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MetTpuku reomMeTpuii MaKCUMAJbHON MOABUKHOCTA MOYKHO 3aIlCATh B HECKOOD-
JAUHATHOM BHUJe. B pabore paccMOTpeHBI HEKOTODBIE I'eJIbMIOJIBIIEBBI TIJIOCKOCTH,
ABJISIONTUAECS TeOMETPUAMI MaKCUMAaJIbHON JIOKAJbHON TIOJIBU?KHOCTH, OECKOODIH-
HaTHAas 3aIlCh KOTOPHIX Obliia Hen3BecTHA. HaiiieHbl HesgBHbIE 3 aHust (OYHKIIUII,
IIOMOT'AIONIUX IIOCTPOUTH TAKYIO 3aIIUCh.

KitroueBsblie cioBa: deymepHas 2eomMempus, niockocmu I eabmeorvua, 2e0Mempus MAKCUMAND-
HOT NOJBUINCHOCTIU, 2DYNNA NPEodPA30BaAHUL, MEMPUHECKAA HYHKUUI.

BBenenne

XopoIo W3BECTHO, 9YTO JIUIsl €BKJNJIOBOH ILIOCKOCTH IecTb paccrosauii 1(ij),
1(ik), . ... l(kl), vae, manpumep, [(ij) = \/(z; — x;)> + (y; — y;)?, 1OCTPOCHHBIX Ha e-
TBIPEX TOUKAX 1, ], k, [, cBA3aHbI ypaBHEHUEM

0 1 1 1 1

1T 0 PGij) Pik) 12(l)

L 2G) 0 BGE) BGD | =0
1 2(ik) 2GE) 0 2(k)

1 2l 125 (kD) 0

JlaHHOE TOXKJIECTBO SBJISIETCS CJICJICTBUEM PABEHCTBA HYJI TPEXMEPHOTO 00bEMa TeT-
pasipa, IMOCTPOEHHOTO Ha ITUX YeTBhIPEX TOUYKaX. ITOT PaKT 00bICHACTCA U CYIIECTBO-
BaHUeM TPEXIapaMeTpUIecKoi TPYIIbl JBUKEHUH IJI0CKOCTH EBK/INIa, TaK KaK OHa
HPUBOIUT K YBEJUIEHUIO TMNC/Ia CBOOOIHBIX KOOPANHAT. AHAJIOIMUIHAS CATYAIINA BO3HI-
KaeT U B JIDYTUX ILJIOCKUX T€OMETPHUIX MaKCUMAJTbHON MTOIBUKHOCTH.

[leomerpun ¢ MaxcHMaJIbLHON ITOABUKHOCTLIO BIlepBble paccMaTpuBas ['epman [esibm-
roJibll B crathe «O axrax, Jeskamux B OCHOBaHUE reomerpun» |1, ¢. 366—-382|, pomyc-
Kas B KadecTBe yciaoud 11 cymmmecTBoBaHme B TeOMETPUAX «. . . MOJBAKHBIX, HO HEU3MEHSI-
eMbIX (TBEPJBIX) TeJl WM CUCTEeM TOYeK; TaKoe JOIyleHne HeoOX0AUMO Jijisi CDABHEH s
[IPOCTPAHCTBEHHBIX BEJIMIHUH ITYTEM COBMEIIECHUS».

Jlpyrumu ycjaoBUsIMU J1J1s1 TIOCTPOEHUs TeOMeTpHil ObLIn:

I. «IIpocTpancTBO N U3MeEpeHnit eCTh N-KPATHO MPOTAXKEHHOE MHOr0OOpa3ue. »

III. «/lomyckaeTrcs BIoJiHEe CBOOOIHAS TOJIBUKHOCTD TBEP/BIX TEJI . . . »

1V. «FEcau TBEpmOE TesIo BpaliaeTcd OKOJIO n — 1 Todek, BBIOpAHHBIX TaK, UTO IO-
JIOYKeHHe Tejia 3aBUCUT TOJBKO OT OIHON He3aBUCUMOM IlepeMeHHOI, TO BpalleHue Oe3
TOBOPOTa HA3al IIPUBOJIUT TEJIO B KOHIlE B TO HAYaJbHOE TOJIOXKEHUEe, U3 KOTOPOTO OHO
BBIIILIO. »
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Ecim oTKazaThes 0T HOCIEHEr0 YCJIOBYs, TO MOYKHO TIOJIYYNATD 2| I0MOJIHATeIbHBIE
reomeTpun. JlaHHBIE reOMETPUN, HECMOTPS Ha TO, YTO OHU ObLIN WCKIIoUeHb! [. ['ebMm-
roJibiieM akcuomoit IV, 6buin HazBaHbl B ero dects (3, §3|. g naockocmu Ieavmeorvuya
MeTpudecKast (DYHKINsT — aHAJIOI KBaJpaTa «PacCTOSTHUI» MeXKJy TOUKAMU | U | ¢ KO-
opanHaTamu (z;,y;) U (2;,;), OHa UMeeT CJIe/[YIOMHil BII:

f(ig) = ((w = ;) + (i — y5)*) - exp (27 ' arctgﬁ) ’ (1)
{ J
e v > 0. g ncesdozeavmezorvuesoti niockocmu
Ji7) = (@ = 2;) = (g = 9,)?) - exp (25 - Are(e)th%) , @)
( J

e > 0n B # 1, upnuém dynknusa Arc(c)th 3aBucnT oT 3HaUEHHs aprymeHTa,
cosiajias ¢ Arth, eciin o 1o MOJLy/II0 Menbliie ejunuiibl, 1 ¢ Arcth, ecu 6oJibiie.
Metpudeckas QyHKIHA 0YasbHO2eAbM20ABUEBOT NAOCKOCTIU:

LN 2 Yi — Yj

f(ig) = (x; —a;)” exp (22— | . (3)
€Xr; — ZL‘j

Kpome 1péx reomerpnii I'esibMrosibiia, K JBYMEPHBIM T'€OMETPHUIM MAaKCUMAIbHON

JIOKaJIBbHOI IIOABUZKHOCTH OTHOCATCA HN3BECTHBIC I‘eOMeTpI/II/I TIOCTOAHHO KpI/IBI/IBHbI, a

TaK>Ke CUMIIJIEKTNn4YeCKad 1 CUJVLTL./LU’@’[L(L./L’DH&& nAoCrocmu C MeTpI/I‘IeCKI/IMI/I (byHKHHHMH
fGif) = ziy; — w59,
.. Yi — Yj
flij) = —=. (4)
XT; — ZEJ'
[Tnockue reomerpnn ¢ «paccrosausMuy (1)—(4) samucanbl B KOOPAUHATHOM TIPEJT-

crapiaeHIn. YToOBI UX 3amucaTh B 6€CKOOPIMHATHOM BUE, MOXKHO UCIIOJIB30BATh CBSI3b
TMECTN PACCTOSTHUN JIJI 9eThIPEX TOYEK 1, J, k, L:

(S (ij), J(ik), J(il), [(ik), f(51), J (k1)) = 0. (5)
B cilyuae CUMILIEKTHYECKOHl M CHUMILIMIIMAIBLHON ILJIOCKOCTEl TaKue CBS3U M3BECTHDI.
B uacrrocTn, st Merpudeckoil pynknuu (4) MoxkHo 3amucars |3, dopmyna (5.3)]:

f(g) = f(Gk)  f(k) — J(ik) 0
f(g) = F (1) 0 Jl) =Gl | =0.
0 SGik) = f(kD) f(il) = f (kD)

PacimcnbiBast olpeenTens, BbIpasuM paccrosuue f(ij) = fi; 4epes ocTabHble:
[ = SieJa(fiw — i) + JaTn(Fin — Ju) + Sax St (fia — Sin) (6)
K Salfie = i) + fiu(f = fu) + Falfa — fie)

Taxum 06pa3oM, JJIs CUMIUTAIIAIBHON TPEXMEPHOI TeOMeTPUH ¢ MEeTPHYIECKOi (hYHK-
e (4), BBIPAKEHHON 4epe3 KOOPJAMHATHI, 0KA3aJ0Ch BOBMOYKHBIM HANTH €€ HecKoop-

JIUHATHYIO 3a11ch (6).

Eciu ypaBaenue c¢Bsi3u (5) U3BECTHO B $BHOM BUJIE, TO €rO MOYKHO JIOKAJIbHO Pa3-
PEINTh OTHOCHTEIHHO OJIHOTO M3 «PACCTOSAHUIT» U 3alncaTh 3TO PACCTOSHAE B OECKO-
opauHaTHO# dopme. OzHAKO ABHBIH BUJ ypaBHeHUs (5) U3BECTEH I BCEX IJIOCKUX
reoMeTpuil MaKCHMAJIBbHON MOJBUXKHOCTH, 3a MCKJIOYEHHEeM TPEX II0CKocTell [esbM-
rosbiia. JIst resbMrosiblieBbix ke reomerpuii (1)—(3) nokasano, UTO Takoe ypaBHeHHe
CYyIIIeCTBYET, HO JI0 HOCJIEHEr0 BpeMEHH B sIBHOM BHJIe OHO He OblLI0 m3BecTHO [4, §5].
[Mombrraemcst HalTH ypaBHeHHe CBst3u (5) JJIs 9TUX TIOCKOCTEH, ITO U OyIeT OCHOBHOM
TeJIbIO JIAHHON PaboThI.




414 I. T. Muxaitinuaenko, A. A. CumoHOB

1. OOmue mocTpoeHus

Paccmorpum reomerpuio Ha IByMepHOM MHOT0o0Opasuu M ¢ meTpudeckoit hyHKInei
B KOOPJUHATHOM ITPEICTABICHIT

JJId OTKPBITOI'O M IIJIOTHOI'O B ]\42 MHOXKeCTBa I1ap <Z_]> Eé HEBBIPOXKJAEHHOCTH OIIpee-
JIAeTCs YCJIOBUAMU

d(f(im), f(in))
3(%’, yz)

BBIIOJIHSIONIIMACS ISt IIOTHOTO B M3 MHOXKecTBa Tpoek (imn) u (mnj).

Creays [3], mpu cymectBoBarun ypaBHeHus (D), OTPAYXKAIONICIO CBA3b MCXKLY IIIC-
CTBIO PACCTOSHMUAMH JJIs OTKPHITOTO M IIoTHOTO B M* MHOMKecTBa uerBépok (ijkl) ¢
ycsosuem grad(®) # 0, GyjieM rOBOPHUTD, UTO OHO BBIPAYKAET (PEHOMEHOJIOINIECKYIO CHM-
METPHIO JIByMEPHON reoMeTpun ¢ Merputeckoil dyukiweii (7). 'pynnosas cuvmerpus
CTelleHU 3 JJ1 9TOI TeOMeTpHUH olpejesdercd TpeXmapaMeTpUiecKoil IPyIoil 1BuzKe-

HU )
{ o' = N, y; o, B,7), (9)
o — o -
y - U(‘L’yaa7577)7
coxpangronux Merpudeckyto bynxmmio (7): f(z, yi, 75, y;) = f(x], yi, 75, y;). Obe cum-
MEeTpHH, TPYIIoBasg 1 (heHOMEHOJIOTHYeCKast, SKBIBaJeHTHBI (cM. [3, §6, c. 37]).
CooTBeTCTBYIOMTE 3aMCHBI KOOPAMHAT I, Y U IAPAMCTPOB v, (3, Y IO3BOIAIOT TPYIIILY
JBrKenuii (9) sanucarh B CIIYIONEM BUJIE:

= MNz,y; 8,7) + a,
{ y =o(x,y;8,7), (10)

A(f(mj), f(nj))
A(zj,y;)

£0, #0, (8)

TaK, 4TO IlapaMeTp (¢ olpelesdeT JOKaIbHO lapaJsle/bHbli IepeHoc 110 KoopJAuHaTe T.
Merpuueckas dyuknus (7) Kak JBYXTOUYCYHbIH HHBApHAHT Ipymibl asmkeHuit (10) B
9TOM cilydae JI0JIKHa MMeThb 0ojiee IIpOCTOe KOOPAUHATHOE IIPe/ICTaB/IeHue:

JGg) = f(xi — x5, 40, 95)- (11)

YenoBre HeBBIPOXK ieHHOCTH (8) 1t MeTprteckoit dyukmuu (11) BBIIOTHAETCS TOTb-
KO TOIJIa, Korja B rpymie apmxennii (10) B ypaBHemHue Jiist 3 CYIIECTBEHHO BXOAAT 002
mapamMerpa 7y u (3, a B ypaBHeHne it &’ — X0Ts OBl OJUH U3 HUX.

Boipaxxenne (11) paspemuM OTHOCUTENIBHO PAa3HOCTH I; — ;i T; — L =
V(yi,y5, [(15)). U3 gersépku (ijkl) Bergenum tpoiiku (ijk), (ijl), (ikl), mus KoTopsx
OYEBH/HO CIIPABEINBBI CJIE/IYIONINE TP COOTHOIICHHSL:

Y (Yis vj, F(i5)) — (i, y, [ (iK)) + Yz, v, [(GE)) = 0,
V(Wi v, £(05)) — Y (ys, i, F() + 0y, w, f(51) = 0, (12)
V(Y Yk, (i) — V(Y i, [(i)) + oy, v, f(KRL)) = 0.

[asee m3 mepBbIX JBYX COOTHOIIEHUH cucTeMbl (12) HAXOMUM Yk, Y U TOJCTABISEM B
TpeThe. B pesysibrare moydnM ypaBHeHUE

KOTOPOE II0 IIEPEMEHHBIM ¥;, Y; ABJIAETCs TOXKJIECTBOM, UTO clleJlyeT U3 Ipeodpa3oBaHuil
rpymmbl gemxkennit (10) ¢ yaéToMm ciesaHHOro BbIMe 3amMedanus. OUKCHPYsT 3HATEHHST
9THUX TIePEeMEHHBIX, [OJIyIuM ypaBHeHue (5).
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2. ,ZLyaJIbHOFeJIbMFO.TIbHeBa IIJIOCKOCTDb

Haspanue maya/JbHOre/IbMIOIBIEBON IIOCKOCTH ¢ MeTpudeckoii dbynknueit (3) oby-
CJIOBJICHO BO3MOYKHOCTBIO 33J1aTh ¢¢ TOYKH JIyaJbHBIME YUCJIAMA 2 = T + Jy, I KO-
Topbix J2 = 0 (cm. [3, §3, c.13]). UmeeT cMbIcy yIpOCTUTh BbhIpaykeHuce (3), u3BjicKas
KBaJIPaTHBI KOPEHb U IepPeCcTaBJIds KOOPAMHATEL T U I:

P

JGg) = (yi —y;)evivi,

OTKY/Ia cJlelyeT, 4To

i
Yi — Y5

BocI0/1p30BaBIICh COKPAIIEHHOI 3aIlUCBIO Tjj = &; — &, Yij = Vi — Y;, IePeInIeM
cucremy coorHorenuit (12) ¢ dyukpeii ¢ us (13):

f(lj) f(Zk) +

ri—xj= (yi — y;) In

ij In — yir In Yjk In mk) =0,

Yij lnf(j) Uil lnf()+y lnf(])—() (14)
g 208 _ g f( D { yyln f(kl) _

C y4éroM TOTO, UTO JIJIs JHO6OI/I TPOMKHU TOUEK 1, j, k € M 11 KOOpAMHAT CIPaBe]I-
JIMBO TOZKJIECTBO Yj; + ik +Yki = 0 U ¥;; = —Y;i, BBEAEM (DYHKIMMIO I€THLIPEX IIEPEMEHHDIX
0 = 0(u,v, z,t), 3a7aBaeMyt0 HesIBHO ypaBHEHUEM

u v 2
tln——0ln—-+ (0 —t)ln
t 0 ( ) 00—t
JIsl KOTOPO#, KaK BUJIHO U3 ypaBHeHud (15), cripaBeyinBo TOXKIECTBO
u v oz u v oz
O(u,v,2,t) =1- 9( )—t 9’( )
R UL
Ec/in u3 nepsoix jByx ypasnenuii cucrempr (14) BoipasuTn
i = OCF (), ), F(R),05) = gy -0 (L0, 20 161
.. . . i il i1
yi = 0Cf (i), S (i), F(GD), yig) = wig - 0/ (f;;]% i, f?ff]))
1 TIOJICTABUTD B TPEThHE, TO TOJYIUM ypaBHEHHE
ik 7l F(kl
G — yaln () +(yu—yik)lnL
Yik Yil Yit — Yik
KOTOPOE 110 IIEPEMEHHON Y;; ABJIsAeTCs TOXKAecTBeHHbIM. Dukcupys y;; # 0, mosmydnm
ypastenue (5) g AyaJbHOTEIbMIO/IbIEBOf m1ockocTn. C y4éToM TPYIIb JBUKEHUT
[4, Bbipaxkenue (6)| myaabHOreIBMIOJBIEBON MJIOCKOCTU U COOTBETCTBYIOIIEH TPYIIIbI

=0, (15)

Yir 1N =0,

Bparenuii [4, Bopaxenue (6)] mbl MoxkeMm BeIGpaTh y;; = 1. Takum oGpasom, ecim
or dyrkmun 6 nepeittn K ¢ — QYyHKIUM TPEX MEPEMEHHBIX, ABJSIONIENCS PeIIeHIeM
yPaBHEHNUS
v 2
Inu—60In—+ (@ —1)n =0, 16
- (16)

To ypaBHeHEe (5) MOYXKHO 3aIlICaTh B BUje, coBIajamrmeM ¢ (15) mpu
t=0'(f(ij), f(ik), f(jk)), 0 = 0'(f(ij), f(il), (i), w= [(ik), v = [f(il), =z = [(Kl),
nan v wue 0 f(ik), fGD), FORD, 0 (£5). (k). FGR))) = 0 (FGig), G F(3D)), mam
TOJIBKO 1epes dynkimio (16):
9,<f(ik)7 1) f(kl)) _ 0 (fi), f(il)vf(jl))’
t t t t
rie no-pexkuemy t = 0'(f(ij), f(ik), f(7k)).

(17)
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3. HCGB,Z[OI‘GJ'ILMI‘OJILHGB& IIJIOCKOCTb

PaceMOTpuM 1ICeBIOTEIBMIOJIBIEBY ILJIOCKOCTH ¢ MeTpu4ecKoil (dbyukIimeil (2) mpu
yeaopun > 0w B # 1, TouKn KOTOpO# 3a/1af0TCsl ABOWHBIME ducaaMu 2 = T + Jy ¢
J? =1 (em. [3, §3, c.13]). Cyuait 8 = 1 uck/ovacTes u3-3a HapylicHus ycaous (8)
Jutst Merpudeckoit yukimu (2). [pu 8 = 0 nceBaoreabMrosbleBa IIOCKOCTh MePEXOIUT

) ol 2 2
B IIOCKOCTH MUHKOBCKOTO ¢ MeTpudeckoit dyukimeit f(ij) = (z; — x;)* — (y; — y;)°

[Tpu moMoIIM 3aMeHbI [IePEMEHHbIX U MACIITAOHBIX TTPe0OPA30BAHII OT METPUIECKOM

dyuxrmn (2) moxkuo mepefitu (eM. [3, ¢. 52-53]) K yHKIMHK

.. Yi — Yj
1) = = (18)
rie p = g1 mpuuém 0 < p? < 1.
A1
AnayornaHo BHIBOLY ypaBHeHUs (5) /I 1yaJbHOTeIbMIOIBIIEBON MIIOCKOCTH, Ie-
pecraBisisl B BhIpazkeHHu (18) KOODAMHATBI & U Y, IPUAEM K BBIDAXKEHUIO T; — &; =
(yi — ;)P f(i5), Mg koroporo samumem cucremy (12):

Yo [ (i) — Yy f (k) + (yax — yi;)" f (k) = 0,
y%f(ij) — yi ) + (ya — yi)P f(j1) = 0, (19)
Yo (ik) — v f (i) + (ya — yar)P [ (k1) = 0.

Eciin w3 nepBbix JIByx coorHomenuii cucreMbl (19) BBIPasUTDL Yk, Yi U HOJCTABUTD B
TpeTbe, TO HOJLyUYUTCs CBA3b BCEX B3AUMHBIX «PACCTOSIHUIY Jijid Todek derBépku (ijkl),
KOTOpas 10 IepeMeHHON Y;; ABisAeTcss TokAecTBOM. C ydéToM IpyIIIbl JABHKeHHH [4,
Boipaxkenue (6)| 1ceBIOreIbMroJIbIIeBOf IIIOCKOCTH U COOTBETCTBYIOIIEH IPYIILI Bpa-
IIeHUI MBI MOYKeM BBIGpATh ¥;; = 1. B gacTHOM CiIydae /i HEKOTOPBIX P MOYKHO IOJIY-
YUTH TOYHBIE PEIeHUs] B PaJuKaiax. B obieM ke ciaydae, KaK W JIs JTyaJbHOreTbM-
FOJILIEBOIT IJIOCKOCTH, BCE CBOAUTCH K ONpeJe/eHnio (DYHKIMH TeTHIPEX HMepeMeHHbIX
0 = 6(u,v, z,t), 3a7aBaeMoil HesIBHO ypaBHEHUEM

tPu —0Pv + (0 — )Pz =0, (20)
JUIst KOTOPO#f, KaK BUJIHO W3 ypabHenus (20), cipaBe/l/InBoO TOXKJIECTBO
O(u,v,z,t) =t O(ut?,vt?, 2t?, 1) = ¢ - O (ut®, vt®, 2t?).

Bosee Toro, ot dyuknnn Tpéx nepemMeHubx 6’ MOKHO HepeiiTi K hyHKIUE JIBYX Iepe-
MeHHBIX 6, Tak Kak u3 (20) cjeyer paBeHCTBO

0 (u,v,2) =6’ (1, E, E) =9 <E, i) ; (21)
' u u u
i YHKIHS O SBISETCS PEIIeHIeM YPABHEHHs
0’a—(0—1)P=1. (22)

B ugactHOM ciiyuae p = 1/2 ypaBHeHHE JIEIKO pelaeTcs:

\/:_aib\/bQ—a2+1

a2 — b2 ’

3HAKH BRIOWparoTcs u3 yeaosus 0 > 1.

J11s1 TICeBAOTeIBMIOMIBIIEBOH IVIOCKOCTH ypaBHeHHe (D) 3alnIIeTcs Tak e, KakK U JIs
JIyaJIbHOIeIbMIOJIbIIEBOI TpU TIOMOTIM ypaBHeHust (17), HO TOCTPOEHHOI MPU TOMOIII
dyuxmun (21), (22).
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SakJ/ouyeHmne

Uneercs nonnas Kiaaccnbukarnms GeHOMEHOTOITIeCKH CUMMETPHIHBIX JIBYMEPHBIX
reomerpuii (eMm. [2] wiu [3, §3]), KoTOpBIE ABAAIOTCSA TaK¥KE U JIBYMEPHBIMA [EOMETPHSIMU
MAaKCHMAaJIbHON JIOKAIBHOH HOABUKHOCTH. JIJIsT TeIbMIOIBIEBBIX IJIOCKOCTEH ¢ MeTpH-
qeckumu yakmmamu (2) u (3) ypasnenue (5) B Buge (17) mosydeHo depe3 BBeJeHue
cruermanbubx Gynknuit (16) u (22). B ciywae miockoctn lesbmronsiia (1) a1t BEIBoga
ypaBrenus (5) mpejiaraeTcst BOCIOIb30BaThCS PACCMOTPEHHBIM OOIIIM [OCTPOCHHEM.
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COORDINATE-FREE RECORDING OF HELMHOLTZ PLANES
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The metrics of most geometries of maximum mobility can be written in the coordinateless
form. In this paper, we consider some Helmholtz planes, which are geometries of maximum
local mobility, whose coordinateless recording was unknown. Implicitly defined functions
are found to construct such a record.

Keywords: two-dimensional geometries, geometry of maximum mobility, group of
transformations, Helmholtz planes, metric function.
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