ecliM OHa yOoBJIeTBopsaeT cucTeMe ypaBHeHui X,f + E,f = 0 ¢
onepaTropamu (4):

0f(1' 3N 0f(=,8)

N(&) g+ oL(€) et = 0. )

Cnenyrolume TPy JeMMbl OTHOCATCA K Cliydalo m = 1, T. e. K §-MeTpH-
UeCKMM (PU3NUECKUM CTPYKTypaM paHra (n +1,2).

Jlemma 1. B rpynne naBuxxeHMit HEBBIPOKAECHHOM GyHKUMHU [ JIOKaJIb-
Hoe neiicrBue o rpynnel G*™ B sn-MepHoM MHoroo6pasuu N1 TpaH3MTHUBHO.

IIpennonoknm npoTruBHoe, T. e. rpynna G** neiicreyer B M UHTpaH-
sutrBHO. Toraa obwmnit paHr KBaApaTHO MaTpuubl o, () 6yaeT MeHblle
sn (cMm. [6, §16.10]). A aTo o3HauaeT, UTO HallAyTCA TaKue NepeMeHHbIE
Koo PuLMeHTHL ¢¥(£), He Bce 0OAHOBPEMEHHO M TOXKAECTBEHHO paBHLIE HY-
J10, AIs1 KOTOPBIX BhINOJHAeTCA paBeHcTBO ¢“(€) - 02 (€) = 0. IIpu aTom no
cucTteMe (5) MonyyaeMm ypaBHeHHE

“eu@mB o, ©)

KOTOPOMY YZIOBJIETBOpAET Kax/Jafd koMnoHeHTa ¢yHkumu f = (f1,..., f*).
Bynem paccmMatpuBaTh ypaBHeHue (6), 3anucannoe ana f!,..., f*, Kak cu-
CTeMY S JIMHEMHBbIX 0 JHOPOAHBIX YpaBHEHHU OTHOCHUTEJNIBHO S HEM3BECTHBIX
“(EM(z), raep=1,...,snpum = 1. [lockonbky ¢yHKUMA f HEBBIPOK OEH-
Ha B CMEbICJe onpeneneHua 1, akobnaH I%:Ll OTJIUUYEH OT HYJA, U TOTOMY
CHCTeMa MMeeT ToJIbKo HyJseBoe peweHne: ¢?(£)A(z) = 0. Toraa ansa one-
paTopoB X, o BeipaskeHuAM (4) nmeem c¢“(§)X, = 0. Ilonaras B nocnennem
cooTHolueHnu £ = &, T. e. PUKCUPYA KoopaAMHATy , He BXoaAwyo B X,,
nojiy4yaeM JUHeNHYI0 cBA3b ¢ (§)X, = 0 ¢ MOCTOAHHBIMU He 06 pallaloLIH-
MMCA B HYJIb OJHOBpeMeHHO KoadpdmureHTamMu c*(€p), UTO HEBO3MOIKHO,
TaK Kak 6a3McHble BEKTOpHble noasa X, , BciaeacTBrUe apPeKTUBHOCTH Oeit-
cTBuA rpynnbl G*" B MHoroobpasum M, nuHeliHo He3zaBUcHMMBI. JlaHHoe
NMPOTUBOpeYNE U JOKa3bIBAET JeMMy 1.

JlemMma 2. B rpynne aBu>KeHMIiA HEBBIPOKAEHHOM pyHKUMM [ JIOKaJdb-
Hoe aedicrBue X rpynnsl G*" B s-MepHOoM MHoroo6pa3mun 9 ®KBUBaJEHTHO
2TOM (pyHKLUN.

IMockonbky pasmepHocTu rpynnel G*" u MHoroo6pasua N coBnanaioT,
ee JIoKaJibHOe neiicTBue ¢ B N BBUAY JeMMbl 1 He TOJIBKO TPaH3UTHB-
HO, HO U NPOCTO TPAH3UTHUBHO. A’ BCe MPOCTO TPAH3UTHBHbIE NelCTBYA,
Kak u3BecTHO (cM. [6, §16.11]), monobHbI nepBoii napaMeTpuUecKoit rpyn-
e M, OYEBUIHO, JIIOGOMY ee TPaH3UTHMBHOMY HelcTBUIO B cebe, Hampwu-
Mep b — a~!b, roe a,b € G*". DTo o3HauaeT, UTO HailleTcA TaKoit Jio-
KaJibHbIA anddeomopdusm w : N — G°", yTo MMeeT MeCTO COOTHOLIEHHeE
o(€,a) = wl(a'w(€)), BBIMONHAIOWEECA TOXAECTBEHHO A1A Bcex a € G*"
n £ u3 HekoTopoit okpectHocTu U C N. IloncTraBum 2To cooTHOUIEHUE B
ypaBHenue (3'): f(Mz,a),w  (a"'w(€))) = f(z,€), nonoxkum B HeM a = w(€)
M BBeeM A0NoJHUTeNbHO o6o3Hauenue Y(A(z, w(£))) = f(A(z, w(£)), w1 (e)),

rae e € G°" — eAVHUUHBIA 2seMeHT. B pesysbTaTe nojydyaeMm cCBA3b Me-
#Kay oyHkuueit f u neiicrBuem A:
f(z,€) = Y(A(z, w())), (M)

B KoTopoit pyHkumsa ¢ : R® — R* nmeer, oueBUaHO, paHr s. Y CTaHOBJIEHHAA
CBA3b BbIpaskaeT ®KBUBAJEHTHOCTh QpyHKUMU f W OelicTBUA A B cMBbIC]e
onpenesenusa 3. Jlemma 2 nokaszaHa.
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JIemma 3. Bcakoe HEBBIPOKAEHHOE JOKaJbHOE AeiicTBue A rpynnel G*™
B s-MepHOM MHoroo6pasum N osKBUBaJEHTHO HEKOTOPOH pyHKUMH f, 3ana-
foineif Ha MHoxkecTBax MM U N s-MeTPUUECKYIO (UIHNUECKYIO CTDYKTYDY
paHra (n + 1,2).

HMycte w : N — G*" — HeKoTOpPBIA NoKadbHbIA auppeomopdpmsm. Ilo
NaHHOMY aedicTBuIo A(z,a) onpenenuM ¢yHkKuuio f cieayromnm obpasoM:
f(z,€) = Mz, w(f)). IokakeM, uTo oTa QYHKUMA NONYCKAET SN-MEPHYIO
CpyNIy ABUKEHUMA, COCTOAILYIO U3 JIOKAbHbIX AelicTBuUiA A(z,a) u o(€,a) =
w™(a"'w(£)), T. e. A HUX BhMoaHAeTCA ypaBHeHue (3). lelicTBUTENBHO,
umeem f(A(z,a),0(£,a)) = A(A(z,a), w(w™(a"1w(€)))) = A(A(z,a),a" w(f)) =
Az, w(€)) = f(z,£). Hockonbky neficTBHMe A Mo yCJOBHUIO JIEMMBbI HEBBIPO-
SKOEHHO, QYHKUMA f, OOMYCKAaIOWaA sSn-MePHYIO CpyINy ABUKeHU Gyner
3aaBaTh coryacHo [1] Ha MHoxecTBax M u N s-MeTpUUECKYIO PU3NUECKY IO
cTpykTypy panra (n+1,2). Jlemma 3 noka3aHa.

IlepeitneM Kk oCHOBHOM 3amaue HacTosuleil paGoTbl, T. €. K IOJHOM
KJ1aCCUPUKALMU ABYMETPUUECKUX PU3UUECKUX CTPYKTYp paHra (n + 1,2),
rae n > 1, 3agaBaeMbiX Ha ABYMEPHOM U 2n-MepHOM MHoroo6pasusax M u
N pynrumeii (1), korna s =2 mum = 1.

B nBymepHOM MHoroo6pasuu M JokadbHble KoopAUHATHL z!, 2 06o-
3HauMM uepe3 z, y. CorsacHo semmaM 2, 3 nobaa dyukuua f = (f!, f?),
3amakoman Ha MHoxkecTBax M u N aByMeTpUUECKYIO PU3NUECKYIO CTPYK-
Typy paHra (n+ 1,2), sKkBHBaJleHTHa HEKOTOPOMY JIOKaJIbHOMY OeHCTBHIO
A = (A1, )?) rpynnet G** B M, a ni060e HEBLIPOXKIAEHHOE B CMBICJE OMpe-
nenennda 1 neifictBue A, B CBOIO ouepelb, ®KBUBAJEHTHO HEKOTOPOM TaKoii
¢yukunm f. CienoBaTesNbHO, C TOUHOCTBIO 0 9KBHUBAJEHTHOCTU MOJIHASA
KJlaccuPUKalMa ABYMETPUUECKUX QU3UUECKUX CTPYKTYp paHra (n + 1,2)
COBIMaJaeT C MOJIHOM KiacCUPpUKaLMel HeBbIPOKAEHHBIX JIOKaJbHBIX Jei-
cTBUii rpynnel G2" B nByMepHoM MHorooGpasuu M. He orpannunsas o6ui-
HOCTM pe3yJibTaTOB U CJeAysA N0Ka3aTeNbCTBY JIeMMbI 3, Kak 0OGbIuHO Oy-

€M IoJiaraTb
f1 = /\l(z,y,wl(f), .. ,wz"(f)),
2= 2z, y,w'(€),... ,w™(€)),

roe £ = (€},...,62) u w : M — G — HeKoTOpBIHA NOKaNbHBIN AUdPeo-
MoppusMm. OuHako B pALe ciydaeB OJA YNPOIUEHUA MOJYyUAIOLIMXCA 10
¢opmyiie (8) BbipaskeHHUH ya06HO HMCMOJB30BATh elle U CHELMUATBLHO 1010~
6panHble pyHkumio ¥ : R? —» R? u nokanbHblit audppeomopdumsm v : M — M,
nonyckaeMsble onpenesenveM 3. [lo AByMeTpuuecknM GU3UUECKMM CTPYK-
Typam panra (n+1,2) MokHO MOJYyUUTh UCUEPNBLIBAIOMIMIA pe3ybTaT, Tak
KaK MMeeTCs MOJIHAA KJIaCCUPUKALMA BCeX MNVIaAKUX JOKaJbHbLIX AeCTBUIA
KOHeuHOoMepHbIX rpynn JIu B nnockoctH, nposenennaa C. Jlu B 1883 r. (7).
ITockonbKy oTa KilaccUPUKaLMA CyLIECTBEHHO MCIOJb3YeTCA B MOCJAEaY Io-
IIeM HM3JI0’KEHUM, Mbl BOCIIPOM3BEEM ee IOJIHOCTbIO B GOPMYJIMPOBKE M
o6o3nauennax camoro C. JIu (cm. Takxke (8, c. 25, 26]).

1

(8)

Teopema C. JIn (7, c. 71-73]. Kaxkaaa KkoHeuHasA HellpepblBHaA rpynna
TOYEYHBIX Npeobpa30oBaHUil NJIOCKOCTH £, Yy NPU MOMOIIM TOYEUHEIX INpe-
obpa3oBaHu!t moao6Ha oAHOM M B 0o6IUEM TOJBbKO OAHOM M3 CJAeAYIOLMUX
rpynmn, 3anaBaeMbIX reHeparopamu (p = 8/0z,q = 8/dy).

A. IlppmuTHuBHELIE:

1; P, 4,29, p — yq, zp + yq, £°p + xyq, zyp + yzq, yp;
P, q,%q,Tp — Yq,yYp, Tp + yq;
3) p,q,zq,2p — yg, yp.

B. HmMnpumuTusHbIe:
4) q,2q,p,22p + yg, z%p + zyg;
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5) q,zq,...,2"q,p,2zp+ryq,’p+rayq (r > 2);

6) ¢,zq,...,2"q,yq,p, zp,z’p + rzyq (r > 0);

7) yq,p, zp, zp + zyg;

8) ¢,zq,...,2"q,yq,p,xzp (r>0);

9) ¢,2q,...,27q,p,zp+cyq (r>0,c#1);

10) q,zq,... 2" tq,p,zp+ (ry+2z")g (r > 1);

11) q,zq,... ,z™q,e**"q, ze%*%q,. .. , 2™ e**"q,yq,p
k=1,2,...,01>0l4+m+m +...+m >0,a; = 1);

12) q,zq, Fi(2)q, ..., Fr(z)q,yq (r > 0);

13) q,zq,z%q,p, zp + yq, z%p + 2zyq;

14) p,2zp + yg, 2’p + zyg;

15) q,2q,...,2"q,p,zp+yqg (r > 0);

16) ¢, p,zp + (z + y)g;

17) e**%q, ze%*%q, ... ™k e % q,
(a1(ay—=1)=0, k=1,2,...,01>0, l4+m+...4+4m>I);

18) q,zq, Fi(z)q,..., Fr(z)g (r > 0);

19) q,vq, y*q, p, zp, 2°p;

20) p+q,2p+yg,2%p + ¥’g;

21) q,v9,%%q,p, zp;

22) ¢,y4,¥%¢, p;

23) q,yq,¥%¢;

24) q,yq,p, zp;

25) ¢,p,zp+cyq (c#0,1);

26) q,yq, p;

27) q,yq;

28) p,q,zp + yg;

29) q,zp + yg;

30) p, q;

Tabuula TeopeMbl MOCTPOEHa MJA KOMIIJIEKCHBLIX Ipymnmn npeobpa3o-
BaHMM KOMIUJIEKCHOM miiockocTH. Jliua neACTBUTENbHBLIX rpymnmn npeobpa-
30Ba,HMi/Jl ﬂeﬁCTBMTeHbHOﬁ MNJOCKOCTU Hy?KHO BHeCTU HeKOTOpre N3MeHe-
Hus (cM. [7, c. 28]). K TpeM npMHUTHBHBIM rpynnaM Heob6xoaumMo A06aBUTH
elle NATh:

32) p,q,zq — yp, zp + yg, (2% — ¥*)p + 2zyq, 2zyp + (v* — 2%)g;
33) p,q,29 — yp,zp + yq;

34) p,q,zq — yp + c(zp + yg);

35) p+ (2 — y*)p + 2zyq, ¢ + 2zyp + (v° — 2%)q, yp — 2¢;

36) p— (z% — y*)p — 22yq, q - 2zyp — (v — 2%)q, yp — 2q

MU, KpoMe Toro, rpynmny 11 3aMeHUTH rpynmnoi

11') e**® cos frzq, Te***® cos Brzq,...,x™*e*** cos frq, yq,
€%*% sin B xq, ze“** sin fr2q, ... , ™ e* T sin frzq, p,

a rpynny 17 — rpynnoi

17') e*x* cos Brzq, xe*** cos Brzq,...,x"* e " cos frzq, P,
e“*® sin By zq, e * sin frzq, ... ,x™* e " sin Brzq.

Teopema. /IBymeTpuyeckue ¢pusndeckme cTpykTypbl paHra (n + 1,2)
cywmectByroT aaa n =1,2,3,4 u He cywecTBytoT a1an 2 5. C TOYHOCTbIO
210 skBUBagdeHTHocTu ¢yHkuma f = (f', f?), 3azalomwaa Ha MHoXecTBax
M u N (aByMepHOM M 2n-MepHOM MHOroo6pa3uAx) ABYMETPUYECKYIO ¢pu-
3uueckyto cTpykTypy paHra (n+ 1,2), B Haa/nexallle Bbl6paHHOHA cucTeme
JnokanbHBIX Koopaunat (z',2?) = (z,y) u (£4,€%,€3,&4,...) = (&, n,pmv,...)
olpenedseTcA CAeayOlUMU BblpaKeHUAMM:

anan=1
fl=z+¢ f=y+n, 9)
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fl=x€, fP=yE+n (10)
anan =2
fl=zt+eym+p, fPf=zn+yE+v, =01, (11)
fl=2b+pn [fP=an+y+v, c#l, (12)
fl=zb+p, fP=an+ye +2°E I+, (13)
fl=2b4yn, fP=an+yy; (14)
anan=3

pro @t mtp) —c@nty+v)y+r)
(z+p)?-e(y+1)°

2 _ (@ tem+p)y+7)— @+ +v)(z+p)
(z+p)? —ely+1)°

b

(15)

f

b

raee =0,=+1,
=26+ p)/(z + p),
FP=(n+yw+1)/(x+0p),

fl=zb+yp+p, fi=zn+y+r; (17)

(16)

anan =4
fl=@é+yp+p)/(ze+y+w), fP=(@n+w+1)/(zp+y+w). (18)

Oeymerpurn (14), (17), (18), a Takke (12) ana cnyuyasa ¢ = 0 B osKBUBa-
neHTHo# popme f! = z€+y+pu, f? = zn+y+v, paHee M HE3ABMCHMMO OT aBTOpPA
66111 o6Hapyskenbl E. JI. Jlo3auukuMm (yacTHoe cooblieHne), ocTallbHbIE 7Ke
BriepBbie GbIJIN HaliIeHBl aBTOPOM.

CoopMynrpoBaHHasA BbILIE TEOPEMa yTBEP7KAAET MOJHOTY IpPUBELEH-
HOU B HeW kyiaccupukaumm nByMeTpuk. JloKa3aTesbCTBO TeopeMbl Mmpe-
cTaBaseT coboii MocaenoBaTelbHOE BEIUMCIEHME [10 COOTBETCTBY IOLUMM M3
cnucka 1-36 reHepaTopaM BhILIENPUBENEHHON KJIaCCUPUKALUMOHHONU Tabim-
ubt C. JIu Bcex HEBBIPOKAEHHBIX JOKAJIbHBIX AelicTBuit A = (Al (z,y,al, ...,
a?), A%(z,y,a’, ... ,a?)) rpynnst G** B nByMepHOM MHoroo6pasuu M. Dtu
OeACTBUA onpenessdioT o popmyie (8) yHKUMIO

F=NF% = My w'(©),. .., w*(€), V(2,30 (€), .., w™™(€))),

3aJakolLyio Ha MHoxecTBaX M v N (aBymepHOM M 2n-MepHOM MHOroo6pa-
3UAX) ABYMeTPHUUECKYIO pH3MUECKYIO CTpYKTYypy paHra (n+1,2). IIpucry-
MM K J0Ka3aTeJbCTBY.

MycTb cHauana n = 1. B sToM cayuae neiicTBylomada rpynna G° u
MHoroo6pasue N aBymepHbl. O603HaUUM JoKaJdbHbIe KoopauHaThl £1,€% B
MHoroo6pasumn 9 uepes £,7. B npuBeneHHON Bbillle MOJHOU KiaccupUKa-
uuu C. JIu MMeloTcA yeTbipe ABYMEPHbIE CPyINbl Npeobpa3zoBaHUiA nioc-
KOCTH, 6a3ucHble BeKTopHbIe noss X1, X2 kKoTopbiX (redepatopsl o C. Jlu)
3a4al0TCA BbIPa’KEeHUAMU

18) Xi1=g¢q, Xs=uzq;

21) Xi=4q, X2=yg

29) Xi1=4q, Xo=zp+yg
30) Xy=p, X2=g¢

(19)
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C nomoubo ®KCMOHEHUHAJIBbHOrO 0TO6paskeHus (cM., HanpuMep, [9, ra. 1,
§9]) Haiiaem cooTBeTCTBYyIOLIME JOKaJbHble AeiicTBuA rpynn G? B AByMmep-
HOM MHoroo6pa3uu M:

18) M=z, M=y+adz+d}

27) M=z, A2 = yexpa? +d’;

29) A!

30) M==z+d', AN=y+d

(19"

zexpa®, A =yexpa®+al;

W3 ueTbipex JoKaabHbIX AeiicTBuii cnuvcka (19') Toabko neiictBusa 29

1 4,2
u 30 GynyT HeBbIPOKAEHHBIMM, TaK Kak OJA HUX oba AkobuaHa 88'\2’; u
1 2
g((’:,’:z; OTJINYHbI 0T HynA. IleiictBua 18 u 27 BblpoKAeHHBbI, TaK KaK JA

HMX obpallaeTcA B HyJb BTOpoii Ako6uaH. BBona nna neiicreuii (29) u
(30) nokanbHble anddeomopdusmbl expa’ = ¢, al = pu a! = ¢, a® = 7, no-
nyuaem Bbipaskenus (10) u (9) coorBercTBenno ana ¢yukuuu f = (f1, f2),
3anarouieit Ha MHoxkecTBax M m I (aByMepHbIX MHOroo6pa3usax) AByMe-
TPUUECKYIO pU3NUECKYIO CTPYKTYpY paHra (2, 2).

3aMeTUM, UTO BbipoxkaeHue nedictBuit 18 u 27 MokHO 6blJI0 6bI ycTa-
HOBUTb Cpa3y [0 BbIPasKEHUAM COOTBETCTBYIOLIMX I'€HEPATOPOB U3 CIIMC-

Ka (19). HeiicTBUTeNbHO, HX 0IHO U3 HUX HE COLEP’KUT ONEPATOP P =

Xl
a(A A2 .
AU [OTOMY Al = 2. Ho Toraa 5((;?'(‘—3)2 = 0 npu n1o6oit BTOpoii KOMIIOHEH-

Te A%(z,y,a',a?) neiictBua A = (A}, A?%), uTo u o3HauaeT ero BLIPOKAEHMUE.
AHaJlorMUHble pacCy>KAEHWUA MO3BOJIAT B AaJibHelIIEM cpa3y yCTAaHOBUTD,
Kakue reHepatopbl knaccupurkaumm C. JIu onpenenfaroT BbIpoKAEHHBIE JIO-
KasibHble AeiicTBUA A = (A}, A?), He BLIUMCIAA UX 3apaHee C MOMOIILIO BKC-
MOHEHLMAJILHOrO 0TOGpakKeHns.

lycTb, nanee, n = 2. B aToMm cayuae neiicTBylomaa rpynna G* un
MHoroob6pasue 91 dyerbipexMepHbl. (O603HaUMM JOKaJbHbIE KOOPAMHATHI

1 ¢£2 ¢3 ¢4 6 6 a2
&, €%, &%, £ B mHoroo6pasumn N uepes &, 0, p, v. fAkobuan =3 =

UeH OT HyJA, Tak Kak AeiictBue A(A(z,y,d!,a?, a3 a?),A%(z,y,al,a?, a3, a?))
o6patmmo. I[losToMy oHO GyneT HeBblIpOAKIAEHHBIM, €CJIM [JIA TJIOTHOrO
n oTkpbiToro B M MHoxkecTBa nmap ((z1,1),(z2,y2)) 6yaeT HonoJHUTENb-

1 2 1 2
HO OTJIMUEH OT HYJIA elle U AKoOMaH 3QA (1;(,21(:2),:3(3‘),))\ (2)), rae, HalpyuMep,

OTJIN-

AN(1) = Az, y1,a%, a?,a3,a%). B knaccupurauuu C. JIu umeroTca oauH-
HaAuaThb UeThbIpeXMEepPHLIX rpyln npeobpa3oBaHUi MiaockocTu, 6a3mUcHbIE
BEKTOpPHLIE M0JIA KOTOPBLIX 3a/aloTcA BhipaxkeHuamu 7, 9, 10, 11/, 12, 15,

17, 18, 22, 24, 33. O.aHako B Bbipaskenuax 11/, 12, 17/, 18, 22 onepaTtop aud-

bepeHUMpPOBaHUA p = % NMPUCYTCTBYeT ABHO He GoJiee UeM B OLHOM M3

UETEIPEX [EHEPATOPOB, YTO MPUBOIMUT K BEIPOKAEHUIO COOTBETCTBYIOMIMX
nokaabHbIX Aeiictuit A = (A, \?), Tak kak B HUX KoMnoHeHTa A! 3aBUCHT
ABHO He GoJlee UeM OT 0AHOrO M3 YeThipex nmapamerpos a = (a!,a?, a3, a?)

rpynn G*. BbinuileM HUKe TOJBLKO Te BbIpa’k€HWUA NJIA FeHepaTopoB X,
X2, X3, X4, OnA KOTOPBLIX AeCTBUA HEBbIPOKIAEHHBI:

7)  yg,p,zp,2’p + zyg;

9) ¢,zq,p,zp+cyq,c £ 1;
10) q,zq,p,zp+ (2y + 2%)g;
15) ¢,2q,p,zp+ yg;

24) q¢,y4,p,zp;

33) p,g,zq—yp,zp+yq.

(20)
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CooTBeTcTByIOMmMe JoKaabHble neiictBusa A = (A, A?) rpynn G* B aBymep-
HOM MHoroo6pa3un M HailgeM Mo ®KCNOHEHUMAJIBbHOMY OTOGDPaKEHUIO:

7 {/\lz((l a’® +a®)z +a?)/(1 - a'z — a?),
A2 =y/(1 — a*z — ab);
9) M =zexpa!+a® ) = yexpca® + a’z + d';

M =zexpa® + a3 /
10 ; 20
) { A? = yexp 2a* + @’z + 2%a* exp 2a* + d!; (207

15) A =zexpa® +a® A = yexpa® 4+ ¢’z + a';
24) M =zexpa® +a® N =yexpd® + a';

2

33) { A = z(expa® + cosa® — 1) — ysina® + a!,
2 = y(exp a + cosa® — 1) + zsina® + a'.

U3 mwectu NokadbHbIX feiictBuit A = (A, \?) cnucka (20), mcnonnb-
3ya B ocHOBHOM Qopmyuny (8), Haiinem Boipakenus (11)-(14) ona ¢pyHkumm
f = (fY, f?), sanaroweit Ha MHoxkecTBax M u N (AByMEPHOM M UeThbIpex-
MEPHOM MHOr006pa3usax) AByMeTPHUUECKYIO GU3MUECKYIO CTPYKTYpy pPaH-
ra (3, 2). Isymerpuru (11), rae ¢ = 0,+1,—1, sKBUBaJEHTHb! JOKaJb-
HbIM felicTBuaM 15, 24, 33 coorBercTBeHHO, AByMeTpUuKa (12) asKkBUBaJIeHT-
Ha nelicrBuio 9, nsymerpuka (13) — meicrBuio 10 u nBymerpuka (14) —
neiictBuio 7. JlokanbHble aupdeomopduambr v : M — M, w : N — G u
¢yukumsa ¢ : R? — R?, ycTaHaBAMBalOWIe M0 ONpe/ieeHMIO 3 Ty SKBUBa-
JIEHTHOCTb IJIA Kax Aok u3z asymerpuk (11)-(14), oueBu aHBI.

PaccMoTpuM Tenepn cayuait n = 3, koraa AeiicTByroman rpynna G°
¥ MHoroobpasue I wectumepHbl. JlokanbHble koopauHaTbl £! €2 ... €°
MHoroo6pa3zua N o6o3Hauum qepe3§ né p, v, p, r cooTBeTcTBeHHO. Jlo-

) A

KajabHoe AedictBue A = (Al(z,y,d},... ,a (:L y,al,...,a®)) obparumo, u
(A A2

noTomy _Z%Tﬁfl # 0. HeBprO?K,IleHHOCTb neicTBUA /\ = (A}, A?%) osmnauaer,

UYTO [OMOJIHUTENbHO [UIA MJIOTHOTO U OTKpbiToro B M3 MHOkKecTBa Tpoek

((z1,91), (22,92), (z3,y3)) oTIAUUEH OT Hynsa AKoBUAH

O(A1(1), A%(1), 31(2), A*(2)A' (3), A*(3))
O(al, ..., ab) '

B knaccupuraumm C. JIu nMeroTca TpUHAAUATH LIECTUMEPHbLIX CPyII
npeo6pa3oBaHMit NMaockocTH, 6a3ucCHble BEKTOPHBIE MMOJIA KOTODPBIX 3aa-
IOTCA BhlpaskeHusamu 2, 6, 8, 9, 10, 11/, 12, 13, 15, 17/, 18, 19, 32. Onanako
onepaTop AvdpdepeHUMPOBAHUA P = % B Bolpakenusx 8, 9, 10, 11/, 12, 15,
17/, 18 nmpucyrcTByeT ABHO He 6osliee UeM B ABYX FeHepaTopaxX M3 IIECTH,
q'ro MPUBOJMUT K BbIPOKACHMIO COOTBETCTBYIOWUMX JIOKAJIbHBIX AeACTBUIA

= (A1, )A?), Tak Kak B HMX KOMIIOHEHTa /\1 3aBUCHUT SIBHO He GoJslee ueM
OT ABYX M3 llecTH napamerpos a = (a',a?,...,a%) rpynn Gb. U3 nepeun-
CJIEHHBIX BbllI€ TPUHAAUATH BbIpaskeHWid rina redepatopoB X, Xo,..., Xs
BbINMLIEM HUKE TOJIBKO T€, KOTOpble NMPUBOAAT K HEBBLIPOXKAEHHBIM eii-
CTBHAM:

2) p.q,2q,zp—yq,yp, 2P + ¥g;

6) q,29,yq,p,zp,z°p + xyg;

13) q,zq,2%¢,p,2zp+ yq,2%p + 2ayg;

19) ¢,vq,¥°¢,p, 2p, 2°p;

39) { Pd 24—~ Yp, 2P + g, )
(2% = y*)p + 2zyq, 2zyp + (v° — 2%)q.
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[lo »KCIIOHEHIIMAa bHOMY 0TOBparkeHMIO Hail 1eM COOTBEeTCTBY IOLIMe JIO-
o 92
raJbHble neiictBua A = (A, A?) rpynn G® B nBymepHoM MHorooGpasuu I:

2) Al :(1,Ix+a2y+as,A2:a41'+a5y+a‘3; )
6) { M= (a'z +a?)/(a3x + a?),
A = (a’z + a®y +a")/(Px + a¥),
rae ala* —d?d® = 1;
13) { A= (alz + a?)/(a®z + a?),

M =(y+d®z+d2? +a") /(a2 + a?)?, (21)
roe  a'a® —a%® = I,
10) {/\.1— ate +a®)/(ade + at),
N = (aPy+a )/GJ+( ),
roe  ala' —a’a® =1, a®a® - d®a” = 1;
32) A= (az+b)/(cz+d),
e A=A 4id s =241y, a=a'+ia®, b=a®+ia*, ¢ = a® +ia®, d = a” 4 id®,

i* = —1, npuuem ad be=1.

U3 natu nokadabhbix AekicrBuit A = (A1) A?) cnucka (21') naiineM BbI-
pazkenua (15)—(17) aaa dynkuum f = (f!, f?), 3anatouteit Ha MHoOKeCTBax
M 1 N (ABYMEPHOM M LLIECTUMEPHOM MHOI006pa3nAX) ABYMETPUUECKY IO
pusuueckyro cTpykTypy panra (4, 2). Isymerpurm (15), rae € = 0,+1, -1,
SKBUBAaJIEHTHbI COOTBETCTBEHHO JIOKaJbHBLIM AeiicTBuaM 13, 19, 32, aByme-
TpHrkKa (16) skBuBaseHTHa AeficTBrio 6 U AByMeTpuka (17) — neficTBUIO 2.
Hna ramnaoht nz asymerpuk (15), (16), (17) nerko HaliTH JoKaJbHbIE TO-
MeoMopduambl w: N — G8 v : M — M u pyuxumio ¥ : R? — R?, ycranaBau-
BalollMe M0 OlpeeSeHUIO 3 X DKBUMBAJEHTHOCTh C COOTBETCTBYIOIIMMM
JIOKAJIbHBLIMU JIeUCTBUAMU U3 cniucka (217).

Eule paccMoTpuM oTAenbHO ciaydaii n = 4, koraa OedcTByomasn ri)yn-
na G® u MHoroo6Gpasue 9 BoCbMMMeEpPHBI. ﬂOKaJlebIe KoopAUHATHI &,

., B MHOroo6pa3um ‘Ig 06o3HauuM uepe3s &, 0, U, v, p, T, P, W. Ho-
IR

3(zy) OTVIMUEH OT HyJf, TaK Kak JoKajlbHoe nei-

A= (x\l(x,y,al,... ,as),/\z(:c,y,al,... ,a8))

rpynnbl G® B M obpaTtumo. IlosToMy HeBBLIPOKAEHHOCTb AeHCTBUA A =
(A',A?) 03HaYaeT, UTO JIOMOJNHMUTENBLHO OTJUUYEH OT HyJA AKO6MaH

A(AL(1),A%(1),...,A1(4),A%(4))
d(al,. .., a8)

IUIA OTKPBLITOro M mioTHoro B 9MM? MHomkecTBa ueTBepok <(Il,y1),(l'2,y2),

(z3,y3), (z4,Y4)).

B nonnoit knaccudpukauum C. JIu uMeroTcAa 0 AMHHAAUATH BOCbMUMED-
HbIX TpPyMNIl Npeobpa3oBaHMii NJI0CKOCTH, 6a3UCHbIE BEKTOPHbIE MOJIA KOTO-
pbIX 3alal0TcA BbipaxkeHuamu 1, 5, 6, 8, 9, 10, 11/, 12, 15, 17/, 18. 3ame-

TWUM, OZHAKO, UTO BO BCEX DTHUX BblIpa’K€eHUAX, KPOMe I1epBOIro, orepaTop

avdpdepeHUMPOBAHUA p = a% MPHUCYTCTBYeT ABHO He GoJiee UeM B TpexX re-

HEpaTOpax U3 BOCEMM, UTO MPUBOIMT K BLIPOXKIEHMIO COOTBETCTBYIOLIMX
JOoKaJdbHbIX AeficTBuit A = (A, A?), Tak Kak B HMX KOMIIOHEHTa /\ 3aBU-
cUT ABHO He GoJlee UeM OT TpeX M3 BocbMM mapameTpoB a = (al,a?, ..., a®)

rpynn 68. Boinuiem MO®TOMY TOJILKO BbIpaKeHUA 1 ona reHepaTopOB
X],/\’Q,... ,Xg:

npexHeMy fIKOOGUaH
cTBUE

P, q4,%¢,xp— yq,zp +yq, 2°p+zyq,zyp + yiq, yp o (22)
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U 110 DKCIIOHEHLUMAJbHOMY OTOGpaskeHUIO HalleM COOTBETCTBYIOILee He-
BBIPOKJEeHHOE JokasibHoe feiictBre A = (A, A\?) rpynnel G® B aBymepuom
MHoroo6pazuu M:
. dz+aly+d® , a'z+diy+a® .
A= = Trt Byt a?’ (22)
a‘'z+a°y+a a‘'z+a®y+a
npuueM deta = 1. Ilo nokanbHoMy aeiicrBuio (22') nerko mojydaem Bbl-
paxenue (18) nna dyukuun f = (f1, f?), sanaioueit Ha MHoxkecTBax M n
N (aABYMEpPHOM U BOCHLMMMEDPHOM MHOI006pa3snsaX) ABYMETPUUECKYIO PU-
3UUeCKyIO CTPYKTYypy paHra (5, 2).

B 3aknioueHue paccMOTpUM ciayuail n > 5, Korza pa3MepHOCTb JOei-
cTBytoleit rpynnel G*" u pasmepHocTh MHoroo6pasua I, paBHble 2n, He
MeHbllle necATU. B knaccupmnraumm C. Jlu nMeroTca OecATb Tpynn npe-
0o6pa30BaHUI MJIOCKOCTU € TaKoil pa3aMepHOCTbIO. Ba3ucHble BEKTOpDHBIE
nmona Xi,Xs,...,Xs, OANA HMX 3a0al0TCA BhlpaxeHuamu 5, 6, 8, 9, 10, 11/,

12, 15, 17/, 18. OnHako BO BCeX ®TUX BblpaKeHMAX orepaTop AudpdepeH-
LMpPOBAaHUA p = 'a% MPUCYTCTBYET ABHO He 6oJlee UeM B TpeX reHepaTopax.

Co0TBETCTBYIOIIME JIOKAJ bHble AeACTBUA
— 1 1 2n 20, 1 2n
A= (M(z,y,d', ..., a®), A (2, y,d}, ..., a®™))

OKa3bIBAIOTCA BbIPOAKAEHHBIMU, TAK KakK MepBasd KOMIOHEHTa Al B HUX 3a-
BUCUT ABHO He GoJsiee ueM oT Tpex M3 2n napameTpos a = (a!,...,a?") rpynn

G?*, u noroMy IJA BceX KopTerkeid ((zl,yl),... ,(z,,,y,,)) IJnHBL n 13 IM"
obpaltaeTcA B HyJb AKOOUAH

A(AL(1), A2(1), ..., AL(n), A(n))
aat, ..., a®) '

Mockonbky s n > 5 HeT HEBLIPOKAEHHBIX JIOKAJIbHBIX JeWCTBUEA rpyni
G? B M, o nemmMme 2 HeT Takke U HeBbIPOKAeHHBIX dywkuuit f = (f!, f2),
3aJa0lMX Ha MHoKecTBaX M u N (aByMepHOM M 2n-mMepHOM MHoOroobpa-
3UAX) ABYMETPUUECKYIO GU3UUeCKyIO CTPYKTYpy paHra (n+ 1,2), T. e. Ta-
Kue ¢pu3nveckrie CTPYKTYPhbl He cyulecTBYIOT. TeopeMa MONHOCTHIO IOKa-
3aHa.

Panee MeT00M, aHAJOMMUHBIM TOJBKO UTO MCHOJb30BAaHHOMY B I0-
Ka3aTeJbCTBE TeopeMbl, aBTop B pabore [10] ucciemoBas BelecTBEHHbIE
onHOMeTpHUUeckrne QU3NUecKMe CTPYKTYphl paHra (n + 1,2), 3anaBaemble
OIHOKOMITOHEHTHOM ¢pyHKuMell f Ha MHoxkecTBax M m N (oaHOMEepHOM U
n-MepHOM MHOroo6pasmsax). Bblio ycTaHOBJIEHO, UTO ®THU CTPYKTYPbI Cy-
L1eCTBYIOT TOJBKO A/A n = 1,2,3 v cooTBeTcTBYI0IAA QYHKUMUA f C TOUHO-
CTBIO /10 DKBUBAJEHTHOCTU OMNpPeNeIIAETCA CIeAYIOIMUMN BhIPAKEHUAMU;

anan=1
f=z+& (23)
oasan =2 '
f==+p (24)
onan=3
=&+ p)/(z+p) (25)

CpaBHMBaA pe3yJbTaTbl [0 OJHOMETPUUYECKMM M ABYMETPHUUECKUM
PU3MUYeCKNM CTPYKTYpaM, 3aMeyaeM, UTO ABYMETPUUECKUE CTPYKTYPhl, B
OTJIMYME OT OJIHOMETPHUUECKUX, HE € JMHCTBEHHDI, UCKJIIOUaA cayuyaii n = 4.
IBymerpurn (11) m (15) MoryT 6bITb MoJyUyeHbl KOMIJEKCHUPUKALUENA CO-
OTBETCTBYIOIIMX 110 PAHT'y CTPYKTYPbl 0 JHOMETPHUUECKUX BbiparkeHU (24)
n (25). KoMniekcuMpuKauus B NAHHOM CJydae COCTOUT M3 CJeayHoLUMUX



142 I I Muxaiiaunyenko

ABYX ®TaloB: a) 3aMeHbl BEIeCTBEHHLIX QYHKUUIA U KOOPJMHAT Ha KOM-

nnekcHele no cxeme f — fl4ef’ 2 - z4ey € - E4+en, u — pu+ev,
9 (w3

p — p+er, roe e — muumas (e° = —1), ayanbnana (e? = 0) uau ApoitHan

(e = +1) eaMHULBI B 3aBUCMMOCTH OT THIa KOMIIJIEKCHOIO YMca; 6) oTae-

JIEHUA BellleCTBEHHOMN (peasibHOM) M HeBeleCTBEHHOW (MHMMOM, AyalbHOMU
WJIM NBOWMHOM) UyacTell M3 Mosy4valolMXCcA KOMITJEKCHbIX BblparkeHUit. [lo-
MOJHUTEJIbHO 3aMeTUM, uTo aBymerpuku (11) u (15) ang cayuasa € = +1
ABJIAIOTCA ellle U NPAMOM KOMNO3MUMeENH COOTBETCTBYIOUIMX 0IHOMETpUUe-
CKMX BbIPDa’keHMI, Tak KaK C TOUHOCTbIO [0 9KBMBAJEHTHOCTU OHM MOLYT
OBITh 3alMcaHbl B cleAylOllleM BUIe:

ff=at+p, P=yn+v (11')
P=@g+mw/e+p), fP=m+v)/(y+1) (15%)

lsymerpurn (9) u (10), 3anaiommne Ppusnyeckne CTPYKTYpbl: paHla:,

{2, 2), MOZKHO MCMOJIL30BAaTh JJIA 0HOBPeMeHHoro onpeaenenua B R? apyx'
6GUHAPHBIX OflepalMii — CJIO?KEHUA U YMHQAKEHUA:

(zy)@®En)=(=+&y+n), (26)

(z,y) ® (&, n) = (2§, € +n). (27)

Crnosxenne (26) obbiuHoe, a yMHoMeHMe (27) objragaeT HEKOTOPBLIMU ocobeH-
HOCTAMM: OHO HEKOMMYTATHMBHO, aCCOLUMATHUBHO, AMCTPHUBY TUBHO CJI€BA, HO
He nucTpubyTHUBHO cipaBa. Bo3MoskHo nenenue Ha (z,y), ecaun ¢ # 0, xoTs
JeBoe M NpaBoe YacTHble He coBnazaioT. Eaunnua pasHa (1,0), neBoe n
npaBoe obpaTHble K (I,y) COBNalaloT.

Coxpanns caosxenue (26), ymHosxkenue B R? MoKHO onpeAesanThb U ¢ Mo-

MOLLBIO J11060i1 M3 Tpex asymerpuk (11), (12), (13), 3anarommx pusmndeckue

CTPYKTYPpbI paHra (3, 2):

(z,9)® (&, n) = (€ + eyn,en+ y€), €=0,%1; (28)
(L y)@ (& n) = (2§ 2n+y*), c# 1 (29)
(2,9)® (&) = (2€, 21 + Y&+ 2°€%In¢). - (39)

YMHoxenue (28) KOMMyTaTUMBHO, aCCOUMATUBHO M AUcTpubyTusHo.  Eau-
HMUa yMHomeHusa paBHa (1, 0). llesenue Ha (z,y) Bo3MOkHO, ecau 22 —
cy? # 0. flcno, uro anementsl nuockoctu R? ¢ onepaunamu (26) u (28) oka-
3bIBAIOTCA KOMIIIEKCHBIMM UMCIIAMKA TPEX TUIOB: OGLIUHBIMU KOMILJIEKC-
HbiMU uMciaamu (¢ = —1), ayanbHbiMu (¢ = 0) nau aABoMHbIMU (6 = +1).
YMHoxkeHue (29) HEKOMMYTATHMBHO, aCCOUMATUBHO, OUCTPUOYTUBHO CIIpa-
Ba, HO He AMCTPUBYTUBHO cieBa. [lenenue Ha (z,y) Bo3MoKHO, ecin ¢ # 0,
JeBas ennHuua paBHa (1, 0), a npaBas oTCyTCTBYeT. ‘

Takum o6pasoM, M3 yeTbipex GMHapHbIX onepaumnit (27)-(30), uuTep-
[NpeTUPYEMbIX KaK YMHOMEHME, ToJbKo onepaund (28) nosBosnseT 3a1aThb
B R? cTpyKTYypy KOJblla, Tak KakK TOJbLKO OHa AMCTpUGYTMBHa clpaBa M
cJieBa 10 OTHOLIEHUIO K cioxkeHnIo (26). Onepauus (28) ABndeTcA Takxke
€IMHCTBEHHONM GMHApPHOM omepauMei, KOTOPYIO MOYKHO ONpeneuTh MpPU
cioxenuu (26) ¢ nomouwibio aAByMeTpuku (15) pranueckoid cCTPYKTYpbl paH-
ra (4, 2). IBymerpuru (16), (17) aToi ke CTPYKTypbl, a TakKe IOBYMe-
Tpukn (14) m (18) crpykryp panra (3, 2) u (5, 2) He ompeneNAlOT MpU
cnoxennun (26) 6uHapHbix onepaunit. OTMmeveHHoe 06CTOATENBLCTBO MOMK-
HO paccMaTpUBaThb Kak cBoero pozaa obocHoBaHWe BBEIEHMA TpeX THIIOB
KoMMJeKkcHBIX uncedn. Conep:kaTelbHblA pU3MUECKHUI N MaTeMaTUUeCKMIA
cMbica onepauuii (27), (29), (30) noka ocTaercs HEACHBIM, TI02TOMY I10J1€3HO
6b1s10 611 Boslee AeTalibHO MCCIENoBaTh ajJrebpbl ¢ ®TUMHU ONEpALMAMU, a
TaKXe M CO BCEMU APYTMMU He 065i3aTellbHO BUMHapPHBIMU, KOTOPbIE MOMKHO
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onpeneanTb ¢ nomolibio aBymerpuk f = (f!, f2), 3anatommx ({)M3w~lechue
CTPYKTYPBI Pa3HbIX PAHI'OB.

B zakaiouenue OTMETHUM, UTO KOMMYTAaTUBHbIC I'MINEPKOMIIJIEKCHDbIE

yucsa pa3sMepHOCTH s > 1 ecTecTBEeHHbIM 06pa30oM MOABJIAIOTCA [PU pac-
CMOTPEHUM S-METPUUECKUX PU3NUECKUX CTPYKTYP, ONpenelIeHHbIX B Haua-
e oToit paboThl.
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