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Àííîòàöèÿ. Èçâåñòíà ïîëíàÿ êëàññèôèêàöèÿ äâóìåòðè÷åñêèõ ôåíîìåíîëîãè÷åñêè ñèììåò-
ðè÷íûõ ãåîìåòðèé äâóõ ìíîæåñòâ (ÄÔÑ ÃÄÌ) ðàíãà (n + 1, 2), ãäå n = 1, 2, . . . . Èç íåå
âèäíî, ÷òî íåêîòîðûå ãåîìåòðèè áîëåå âûñîêîãî ðàíãà âêëþ÷àþò â ñåáÿ ãåîìåòðèè ïðåäûäó-
ùåãî ðàíãà. Òàêîå âëîæåíèå ìîæíî óñòàíîâèòü (èëè îïðîâåðãíóòü), ðåøàÿ ñîîòâåòñòâóþùåå
ôóíêöèîíàëüíîå óðàâíåíèå, âûðàæàþùåå ôàêò âëîæåíèÿ ãåîìåòðèé íà ÿçûêå çàäàþùèõ èõ
ìåòðè÷åñêèõ ôóíêöèé.
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Äâóìåòðè÷åñêàÿ ôåíîìåíîëîãè÷åñêè ñèììåòðè÷íàÿ ãåîìåòðèÿ äâóõ ìíîæåñòâ (ÄÔÑ
ÃÄÌ) ðàíãà (n + 1, 2), ãäå n = 1, 2, . . . , çàäàåòñÿ íà äâóìåðíîì è 2n-ìåðíîì ìíîãîîáðà-
çèÿõ M è N ìåòðè÷åñêîé (äâóõòî÷å÷íîé) ôóíêöèåé f : M×N→ R2, ñîïîñòàâëÿþùåé ïàðå
òî÷åê èç ðàçíûõ ìíîæåñòâ äâà äåéñòâèòåëüíûõ ÷èñëà. Åñëè x, y è ξ, η, µ, ν, . . . � ëîêàëüíûå
êîîðäèíàòû â ìíîãîîáðàçèÿõ, òî äëÿ äâóõêîìïîíåíòíîé ìåòðè÷åñêîé ôóíêöèè f = (f1, f2)
ìîæíî çàïèñàòü åå êîîðäèíàòíîå ïðåäñòàâëåíèå:

f = f(x, y, ξ, η, µ, ν, . . .). (1)

Ïðåäïîëàãàåòñÿ âûïîëíåíèå ñëåäóþùèõ òðåõ àêñèîì.
À1. Îáëàñòü îïðåäåëåíèÿ ôóíêöèè f îòêðûòà è ïëîòíà â M×N.
À2. Â îáëàñòè ñâîåãî îïðåäåëåíèÿ ôóíêöèÿ f äîñòàòî÷íî ãëàäêàÿ.

À3. Êîîðäèíàòíîå ïðåäñòàâëåíèå (1) ôóíêöèè f íåâûðîæäåíî îòíîñèòåëüíî äâóõ êîîð-

äèíàò x, y è îòíîñèòåëüíî 2n êîîðäèíàò ξ, η, µ, ν, . . . .

Íåâûðîæäåííîñòü ìåòðè÷åñêîé ôóíêöèè f = (f1, f2) â åå êîîðäèíàòíîì ïðåäñòàâëåíèè
(1) îçíà÷àåò íåîáðàùåíèå â íóëü íåêîòîðûõ ÿêîáèàíîâ. Íàïðèìåð, íåâûðîæäåííîñòü ïðåä-
ñòàâëåíèÿ (1) îòíîñèòåëüíî êîîðäèíàò x, y çàïèñûâàåòñÿ óñëîâèåì ∂(f1, f2)/∂(x, y) 6= 0.
Îñíîâíîé â îïðåäåëåíèè ÄÔÑ ÃÄÌ ðàíãà (n+ 1, 2) ÿâëÿåòñÿ ÷åòâåðòàÿ àêñèîìà.
À4. Äëÿ ïëîòíîãî è îòêðûòîãî â Mn+1 ×N2 ìíîæåñòâà êîðòåæåé 4(n+ 1) çíà÷åíèé

ìåòðè÷åñêîé ôóíêöèè f ñâÿçàíû óðàâíåíèåì

Φ = 0, (2)

Ïîñòóïèëà â ðåäàêöèþ 29.05.2019, ïîñëå äîðàáîòêè 29.05.2019. Ïðèíÿòà ê ïóáëèêàöèè 25.09.2019.
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ãäå Φ = (Φ1,Φ2) � äâóõêîìïîíåíòíàÿ ôóíêöèÿ 4(n+ 1) ïåðåìåííûõ ñ íåçàâèñèìûìè êîì-

ïîíåíòàìè Φ1 è Φ2.
Â ðàáîòå [1] è â ìîíîãðàôèè ([2], �7) ïðîâåäåíà êëàññèôèêàöèÿ ÄÔÑ ÃÄÌ ðàíãà (n+1, 2)

ñ òî÷íîñòüþ äî çàìåíû êîðäèíàò â ìíîãîîáðàçèÿõ M,N è ïðåîáðàçîâàíèÿ χ(f)→ f :
äëÿ n = 1:

f1 = x+ ξ, f2 = y + η; (3)

f1 = (x+ ξ)y, f2 = (x+ ξ)η; (4)

äëÿ n = 2:

f1 = xξ + εyη + µ, f2 = xη + yξ + ν, ε = 0,±1; (5)

f1 = xξ + µ, f2 = xη + yξc + ν, c 6= 1; (6)

f1 = xξ + µ, f2 = xη + yξ2 + x2ξ2 ln ξ + ν; (7)

f1 = xξ + yµ, f2 = xη + yν; (8)

äëÿ n = 3:

f1 − ef2 =
(x+ ey)(ξ + eη) + µ+ eν

x+ ey + ρ+ eτ
, (9)

ãäå e2 = ε = −1, 0, +1 äëÿ êîìïëåêñíûõ, äóàëüíûõ è äâîéíûõ ÷èñåë ñîîòâåòñòâåííî;

f1 =
xξ + µ

x+ ρ
, f2 =

xη + yν + τ

x+ ρ
; (10)

f1 = xξ + yµ+ ρ, f2 = xη + yν + τ ; (11)

äëÿ n = 4:

f1 =
xξ + yµ+ ρ

xϕ+ y + ω
, f2 =

xη + yν + τ

xϕ+ y + ω
. (12)

Äëÿ n ≥ 5 íåâûðîæäåííàÿ ìåòðè÷åñêàÿ ôóíêöèÿ f = (f1, f2) íå ñóùåñòâóåò.
Ïóñòü ìåòðè÷åñêàÿ ôóíêöèÿ g = (g1, g2) çàäàåò ÄÔÑ ÃÄÌ ðàíãà (n+ 1, 2), ãäå n = 1, 2, 3,

à ìåòðè÷åñêàÿ ôóíêöèÿ f = (f1, f2) çàäàåò ÄÔÑ ÃÄÌ ñëåäóþùåãî ðàíãà (n + 2, 2). Áóäåì
ãîâîðèòü, ÷òî ïåðâàÿ èç ýòèõ ãåîìåòðèé âëîæåíà âî âòîðóþ, åñëè â ïðåäåëàõ òî÷íîñòè
êëàññèôèêàöèè (3)�(12) èìååò ìåñòî ñëåäóþùåå ñîîòíîøåíèå:

f = χ(g, . . .), (13)

ãäå ñïðàâà ìíîãîòî÷èåì îáîçíà÷åíû äâå êîîðäèíàòû, ïîÿâëÿþùèåñÿ ïðè ïåðåõîäå îò ôóíê-
öèè g ê ôóíêöèè f . Íàïðèìåð, â ñëó÷àå n = 1 èìè, î÷åâèäíî, áóäóò êîîðäèíàòû µ è ν.

Òåîðåìà. Êàæäàÿ èç ÄÔÑ ÃÄÌ ðàíãà (n + 2, 2), ãäå n = 1, 2, 3, âêëþ÷àåò â ñåáÿ, ïî

êðàéíåé ìåðå, îäíó èç ÄÔÑ ÃÄÌ ïðåäûäóùåãî ðàíãà (n+ 1, 2).

Äîêàçàòåëüñòâî òàê ñôîðìóëèðîâàííîé òåîðåìû ñîñòîèò â ïðåäúÿâëåíèè âîñüìè âàðè-
àíòîâ âëîæåíèÿ â âèäå ÿâíîé çàïèñè ñîîòíîøåíèÿ (13) äëÿ êàæäîé èç âîñüìè ÄÔÑ ÃÄÌ
ðàíãà (n+ 2, 2) è õîòÿ áû îäíîé ÄÔÑ ÃÄÌ ïðåäûäóùåãî ðàíãà (n+ 1, 2).
Ïðåäïîëîæèì ñíà÷àëà, ÷òî n = 1. Ñîîòíîøåíèå (13) ñòàíîâèòñÿ áîëåå îïðåäåëåííûì:

f(x̄, ȳ, ξ̄, η̄, µ̄, ν̄) = χ(g(x, y, ξ, η), µ, ν), (14)

ãäå x̄ = x̄(x, y), ȳ = ȳ(x, y), ξ̄ = ξ̄(ξ, η, µ, ν), η̄ = η̄(ξ, η, µ, ν), µ̄ = µ̄(ξ, η, µ, ν), ν̄ =
ν̄(ξ, η, µ, ν). Â ïðàâîé ÷àñòè ñîîòíîøåíèÿ (14) ôóíêöèÿ g áåðåòñÿ èç ñïèñêà (3)�(4), à ôóíê-
öèÿ f â åãî ëåâîé ÷àñòè � èç ñïèñêà (5)�(8).
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Ñîîòíîøåíèå (14) ÿâëÿåòñÿ ôóíêöèîíàëüíûì óðàâíåíèåì îòíîñèòåëüíî øåñòè ôóíêöèé
x̄, ȳ è ξ̄, η̄, µ̄, ν̄, êîòîðûå ïðè ñîîòâåòñòâóþùåì âëîæåíèè îñóùåñòâëÿþò çàìåíû êîîðäèíàò
â ìíîãîîáðàçèÿõ M è N, óäîâëåòâîðÿþùèå íåîáõîäèìûì óñëîâèÿì èõ îáðàòèìîñòè:

∆ =
∂(x̄, ȳ)

∂(x, y)
6= 0, ∆1 =

∂(ξ̄, η̄, µ̄, ν̄)

∂(ξ, η, µ, ν)
6= 0. (15)

Çàìåòèì, ÷òî ïî óðàâíåíèþ (14) ôóíêöèÿ χ íàõîäèòñÿ îäíîçíà÷íî, åñëè ôóíêöèè x̄,
ȳ, ξ̄, η̄, µ̄, ν̄ èçâåñòíû êàê íåêîòîðîå ðåøåíèå ýòîãî óðàâíåíèÿ. Çàìåòèì òàêæå, ÷òî ñàì
ôàêò âëîæåíèÿ óñòàíàâëèâàåòñÿ ñóùåñòâîâàíèåì õîòÿ áû îäíîãî ðåøåíèÿ óðàâíåíèÿ (14),
óäîâëåòâîðÿþùåãî óñëîâèÿì (15).
1. Ôóíêöèîíàëüíîå óðàâíåíèå (14) äëÿ âëîæåíèÿ ÄÔÑ ÃÄÌ ðàíãà (2,2) ñ ìåòðè÷åñêîé

ôóíêöèåé (3) â ÄÔÑ ÃÄÌ ðàíãà (3,2) ñ ìåòðè÷åñêîé ôóíêöèåé (5) çàïèñûâàåòñÿ â âèäå
ñëåäóþùåé ñèñòåìû äâóõ óðàâíåíèé:

x̄ξ̄ + εȳη̄ + µ̄ = χ1(x+ ξ, y + η, µ, ν),
x̄η̄ + ȳξ̄ + ν̄ = χ2(x+ ξ, y + η, µ, ν).

(14.1)

×àñòíîå ðåøåíèå ñèñòåìû (14.1): x̄ = x, ȳ = y, ξ̄ = µ, η̄ = ν, µ̄ = ξµ+εην, ν̄ = ξν+ηµ,
óäîâëåòâîðÿþùåå óñëîâèÿì (15) ∆ = 1 6= 0, ∆1 = µ2−εν2 6= 0, äîêàçûâàåò ñîîòâåòñòâóþùåå
âëîæåíèå, ïðè êîòîðîì χ1 = (x+ ξ)µ+ ε(y + η)ν, χ2 = (x+ ξ)ν + (y + η)µ.
2. Âëîæåíèå ÄÔÑ ÃÄÌ ðàíãà (2,2) ñ ôóíêöèåé (3) â ÄÔÑ ÃÄÌ ðàíãà (3,2) ñ ôóíêöèåé

(6), êàê è âñå ïîñëåäóþùèå, çàïèøåì êðàòêî áåç äîïîëíèòåëüíûõ ïîÿñíåíèé:

x̄ξ̄ + µ̄ = χ1(x+ ξ, y + η, µ, ν),
x̄η̄ + ȳξ̄c + ν̄ = χ2(x+ ξ, y + η, µ, ν),

(14.2)

x̄ = x, ȳ = y. ξ̄ = µ, η̄ = ν, µ̄ = ξµ, ν̄ = ξν + ηµc, ãäå c 6= 1, ∆ = 1 6= 0, ∆1 = µc+1 6= 0,
χ1 = (x+ ξ)µ, χ2 = (x+ ξ)ν + (y + η)µc.
3. Âëîæåíèå ÄÔÑ ÃÄÌ ðàíãà (2,2) ñ ôóíêöèåé (3) â ÃÄÌ ðàíãà (3,2) ñ ôóíêöèåé (7):

x̄ξ̄ + µ̄ = χ1(x+ ξ, y + η, µ, ν),
x̄η̄ + ȳξ̄2 + x̄2ξ̄2 ln ξ̄ + ν̄ = χ2(x+ ξ, y + η, µ, ν),

(14.3)

x̄ = x, ȳ = y, ξ̄ = µ, η̄ = 2µ2ξ lnµ + ν, µ̄ = ξµ, ν̄ = ξν + ηµ2 + ξ2µ2 lnµ, ∆ = 1 6= 0,
∆1 = µ3 6= 0, χ1 = (x+ ξ)µ, χ2 = (x+ ξ)2µ2 lnµ+ (x+ ξ)ν + (y + η)µ2.
4. Âëîæåíèå ÄÔÑ ÃÄÌ ðàíãà (2,2) ñ ôóíêöèåé (3) â ÃÄÌ ðàíãà (3,2) ñ ôóíêöèåé (8):

x̄ξ̄ + ȳµ̄ = χ1(x+ ξ, y + η, µ, ν),
x̄η̄ + ȳν̄ = χ2(x+ ξ, y + η, µ, ν),

(14.4)

x̄ = expx, ȳ = exp y, ξ̄ = µ exp ξ, η̄ = µ2 exp ξ, µ̄ = ν exp η, ν̄ = ν2 exp η, ∆ = exp(x+y) 6= 0,
∆1 = −µ2ν2 exp 2(ξ + η) 6= 0, χ1 = µ exp (x+ ξ) + ν exp (y + η), χ2 = µ2 exp (x+ ξ) +
ν2 exp (y + η).
Òàêèì îáðàçîì, ÄÔÑ ÃÄÌ ðàíãà (2,2), çàäàâàåìàÿ àääèòèâíîé ìåòðè÷åñêîé ôóíêöèåé

(3), âëîæèìà âî âñå ÄÔÑ ÃÄÌ ðàíãà (3,2), çàäàâàåìûå ìåòðè÷åñêèìè ôóíêöèÿìè (5)�(8).
Ïåðåéäåì ê ñëó÷àþ n = 2, äëÿ êîòîðîãî îáùåå ñîîòíîøåíèå (13) çàïèñûâàåòñÿ â ñëåäóþ-

ùåì âèäå:

f(x̄, ȳ, ξ̄, η̄, µ̄, ν̄, ρ̄, τ̄) = χ(g(x, y, ξ, η, µ, ν), ρ, τ). (16)

Ñîîòíîøåíèå (16) ïðåäñòàâëÿåò ñîáîé ôóíêöèîíàëüíîå óðàâíåíèå îòíîñèòåëüíî âîñüìè
ôóíêöèé: x̄ = x̄(x, y), ȳ = ȳ(x, y), ξ̄ = ξ̄(ξ, η, µ, ν, ρ, τ), η̄ = η̄(. . .), µ̄ = µ̄(. . .), ν̄ = ν̄(. . .),
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ρ̄ = ρ̄(. . .), τ̄ = τ̄(. . .), óäîâëåòâîðÿþùèõ óñëîâèÿì

∆ =
∂(x̄, ȳ)

∂(x, y)
6= 0, ∆2 =

∂(ξ̄, η̄, µ̄, ν̄, ρ̄, τ̄)

∂(ξ, η, µ, ν, ρ, τ)
6= 0. (17)

Â ëåâîé ÷àñòè óðàâíåíèÿ (16) ïðåäñòàâëåíà îäíà èç òðåõ ôóíêöèé, çàäàþùèõ ÄÔÑ ÃÄÌ
ðàíãà (4,2), à â ïðàâîé � êàêàÿ-òî èç ÷åòûðåõ ôóíêöèé (5)�(8), çàäàþùèõ ÄÔÑ ÃÄÌ ðàíãà
(3,2). Äëÿ äîêàçàòåëüñòâà òåîðåìû â ñëó÷àå n = 2 äîñòàòî÷íî ðàññìîòðåòü òîëüêî òðè
âàðèàíòà âëîæåíèÿ ñ ôóíêöèÿìè (9)�(11) â ëåâîé ÷àñòè óðàâíåíèÿ (16).
5. Âëîæåíèå ÄÔÑ ÃÄÌ ðàíãà (3,2) ñ ôóíêöèåé (5) â ÃÄÌ ðàíãà (4,2) ñ ôóíêöèåé (9):

((x̄+ eȳ)(ξ̄ + eη̄) + µ̄+ eν̄)/(x̄+ eȳ + ρ̄+ eτ̄) =

= χ1(xξ + εyη + µ, xη + yξ + ν, ρ, τ)− eχ2(xξ + εyη + µ, xη + yξ + ν, ρ, τ), (16.1)

x̄ = x, ȳ = y, ξ̄ = ρ, η̄ = τ , µ̄ = ((1 + µρ + εντ)ξ − ε(µτ + νρ)η)/(ξ2 − εη2), ν̄ =
= (−(1+µρ+εντ)η+(µτ+νρ)ξ)/(ξ2−εη2), ρ̄ = (µξ−ενη)/(ξ2−εη2), τ̄ = (−µη+νξ)/(ξ2−εη2),
∆ = 1 6= 0, ∆2 = 1/(ξ2−εη2)3 6= 0, χ1 = ρ+(xξ+εyη+µ)/((xξ+εyη+µ)2−ε(xη+yξ+ν)2),
χ2 = −τ + (xη + yξ + ν)/((xξ + εyη + µ)2 − ε(xη + yξ + ν)2).
6. Âëîæåíèå ÄÔÑ ÃÄÌ ðàíãà (3,2) ñ ôóíêöèåé (8) â ÃÄÌ ðàíãà (4,2) ñ ôóíêöèåé (10):

(x̄ξ̄ + µ̄)/(x̄+ ρ̄) = χ1(xξ + yµ, xη + yν, ρ, τ),
(x̄η̄ + ȳν̄ + τ̄)/(x̄+ ρ̄) = χ2(xξ + yµ, xη + yν, ρ, τ),

(16.2)

x̄ = x/y, ȳ = 1/y, ξ̄ = ξ/η, η̄ = (ξρ+ ητ)/η, µ̄ = µ/η, ν̄ = 1/η, ρ̄ = ν/η, τ̄ = (µρ+ ντ)/η,
∆ = −1/y3 6= 0, ∆2 = (µη − νξ)/η7 6= 0, χ1 = (xξ + yµ)/(xη + yν), χ2 = (1 + (xξ + yµ)ρ+
+(xη + yν)τ)/(xη + yν).
7. Âëîæåíèå ÄÔÑ ÃÄÌ ðàíãà (3,2) ñ ôóíêöèåé (8) â ÃÄÌ ðàíãà (4,2) ñ ôóíêöèåé (11):

x̄ξ̄ + ȳµ̄+ ρ̄ = χ1(xξ + yµ, xη + yν, ρ, τ),
x̄η̄ + ȳν̄ + τ̄ = χ2(xξ + yµ, xη + yν, ρ, τ),

(16.3)

x̄ = x, ȳ = y, ξ̄ = ξ, η̄ = η, µ̄ = µ, ν̄ = ν, ρ̄ = ρ, τ̄ = τ , ∆ = 1 6= 0, ∆2 = 1 6= 0,
χ1 = xξ + yµ+ ρ, χ2 = xη + yν + τ .
Ïåðåéäåì ê ïîñëåäíåìó ñëó÷àþ n = 3. Ñîîòâåòñòâóþùåå ôóíêöèîíàëüíîå óðàâíåíèå,

âûòåêàþùåå èç îáùåãî ñîîòíîøåíèÿ (13), áóäåò ñëåäóþùèì:

f(x̄, ȳ, ξ̄, η̄, µ̄, ν̄, ρ̄, τ̄ , ϕ̄, ω̄) = χ(g(x, y, ξ, η, µ, ν, ρ, τ), ϕ, ω), (18)

ãäå â ëåâîé ÷àñòè ïðåäñòàâëåíà ìåòðè÷åñêàÿ ôóíêöèÿ (12), çàäàþùàÿ åäèíñòâåííóþ ÄÔÑ
ÃÄÌ ðàíãà (5,2), à â ïðàâîé � êàêàÿ-òî èç òðåõ ìåòðè÷åñêèõ ôóíêöèé (9)�(11), çàäàþ-
ùèõ ÄÔÑ ÃÄÌ ðàíãà(4,2). Íåèçâåñòíûìè â óðàâíåíèè (18) ÿâëÿþòñÿ äåñÿòü ôóíêöèé:
x̄ = x̄(x, y), ȳ = ȳ(x, y), ξ̄ = ξ̄(ξ, η, µ, ν, ρ, τ, ϕ, ω), η̄ = η̄(. . .), µ̄ = µ̄(. . .), ν̄ = ν̄(. . .),
ρ̄ = ρ̄(. . .), τ̄ = τ̄(. . .), ϕ̄ = ϕ̄(. . .), ω̄ = ω̄(. . .), óäîâëåòâîðÿþùèõ óñëîâèÿì

∆ =
∂(x̄, ȳ)

∂(x, y)
6= 0, ∆3 =

∂(ξ̄, η̄, µ̄, ν̄, ρ̄, τ̄ , ϕ̄, ω̄)

∂(ξ, η, µ, ν, ρ, τ, ϕ, ω)
6= 0. (19)

8. Âëîæåíèå ÄÔÑ ÃÄÌ ðàíãà (4,2) ñ ôóíêöèåé (11) â ÃÄÌ ðàíãà (5,2) ñ ôóíêöèåé (12):

(x̄ξ̄ + ȳµ̄+ ρ̄)/(x̄ϕ̄+ ȳ + ω̄) = χ1(xξ + yµ+ ρ, xη + yν + τ, ϕ, ω),
(x̄η̄ + ȳν̄ + τ̄)/(x̄ϕ̄+ ȳ + ω̄) = χ2(xξ + yµ+ ρ, xη + yν + τ, ϕ, ω),

(18.1)

x̄ = x, ȳ = y, ξ̄ = ξ/ν, η̄ = (ξϕ + ηω)/ν, µ̄ = µ/ν, ν̄ = (µϕ + νω)/ν, ρ̄ = ρ/ν,
τ̄ = (ρϕ + τω + 1)/ν, ϕ̄ = η/ν, ω̄ = τ/ν, ∆ = 1 6= 0, ∆3 = (ξν − ηµ)/ν9 6= 0, χ1 =
(xξ + yµ+ ρ)/(xη + yν + τ), χ2 = (1 + (xξ + yµ+ ρ)ϕ+ (xη + yν + τ)ω)/(xη + yν + τ), ÷òî è
çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû.
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Â ïðîâåäåííîì äîêàçàòåëüñòâå òåîðåìû áûëè èñïîëüçîâàíû ÷àñòíûå ðåøåíèÿ âîñüìè ñè-
ñòåì äâóõ ôóíêöèîíàëüíûõ óðàâíåíèé (14.1�14.4), (16.1�16.3), (18.1) èç äâàäöàòè òðåõ âîç-
ìîæíûõ ñèñòåì. Ðàññìîòðåíèå æå âñåõ ñèñòåì ïîçâîëèëî áû óñòàíîâèòü, êàêèå ÄÔÑ ÃÄÌ
ìîãóò áûòü âëîæåíû, à êàêèå � íåò ïî íàëè÷èþ èëè îòñóòñòâèþ ðåøåíèé, óäîâëåòâîðÿ-
þùèõ íåîáõîäèìûì óñëîâèÿì (15), (17), (19), ó ñîîòâåòñòâóþùèõ ñèñòåì ôóíêöèîíàëüíûõ
óðàâíåíèé. Íàïðèìåð, äëÿ ñëó÷àÿ n = 1 â ðàáîòå [3] áûëî óñòàíîâëåíî, ÷òî ÄÔÑ ÃÄÌ ðàíãà
(2,2), çàäàâàåìàÿ íåàääèòèâíîé ìåòðè÷åñêîé ôóíêöèåé (4), òîæå âëîæèìà âî âñå ÄÔÑ ÃÄÌ
ðàíãà (3,2) êàê è ÄÔÑ ÃÄÌ ðàíãà (2,2), çàäàâàåìàÿ àääèòèâíîé ìåòðè÷åñêîé ôóíêöèåé (3).
Îïèøåì êðàòêî ìåòîä ðåøåíèÿ ñèñòåì (14.1�14.4), (16.1�16.3), (18.1) ôóíêöèîíàëüíûõ

óðàâíåíèé. Íà ïåðâîì ýòàïå äèôôåðåíöèðîâàíèå óðàâíåíèé ïî íåêîòîðûì íåçàâèñèìûì
ïåðåìåííûì ïðèâîäèò ê ñèñòåìå ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ ñîîòíîøåíèé. Íà âòî-
ðîì ýòàïå ôèêñèðîâàíèå â íèõ îïðåäåëåííûõ ïåðåìåííûõ ïðåâðàùàåò èõ â ñèñòåìó äèô-
ôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ. Îãðàíè÷åíèÿ íà ðåøåíèÿ ïîñëåäíèõ
îïðåäåëÿþòñÿ èõ ïîäñòàíîâêîé â èñõîäíóþ ñèñòåìó ôóíêöèîíàëüíûõ óðàâíåíèé ñ ó÷åòîì
íåîáõîäèìûõ óñëîâèé îáðàòèìîñòè (15), (17), (19). Ñóùåñòâîâàíèå òàêèõ ðåøåíèé óñòàíàâ-
ëèâàåò ôàêò ñîîòâåòñòâóþùåãî âëîæåíèÿ, à èõ îòñóòñòâèå äîêàçûâàåò åãî íåâîçìîæíîñòü.
Çàìåòèì, ÷òî êëàññèôèêàöèîííàÿ çàäà÷à âëîæåíèÿ äëÿ îäíîìåòðè÷åñêèõ ÔÑ ÃÄÌ ðàíãà

(n+ 1, 2) áûëà ðåøåíà Â.À. Êûðîâûì â ðàáîòå [4].
Â äàííîé ðàáîòå ñëó÷àè íåâîçìîæíîñòè âëîæåíèÿ íå áûëè ðàññìîòðåíû. Íî îíè âàæ-

íû êàê â ïëàíå óñòàíîâëåíèÿ âñåõ âîçìîæíûõ âëîæåíèé, òàê è â ïëàíå ðàçâèòèÿ ìåòîäîâ
ðåøåíèÿ ñèñòåì ôóíêöèîíàëüíûõ óðàâíåíèé ñ íåñêîëüêèìè íåèçâåñòíûìè ôóíêöèÿìè, çà-
âèñÿùèìè, â ñâîþ î÷åðåäü, îò íåñêîëüêèõ ïåðåìåííûõ. Àâòîðû ïëàíèðóþò îñóùåñòâèòü ýòî
â ðàñøèðåííîì âàðèàíòå íàñòîÿùåãî èññëåäîâàíèÿ.
Â çàêëþ÷åíèå ïðèâåäåì îáùåå ðåøåíèå ñèñòåìû

x̄ξ̄ + µ̄ = χ1(x+ ξ, y + η, µ, ν),
x̄η̄ + ȳξ̄ + ν̄ = χ2(x+ ξ, y + η, µ, ν),

äâóõ ôóíêöèîíàëüíûõ óðàâíåíèé (14.1) äëÿ ñëó÷àÿ ε = 0:
ðåøåíèå ïåðâîãî òèïà (áåç ýêñïîíåíòû): x̄ = ax+ by+ g, ȳ = acx2/2 + bcxy+ bγy2/2+

+(h+ gc)x+ (β + gγ)y+α, ξ̄ = ξ̄(µ, ν), η̄ = (cξ + γη)ξ̄(µ, ν) + η̄(µ, ν), µ̄ = (aξ + bη)ξ̄(µ, ν)+
+µ̄(µ, ν), ν̄ = (acξ2/2+bcξη+bγη2/2+hξ+βη)ξ̄(µ, ν)+(aξ+bη)η̄(µ, ν)+ν̄(µ, ν), ãäå aγ−bc = 0;
ðåøåíèå âòîðîãî òèïà (ñ ýêñïîíåíòîé): x̄ = h exp(ax + by) + g, ȳ = (h(cx + γy)+

+β) exp(ax+by)+α, ξ̄ = ξ̄(µ, ν) exp(aξ+bη), η̄ = ((cξ+γη)ξ̄(µ, ν)+ η̄(µ, ν)) exp(aξ+bη), µ̄ =
−gξ̄(µ, ν) exp(aξ+bη)+ µ̄(µ, ν), ν̄ = −((g(cξ+γη)+α)ξ̄(µ, ν)+gη̄(µ, ν)) exp(aξ+bη)+ ν̄(µ, ν).
Îãðàíè÷åíèÿ íà êîíñòàíòû a, b, c, g, h, α, β, γ è êîýôôèöèåíòû ξ̄(µ, ν), η̄(µ, ν), µ̄(µ, ν),

ν̄(µ, ν) ýòèõ ðåøåíèé îïðåäåëÿþòñÿ èç óñëîâèé (15). ×àñòíîå ðåøåíèå x̄ = x, ȳ = y, ξ̄ = µ,
η̄ = ν, µ̄ = ξµ, ν̄ = ξν + ηµ, èñïîëüçîâàííîå â äîêàçàòåëüñòâå òåîðåìû, ïîëó÷àåòñÿ èç
ðåøåíèÿ ïåðâîãî òèïà ïðè ñëåäóþùèõ çíà÷åíèÿõ êîíñòàíò è êîýôôèöèåíòîâ: a = 1, b = 0,
c = 0, g = 0, h = 0, α = 0, β = 1, γ = 0, ξ̄(µ, ν) = µ, η̄(µ, ν) = ν, µ̄(µ, ν) = 0, ν̄(µ, ν) = 0.
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R.A.Bogdanova, G.G.Mikhailichenko, and R.M. Muradov

Successive in rank (n+ 1, 2) embedding of dimetric phenomenologically symmetric

geometries of two sets

Abstract. Is known complete classi�cation of dimetric phenomenologically symmetrical geometries
of two sets of rank (n + 1, 2), where n = 1, 2, . . . . From that classi�cation it can be seen that
some geometries of higher rank include in it geometries of previous rank. Such embedding can be
proved (or disproved) by solving corresponding functional equation in which fact of embedding of
geometries is expressed on language of metric functions that de�ne them.

Keywords: geometry of two sets, metric function, phenomenological symmetry, embedding of
geometries, functional equation.
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