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�®äãá �¨ ¢ 1893 £.  è¥« ¢á¥ ª®¥ç®¬¥àë¥ £àã¯¯ë ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨ R2 [1],
á¯¨á®ª ª®â®àëå ¢®á¯à®¨§¢¥¤¥ â ª¦¥ ¢ ¬®®£à ä¨¨ [2]. �® ª« áá¨ä¨ª æ¨ï £àã¯¯ ¯à¥®¡à §®¢ -
¨© ¥®¡å®¤¨¬  ¤«ï ®âëáª ¨ï ä¥®¬¥®«®£¨ç¥áª¨ á¨¬¬¥âà¨çëå £¥®¬¥âà¨ç¥áª¨å áâàãªâãà,
¢ ª®â®àëå ¢§ ¨¬ë¥ à ááâ®ï¨ï ¤«ï ®¯à¥¤¥«¥®£® ç¨á«  â®ç¥ª ¯à®áâà áâ¢  äãªæ¨® «ì®
á¢ï§ ë [3]. � ¤ ®© à ¡®â¥ ¯à®¢®¤¨âáï ¯®« ï á â®ç®áâìî ¤® íª¢¨¢ «¥â®áâ¨ ª« áá¨ä¨-
ª æ¨ï âà¥å¬¥àëå «®ª «ìëå £àã¯¯ �¨ «®ª «ì® âà §¨â¨¢ëå ¯à¥®¡à §®¢ ¨© ¯à®áâà áâ¢ 
R3. �â  ª« áá¨ä¨ª æ¨ï ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢   ¤«ï  å®¦¤¥¨ï ¢á¥å 3-¬¥âà¨ç¥áª¨å ä¥®¬¥-
®«®£¨ç¥áª¨å á¨¬¬¥âà¨çëå £¥®¬¥âà¨© à £  3 ¢ R3, ª®£¤  ¤¢ã¬ â®çª ¬ ¨§ R3 á®¯®áâ ¢«ïîâáï
âà¨ ç¨á« , ï¢«ïîé¨¥áï ¤¢ãåâ®ç¥çë¬¨ ¨¢ à¨ â ¬¨ á®®â¢¥âáâ¢ãîé¨å £àã¯¯ ¯à¥®¡à §®¢ ¨©,
¯à¨ç¥¬ ¤¥¢ïâì ¢§ ¨¬ëå \à ááâ®ï¨©" ¤«ï âà¥å â®ç¥ª äãªæ¨® «ì® á¢ï§ ë âà¥¬ï ¥§ ¢¨-
á¨¬ë¬¨ ãà ¢¥¨ï¬¨.

� áá¬®âà¨¬ ¤¢¥ «®ª «ìë¥ r-¬¥àë¥ £àã¯¯ë �¨ Gr(�) ¨ Gr(�) «®ª «ìëå ¯à¥®¡à §®¢ ¨©
n-¬¥àëå ¬®£®®¡à §¨© M ¨ N á ®¤®© ¨ â®© ¦¥ ¯ à ¬¥âà¨ç¥áª®© £àã¯¯®© Gr

x0 = �(x; a); �0 = �(�; a); (1)

£¤¥ a 2 Gr, x; x0 2M ¨ �; �0 2 N, � ¨ � | íää¥ªâ¨¢ë¥ £« ¤ª¨¥ ¤¥©áâ¢¨ï G ¢ M ¨ N.
�¡®§ ç¨¬ ç¥à¥§

X! = ��!(x)@=@x
�; �! = ��!(�)@=@�

�; (2)

£¤¥ ! = 1; : : : ; r; � = 1; : : : ; n, ¨ä¨¨â¥§¨¬ «ìë¥ ®¯¥à â®àë £àã¯¯ Gr(�) ¨ Gr(�) ¢ ¥ª®â®àëå
«®ª «ìëå á¨áâ¥¬ å ª®®à¤¨ â x = (x1; : : : ; xn), � = (�1; : : : ; �n) ¨ ¯ à ¬¥âà®¢ a = (a1; : : : ; ar).
�®áª®«ìªã £àã¯¯  Gr ¤¥©áâ¢ã¥â íää¥ªâ¨¢®, ®¯¥à â®àë X! ¨ �! «¨¥©® ¥§ ¢¨á¨¬ë á ¯®-
áâ®ïë¬¨ ª®íää¨æ¨¥â ¬¨ ¨ ®¡à §ãîâ ¥áâ¥áâ¢¥ë¥ á®¯àï¦¥ë¥ ¡ §¨áë á®®â¢¥âáâ¢ãîé¨å
¨§®¬®àäëå r-¬¥àëå  «£¥¡à �¨ ¯à¥®¡à §®¢ ¨©M ¨ N á á®¢¯ ¤ îé¨¬¨ ¢ íâ¨å ¡ §¨á å áâàãª-
âãàë¬¨ ª®áâ â ¬¨.

�¯à¥¤¥«¥¨¥. �àã¯¯ë ¯à¥®¡à §®¢ ¨© Gr(�) ¨ Gr(�), ¨¬¥îé¨¥ ®¤ã ¨ âã ¦¥ ¯ à ¬¥âà¨-
ç¥áªãî £àã¯¯ã Gr,  §ë¢ îâáï «®ª «ì® íª¢¨¢ «¥âë¬¨, ¥á«¨ áãé¥áâ¢ã¥â â ª®¥ «®ª «ì®
®¡à â¨¬®¥ ®â®¡à ¦¥¨¥ w : M ! N, ¯à¨ ª®â®à®¬ ¤¥©áâ¢¨ï (1) ¯¥à¥å®¤ïâ ¤àã£ ¢ ¤àã£ , â. ¥.
¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

w(�(x; a)) = �(w(x); a)

¤«ï ¢á¥å x ¨§ ¥ª®â®à®© ®¡« áâ¨ ¢ M ¨ ¢á¥å a ¨§ ¥ª®â®à®© ®ªà¥áâ®áâ¨ ¥¤¨¨ç®£® í«¥¬¥â 
e 2 Gr.

�§ â¥®à¥¬ �.�¨ ® á¢ï§¨ £àã¯¯ ¯à¥®¡à §®¢ ¨© ¨ ¨å  «£¥¡à á«¥¤ã¥â, çâ® £àã¯¯ë Gr(�) ¨ Gr(�)
«®ª «ì® íª¢¨¢ «¥âë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â â ª ï § ¬¥  ª®®à¤¨ â x! �
¢ M, ¯à¨ ª®â®à®© ®¯¥à â®àë x! ¨ �! ¡ã¤ãâ ¨¬¥âì ®¤¨ ª®¢ë¥ ¢ëà ¦¥¨ï. �¬¥ï íâ® ¢ ¢¨¤ã,
¡ã¤¥¬ £®¢®à¨âì, çâ® íª¢¨¢ «¥âë á ¬¨  «£¥¡àë �¨ á ¡ §¨á ¬¨ (2), ¥á«¨ íª¢¨¢ «¥âë £àã¯¯ë
(1), ª®â®àë¬ íâ¨  «£¥¡àë á®®â¢¥âáâ¢ãîâ. �ª¢¨¢ «¥âë¥ £àã¯¯ë ¯à¥®¡à §®¢ ¨©, ®ç¥¢¨¤®,
¯®¤®¡ë ¢ á¬ëá«¥ �.�¨, ®, ª ª ®â¬¥ç¥® ¢ [4], ¯®¤®¡ë¥ £àã¯¯ë ¥ ®¡ï§ â¥«ì® íª¢¨¢ «¥âë.
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� áá¬®âà¨¬ âà¥å¬¥àãî «®ª «ìãî £àã¯¯ã �¨ íää¥ªâ¨¢ëå «®ª «ìëå ¯à¥®¡à §®¢ ¨©
âà¥å¬¥à®£® ¯à®áâà áâ¢  R3 = fx; y; zg. �ä¨¨â¥§¨¬ «ìë¥ ®¯¥à â®àë íâ®© £àã¯¯ë

X! = �w(x; y; z)@x + �!(x; y; z)@y + �!(x; y; z)@z (3)

«¨¥©® ¥§ ¢¨á¨¬ë ¨ ®¡à §ãîâ ¥áâ¥áâ¢¥ë© ª®®à¤¨ âë© ¡ §¨á âà¥å¬¥à®©  «£¥¡àë �¨
¯à¥®¡à §®¢ ¨© R3. � ¢ëà ¦¥¨ïå (3) ¯®« £ ¥¬ ! = 1; 2; 3, @x = @=@x, @y = @=@y, @z = @=@z.
�¥©áâ¢¨¥ £àã¯¯ë G3 ¢ R3 ¡ã¤¥â, ®ç¥¢¨¤®, «®ª «ì® âà §¨â¨¢ë¬ ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥,
¥á«¨

�
�
�
�
�
�

�1 �1 �1
�2 �2 �2
�3 �3 �3

�
�
�
�
�
�

6= 0: (4)

�®« ï á â®ç®áâìî ¤® ¨§®¬®àä¨§¬  ª« áá¨ä¨ª æ¨ï âà¥å¬¥àëå ¢¥é¥áâ¢¥ëå  ¡áâà ªâ-
ëå  «£¥¡à �¨ ¡ë«  ¤   �¨ ª¨ ¢ 1918 £. �à¨¢¥¤¥¬ ¥¥ §¤¥áì ¯® ¬®®£à ä¨¨ [5], § ¯¨áë¢ ï
á®®â¢¥âáâ¢ãîé¨¥ ¢ëà ¦¥¨ï ¤«ï âà¥å ¢®§¬®¦ëå ª®¬¬ãâ â®à®¢ [X1;X2], [X3;X1], [X2;X3] ¡ -
§¨áëå ®¯¥à â®à®¢ X1, X2, X3

0; 0; 0; (5)

0; 0; X1; (6)

0; �X1; X1 +X2; (7)

0; �X1; pX2; (8)

0; �X2; �X1 + qX2; (9)

X3; X2; X1; (10)

X3; X2; �X1; (11)

£¤¥ �1 � p � 1, �2 < q < 2.

�¥®à¥¬ . � §¨áë¥ ®¯¥à â®àë (3) âà¥å¬¥à®©  «£¥¡àë �¨ «®ª «ì®© £àã¯¯ë �¨ «®ª «ì®

âà §¨â¨¢ëå ¯à¥®¡à §®¢ ¨© âà¥å¬¥à®£® ¯à®áâà áâ¢  R3, ¨¬¥îé¥© ¢ ¡ §¨á¥ X1, X2, X3

áâàãªâãàã ª®¬¬ãâ æ¨®ëå á®®â®è¥¨© (5){(11), ¢  ¤«¥¦ é¥ ¢ë¡à ®© á¨áâ¥¬¥ «®ª «ì-

ëå ª®®à¤¨ â fx; y; zg § ¤ îâáï á«¥¤ãîé¨¬¨ ¢ëà ¦¥¨ï¬¨:

X1 = @x; X2 = @y; X3 = @z; (50)

X1 = @x; X2 = @y; X3 = y@x + @z; (60)

X1 = @x; X2 = @y; X3 = (x+ y)@x + y@y + @z; (70)

X1 = @x; X2 = @y; X3 = x@x + py@y + @z; (80)

X1 = @x; X2 = @y; X3 = �y@x + (x+ qy)@y + @z; (90)

X1 = @x;

X2 = tg y sinx@x + cos x@y + sec y sinx@z; (100)

X3 = tg y cos x@x � sinx@y + sec y cos x@z;

X1 = @x;

X2 = sinx@x + cos x@y + exp y sinx@z; (110)

X3 = cos x@x � sinx@y + exp y cos x@z; ;

£¤¥ �1 � p � +1, �2 < q < +2.
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�à®¨§¢¥¤¥¬ ¢ R3 «®ª «ì® ®¡à â¨¬ãî £« ¤ªãî § ¬¥ã ª®®à¤¨ â

� = '(x; y; z); � =  (x; y; z); # = {(x; y; z); (12)

¯à¨ç¥¬ @('; ;{)=@(x; y; z) 6= 0. � ®¢ëå ª®®à¤¨ â å �; �; # ¤«ï ®¯¥à â®à®¢ (3) ¡ã¤¥¬ ¨¬¥âì
á«¥¤ãîé¨¥ ¢ëà ¦¥¨ï:

X! = (�!'x + �!'y + �!'z)@� + (�! x + �! y + �! z)@� + (�!{x + �!{y + �!{z)@#: (13)

�ãáâì äãªæ¨¨ ',  , { ¢ (12) ï¢«ïîâáï ¥§ ¢¨á¨¬ë¬¨ à¥è¥¨ï¬¨ á¨áâ¥¬ë ãà ¢¥¨©

�1'x + �1'y + �1'z = 1;

�1 x + �1 y + �1 z = 0;

�1{x + �1{y + �1{z = 0;
(14)

¢ ª®â®à®©, ®ç¥¢¨¤®, �2
1
+ �2

1
+ � 2

1
6= 0. �®£¤  ¤«ï ®¯¥à â®à  X1 ¯®«ãç ¥¬ ¬ ªá¨¬ «ì® ¯à®áâ®¥

¢ëà ¦¥¨¥ X1 = @�. �®§¢à é ïáì ¢ (13) ª ¯à¥¦¨¬ ®¡®§ ç¥¨ï¬ ª®íää¨æ¨¥â®¢ ¨ ª®®à¤¨ â,
¬®¦¥¬ § ¯¨á âì

X1 = @x;

X2 = �2(x; y; z)@x + �2(x; y; z)@y + �2(x; y; z)@z ;

X3 = �3(x; y; z)@x + �3(x; y; z)@y + �3(x; y; z)@z :
(15)

� ¢ëà ¦¥¨ïå (15) �1 = 1, �1 = 0, �1 = 0. �¨áâ¥¬  ãà ¢¥¨© (14) á â ª¨¬¨ ª®íää¨æ¨¥â ¬¨
§ ç¨â¥«ì® ã¯à®é ¥âáï: 'x = 1,  x = 0, {x = 0, ¨ ¥¥ ¥§ ¢¨á¨¬ë¥ à¥è¥¨ï

� = x+ '(y; z); � =  (y; z); # = {(y; z); (16)

¢ ª®â®àëå @( ;{)=@(y; z) 6= 0, ®¯à¥¤¥«ïîâ â ªãî § ¬¥ã ª®®à¤¨ â ¢ R3, ¢ ª®â®à®© X1 ¯®-
¯à¥¦¥¬ã ¨¬¥¥â ¯à®áâ¥©èãî ä®à¬ã.

�® ª« áá¨ä¨ª æ¨¨ (5){(11) ª®¬¬ãâ â®à [X1;X2] «¨¡® à ¢¥ ã«î, «¨¡® á®¢¯ ¤ ¥â á ®¯¥à â®-
à®¬ X3. � áá¬®âà¨¬ á ç «  ¯¥à¢ë© á«ãç ©

[X1;X2] = 0: (17)

�®¤áâ ¢¨¬ ¢ ª®¬¬ãâ â®à (17) ¢ëà ¦¥¨ï (15) ¤«ï ®¯¥à â®à®¢ X1 ¨ X2. � à¥§ã«ìâ â¥ ¯®«ãç ¥¬
ãà ¢¥¨ï �2x = 0, �2x = 0, �2x = 0 á à¥è¥¨ï¬¨ �2 = �(y; z), �2 = �(y; z), �2 = �(y; z) ¨ ¯®â®¬ã

X2 = �(y; z)@x + �(y; z)@y + �(y; z)@z : (18)

�á«¨ ¢ ®¯¥à â®à å (15) �2 = 0 ¨ �2 = 0, â® ¥ ¡ã¤¥â ¢ë¯®«ïâìáï ãá«®¢¨¥ «®ª «ì®© âà -
§¨â¨¢®áâ¨ (4), â. ¥. ¢ ®¯¥à â®à¥ (18) ¤®«¦® ¡ëâì �2 + � 2 6= 0. �áãé¥áâ¢¨¬ ¢ ¥¬ ¤®¯ãáâ¨¬ãî
§ ¬¥ã ª®®à¤¨ â (16)

X2 = (�+ �'y + �'z)@� + (� y + � z)@� + (�{y + �{z)@#:

�ãáâì äãªæ¨¨ ',  , { ï¢«ïîâáï à¥è¥¨ï¬¨ ãà ¢¥¨© � + �'y + �'z = 0, � y + � z = 1,
�{y + �{z = 0 á @( ;{)=@(y; z) 6= 0. �®£¤  ¤«ï ®¯¥à â®à  X2 ¯®«ãç ¥¬ X2 = @� ¨, ¢®§¢à é ïáì
ª ¯à¥¦¨¬ ®¡®§ ç¥¨ï¬ ª®®à¤¨ â, ¯à¨å®¤¨¬ ª ¢ëà ¦¥¨ï¬

X1 = @x; X2 = @y;

X3 = �(x; y; z)@x + �(x; y; z)@y + �(x; y; z)@z ;
(19)

á ¤®¯ãáâ¨¬®© § ¬¥®© ª®®à¤¨ â

� = x+ '(z); � = y +  (z); # = {(z); (20)

¢ ª®â®à®© {0(z) 6= 0.
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�¡à â¨¬áï â¥¯¥àì ª® ¢â®à®¬ã ª®¬¬ãâ â®àã [X3;X1], ª®â®àë© ¤«ï á«ãç ï (17) á®£« á® ª« á-
á¨ä¨ª æ¨¨ (5){(11) ¬®¦¥â ¡ëâì à ¢¥ 0, �X1, �X2. �ãáâì

[X3;X1] = 0: (21)

�®¤áâ ¢«ïï ®¯¥à â®àë (19) ¢ ª®¬¬ãâ â®à (21), ¯®«ãç ¥¬ ãà ¢¥¨ï �x = 0, �x = 0, �x = 0 á
à¥è¥¨ï¬¨ � = �(y; z), � = �(y; z), � = �(y; z), â. ¥. ¢¬¥áâ® (19) ¬®¦¥¬ § ¯¨á âì

X1 = @x; X2 = @y;

X3 = �(y; z)@x + �(y; z)@y + �(y; z)@z :
(22)

�ëïá¨¬ â¥¯¥àì, ª ª¨¥ ¢®§¨ª îâ ¤®¯®«¨â¥«ìë¥ ®£à ¨ç¥¨ï   ¢ëà ¦¥¨ï (22), ¥á«¨ âà¥â¨©
ª®¬¬ãâ â®à ®¡à é ¥âáï ¢ ã«ì: [X2;X3] = 0. �®¤áâ ¢«ïï ¢ íâ® ãá«®¢¨¥ ®¯¥à â®àë (22), ¯®«ãç ¥¬
ãà ¢¥¨ï �y = 0, �y = 0, �y = 0 ¨, á®®â¢¥âáâ¢¥® ¤«ï ®¯¥à â®à  X3 ¢ëà ¦¥¨¥

X3 = �(z)@x + �(z)@y + �(z)@z;

¢ ª®â®à®¬ ¯à®¨§¢¥¤¥¬ ¤®¯ãáâ¨¬ãî § ¬¥ã ª®®à¤¨ â (20)

X3 = (�+ �'0)@� + (� + � 0)@� + �{0@#:

�® ãá«®¢¨î (4) � 6= 0 ¨ ¯®â®¬ã äãªæ¨¨ ',  , { ¬®¦® ¢§ïâì ¨§ à¥è¥¨© ãà ¢¥¨© �+�'0 =
0, � + � 0 = 0, �{0 = 1. � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ X3 = @# ¨ ¢ ¯à¥¦¨å ®¡®§ ç¥¨ïå ®¯¥à â®àë
(50).

�â ª, ¤«ï  ¡¥«¥¢®©  «£¥¡àë (5) ¯®«ãç¥® á â®ç®áâìî ¤® íª¢¨¢ «¥â®áâ¨ ®¤® ¯à¥¤áâ ¢«¥-
¨¥ ®¯¥à â®à ¬¨ «®ª «ì® âà §¨â¨¢ëå ¯à¥®¡à §®¢ ¨© ¯à®áâà áâ¢  R3, § ¤ ¢ ¥¬®© ¢ëà -
¦¥¨ï¬¨ (50) ¢ ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë.

�ãáâì, ¤ «¥¥, ®¯¥à â®àë (22) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î [X2;X3] = X1  «£¥¡àë (6). �®¤áâ ¢¨¬
¢ íâ® ãá«®¢¨¥ ®¯¥à â®àë (22). � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ ãà ¢¥¨ï �y = 1, �y = 0, �y = 0,   ¯®á«¥
¨å ¨â¥£à¨à®¢ ¨ï | ¢ëà ¦¥¨¥ ¤«ï ®¯¥à â®à  X3

X3 = (y + �(z))@x + �(z)@y + �(z)@z :

�à®¨§¢¥¤¥¬ ¤®¯ãáâ¨¬ãî § ¬¥ã ª®®à¤¨ â (20)

X3 = (y + �+ �'0)@� + (� + � 0)@� + �{0@#:

�®áª®«ìªã � 6= 0, äãªæ¨¨ ',  , { ¢®§ì¬¥¬ ¨§ à¥è¥¨© ãà ¢¥¨© � +�+ �'0 = 0, �+ � 0 = 0,
�{0 = 1, â. ¥. X3 = �@� + @#, ¨ ¢ ¯à¥¦¨å ®¡®§ ç¥¨ïå ª®®à¤¨ â ¯®«ãç ¥¬ ¢ëà ¦¥¨ï (60)
¡ §¨áëå ®¯¥à â®à®¢ ¯à¥¤áâ ¢«¥¨ï  «£¥¡àë (6).

�ëè¥ ¡ë« ¯®«®áâìî à áá¬®âà¥ á«ãç © ª®¬¬ãâ¨à®¢ ¨ï ¯® ãá«®¢¨î (21) ®¯¥à â®à®¢ X1

¨ X3. �¥à¥©¤¥¬ ª® ¢â®à®¬ã á«ãç î ¨§ âà¥å ¢®§¬®¦ëå, ª®£¤  ¯® ª« áá¨ä¨ª æ¨¨ (5){(11) ¯à¨
ãá«®¢¨¨ (17) ª®¬¬ãâ â®à

[X3;X1] = �X1: (23)

�®¤áâ ¢¨¬ ®¯¥à â®àë (19), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î (17), ¢ ª®¬¬ãâ â®à (23). �â¥£à¨àãï ¯®-
«ãç îé¨¥áï ¯à¨ íâ®¬ ãà ¢¥¨ï �x = 1, �x = 0, �x = 0, ¯à¨å®¤¨¬ ª ¢ëà ¦¥¨ï¬

X1 = @x; X2 = @y;

X3 = (x+ �(y; z))@x + �(y; z)@y + �(y; z)@z
(24)

á ¤®¯ãáâ¨¬®© § ¬¥®© ª®®à¤¨ â (20).
�¯¥à â®àë (24) ã¤®¢«¥â¢®àïîâ ¤¢ã¬ ª®¬¬ãâ æ¨®ë¬ á®®â®è¥¨ï¬ (17) ¨ (23). �® ®¡é¥©

ª« áá¨ä¨ª æ¨¨ (5){(11) âà¥â¨© ª®¬¬ãâ â®à [X2;X3] ¬®¦¥â ¯à¨¨¬ âì ¯à¨ íâ®¬ § ç¥¨ïX1+X2

¨ pX2, £¤¥ �1 � p � +1. � áá¬®âà¨¬ ®â¤¥«ì® íâ¨ ¤¢  á«ãç ï. �à¥¤¯®«®¦¨¬ á ç « , çâ®
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[X2; X3] = X1 + X2. �®¤áâ ¢«ïï ¢ íâ® ãá«®¢¨¥ ®¯¥à â®àë (24) ¨ ¨â¥£à¨àãï ¢®§¨ª îé¨¥ ¯à¨
íâ®¬ ãà ¢¥¨ï �y = 1, �y = 1, �y = 0, ¤«ï ®¯¥à â®à  X3 ¯®«ãç ¥¬ ¢ëà ¦¥¨¥

X3 = (x+ y + �(z))@x + (y + �(z))@y + �(z)@z;

¢ ª®â®à®¬ ¯à®¨§¢¥¤¥¬ § ¬¥ã ª®®à¤¨ â (20)

X3 = (x+ y + �+ �'0)@� + (y + � + � 0)@� + �{0@#:

�® ãá«®¢¨î «®ª «ì®© âà §¨â¨¢®áâ¨ (4) � 6= 0, ¨ ¯®íâ®¬ã äãªæ¨¨ ',  , { ¬®¦® ¢§ïâì ¨§
à¥è¥¨© á¨áâ¥¬ë ãà ¢¥¨© � � ' � � + �'0 = 0, � �  + � 0 = 0, �{0 = 1. �«ï ®¯¥à â®à  X3

¨¬¥¥¬ â®£¤  ¢ëà ¦¥¨¥X3 = (�+�)@�+�@�+@#, ¨ ¢ ¯à¥¦¨å ®¡®§ ç¥¨ïå ª®®à¤¨ â ¯®«ãç ¥¬
¡ §¨áë¥ ®¯¥à â®àë (70) ¯à¥¤áâ ¢«¥¨ï  «£¥¡àë (7).

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® [X2; X3] = pX2, £¤¥ �1 � p � 1. �®¤áâ ¢¨¬ ¢ íâ®â ª®¬¬ãâ â®à
®¯¥à â®àë (24). �â¥£à¨àãï ¢®§¨ª îé¨¥ ¯à¨ íâ®¬ ãà ¢¥¨ï �y = 0, �y = p, �y = 0, ¤«ï
®¯¥à â®à  X3 ¯à¨å®¤¨¬ ª ¢ëà ¦¥¨î

X3 = (x+ �(z))@x + (py + �(z))@y + �(z)@z ;

¢ ª®â®à®¬ ¯à®¨§¢¥¤¥¬ ¤®¯ãáâ¨¬ãî § ¬¥ã ª®®à¤¨ â (20)

X3 = (x+ �+ �'0)@� + (py + � + � 0)@� + �{0@#:

�®áª®«ìªã ¯® ãá«®¢¨î (4) ¤«ï ®¯¥à â®à®¢ (24) � 6= 0, äãªæ¨¨ ',  , { ¬®¦® ¢§ïâì ¨§ à¥è¥¨©
á¨áâ¥¬ë ãà ¢¥¨© � � ' + �'0 = 0, � � p + � 0 = 0, �{0 = 1. �«ï ®¯¥à â®à  X3 ¯à¨å®¤¨¬
ª ¢ëà ¦¥¨î X3 = �@� + p�@� + @#,   ¯®á«¥ ¢®§¢à é¥¨ï ª ¯à¥¦¨¬ ®¡®§ ç¥¨ï¬ ª®®à¤¨ â
¯®«ãç ¥¬ ¡ §¨áë¥ ®¯¥à â®àë (80) ¯à¥¤áâ ¢«¥¨ï  «£¥¡àë (8).

�¥à¥¬áï ª ®¯¥à â®à ¬ (19), ¯®¤ç¨ïîé¨¬áï ª®¬¬ãâ æ¨®®¬ã á®®â®è¥¨î (17), ¨ ¯®âà¥-
¡ã¥¬, çâ®¡ë ®¨ ã¤®¢«¥â¢®àï«¨ â ª¦¥ á®®â®è¥¨î

[X3;X1] = �X2; (25)

¢å®¤ïé¥¬ã ¢  «£¥¡àã (9). �®áâ ¢¨¬ ¢ á®®â®è¥¨¥ (25) ®¯¥à â®àë (19). �â¥£à¨àãï ¢®§¨ª îé¨¥
¯à¨ íâ®¬ ãà ¢¥¨ï �x = 0, �x = 1, �x = 0, ¯®«ãç ¥¬ ¢ëà ¦¥¨ï

X1 = @x; X2 = @y

X3 = �(y; z)@x + (x+ �(y; z))@y + �(y; z)@z
(26)

á ¤®¯ãáâ¨¬®© § ¬¥®© ª®®à¤¨ â (20).
�¯¥à â®àë (26) ã¤®¢«¥â¢®àïîâ á®®â®è¥¨ï¬ (17) ¨ (25). �®âà¥¡ã¥¬ ¤«ï ¨å ¢ë¯®«¥¨ï

âà¥âì¥£® ª®¬¬ãâ æ¨®®£® á®®â®è¥¨ï [X2;X3] = �X1 + qX2, £¤¥ �2 < q < +2, ¢å®¤ïé¥£® ¢
 «£¥¡àã (9). �â¥£à¨àãï ¢®§¨ª îé¨¥ ¯à¨ íâ®¬ ãà ¢¥¨ï �y = 1, �y = q, �y = 0, ¯à¨å®¤¨¬ ª
á«¥¤ãîé¥¬ã ¢ëà ¦¥¨î ¤«ï ®¯¥à â®à  X3:

X3 = (�y + �(z))@x + (x+ qy + �(z))@y + �(z)@z ;

¢ ª®â®à®¬ ¯à®¨§¢¥¤¥¬ ¤®¯ãáâ¨¬ãî § ¬¥ã ª®®à¤¨ â (20)

X3 = (�y + �+ �'0)@� + (x+ qy + � + � 0)@� + �{0@#:

�®áª®«ìªã � 6= 0, äãªæ¨¨ ',  , { ¬®¦® ¢§ïâì ¨§ à¥è¥¨© á¨áâ¥¬ë ãà ¢¥¨© �+ + �'0 = 0,
� � ' + q + � 0 = 0, �{0 = 1 ¨ â®£¤  X3 = ��@� + (� + q�)@� + @#. �®§¢à é ïáì ª ¯à¥¦¨¬
®¡®§ ç¥¨ï¬ ª®®à¤¨ â, ¯®«ãç ¥¬ ¡ §¨áë¥ ®¯¥à â®àë (90) ¯à¥¤áâ ¢«¥¨ï  «£¥¡àë (9).

�ëè¥ ¡ë« ¯®«®áâìî à áá¬®âà¥ á«ãç ©, ª®£¤  ¯® ª« áá¨ä¨ª æ¨¨ (5){(11) ¯¥à¢ë© ª®¬¬ã-
â â®à [X1;X2] ®¡à é ¥âáï ¢ ã«ì. �¥à¥©¤¥¬ ª ¨áá«¥¤®¢ ¨î ¢â®à®£® ¢®§¬®¦®£® á«ãç ï, ª®£¤ 
íâ®â ª®¬¬ãâ â®à ®â«¨ç¥ ®â ã«ï

[X1;X2] = X3: (27)
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�à¨ ¯®¤áâ ®¢ª¥ ®¯¥à â®à®¢ (15) ¢ ª®¬¬ãâ æ¨®®¥ á®®â®è¥¨¥ (27) ãáâ  ¢«¨¢ îâáï á«¥¤ã-
îé¨¥ á¢ï§¨: �2x = �3, �2x = �3, �2x = �3, ¨á¯®«ì§ãï ª®â®àë¥ ¯¥à¥¯¨è¥¬ íâ¨ ®¯¥à â®àë, ®¯ãáâ¨¢
¤«ï ã¯à®é¥¨ï § ¯¨á¨ ¨¤¥ªá \2",

X1 = @x;

X2 = �(x; y; z)@x + �(x; y; z)@y + �(x; y; z)@z ;

X3 = �x(x; y; z)@x + �x(x; y; z)@y + �x(x; y; z)@z ;
(28)

¯à¨ç¥¬ § ¬¥  ª®®à¤¨ â (16) ¯®-¯à¥¦¥¬ã ®áâ ¥âáï ¤®¯ãáâ¨¬®©.
�ãáâì ¥é¥ ¤«ï ®¯¥à â®à®¢ (28) ¢ë¯®«ï¥âáï ¢â®à®¥ ª®¬¬ãâ æ¨®®¥ á®®â®è¥¨¥  «£¥¡à

(10) ¨ (11)

[X3;X1] = X2: (29)

�à¨ ¯®¤áâ ®¢ª¥ ®¯¥à â®à®¢ (28) ¢ á®®â®è¥¨¥ (29) ¯®«ãç ¥¬ ãà ¢¥¨ï �xx+� = 0, �xx+� = 0,
�xx + � = 0, ®¡é¨¥ à¥è¥¨ï ª®â®àëå å®à®è® ¨§¢¥áâë

�(x; y; z) = �(y; z) sinx+ �(y; z) cos x;

�(x; y; z) = �(y; z) sinx+ �(y; z) cos x;

�(x; y; z) = �(y; z) sinx+ �(y; z) cos x;
(30)

£¤¥ ¯® ãá«®¢¨î «®ª «ì®© âà §¨â¨¢®áâ¨ (4) �2 + �2 6= 0, � 2 + �2 6= 0.
�à®¨§¢¥¤¥¬ ¢ ®¯¥à â®à å (28) á ª®íää¨æ¨¥â ¬¨ (30) ¤®¯ãáâ¨¬ãî § ¬¥ã ª®®à¤¨ â (16).

�ãªæ¨î ' ¢®§ì¬¥¬ ¨§ à¥è¥¨© ãà ¢¥¨ï � cos' � � sin' + (� cos' � � sin')'y + (� cos' �
� sin')'z = 0. �á«¨ � sin'+� cos' = 0 ¨ � sin'+� cos' = 0 (¨ ¯®â®¬ã, ®ç¥¢¨¤®, � cos'�� sin' 6=
0 ¨ � cos'�� sin' 6= 0), â®, ¡¥àï äãªæ¨î { ¨§ à¥è¥¨© ãà ¢¥¨ï (� cos'�� sin'){y+(� cos'�
� sin'){z = 0, ¯à¨å®¤¨¬ ª ¯à®â¨¢®à¥ç¨î á ãá«®¢¨¥¬ (4). � «®£¨ç ï á¨âã æ¨ï ¢®§¨ª ¥â ¨ ¯à¨
� cos'� � sin' = 0 ¨ � cos'� � sin' = 0. �®íâ®¬ã ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® � sin'+ � cos' 6= 0
¨«¨ � sin'+ � cos' 6= 0 ¨ � cos'�� sin' 6= 0 ¨«¨ � cos'� � sin' 6= 0. �ãªæ¨¨  ¨ { ¢®§ì¬¥¬ ¨§
à¥è¥¨© ãà ¢¥¨©

(� sin'+ � cos') y + (� sin'+ � cos') z = 0;

(� cos'� � sin'){y + (� cos'� � sin'){z = 1;

ª®â®àë¥ ¢á¥£¤  ¨¬¥îâ ¥§ ¢¨á¨¬ë¥ à¥è¥¨ï. �¥©áâ¢¨â¥«ì®, ¥á«¨ �� � �� 6= 0, â® ¥§ ¢¨á¨¬ë
®â«¨ç®¥ ®â ¯®áâ®ï®© à¥è¥¨¥  ¯¥à¢®£® ãà ¢¥¨ï ¨ «î¡®¥ à¥è¥¨¥ { ¢â®à®£® ãà ¢¥¨ï.
�á«¨ ¦¥ ����� 6= 0, â® ¥§ ¢¨á¨¬ë ®â«¨çë¥ ®â ¯®áâ®ïëå à¥è¥¨ï  ¨ {0 ¯¥à¢®£® ãà ¢¥¨ï
¨ ®¤®à®¤®© ç áâ¨ ¢â®à®£®. �®íâ®¬ã, ¥á«¨ à¥è¥¨¥  ¨ ¥ª®â®à®¥ ç áâ®¥ à¥è¥¨¥ {1 ¢â®à®£®
ãà ¢¥¨ï ®ª ¦ãâáï § ¢¨á¨¬ë¬¨, â® ¥§ ¢¨á¨¬ë¬¨, ®ç¥¢¨¤®, ¡ã¤ãâ à¥è¥¨ï  ¨ { = {0 +
{1. �«ï ®¯¥à â®à  X2,  ¯à¨¬¥à, ¢ ¯à¥¦¨å ®¡®§ ç¥¨ïå ¬®¦¥¬ § ¯¨á âì â®£¤  á«¥¤ãîé¥¥
¢ëà ¦¥¨¥:

X2 = �(y; z) sinx@x + �(y; z) cos x@y + (�(y; z) sin x+ cos x)@z: (31)

�à®¨§¢¥¤¥¬ ¢ ®¯¥à â®à¥ (31) ¤®¯ãáâ¨¬ãî § ¬¥ã ª®®à¤¨ â (16) á '(y; z) = 0:

X2 = � sinx@� + (� z sinx+ (� y +  z) cos x@� + (�{z sinx+ (�{y + {z) cos x)@#: (310)

�á«¨ � = 0, â® ¯®« £ ¥¬ �{y + {z = 0. �á«¨ ¦¥ � 6= 0, ® � = 0, â® ¯®« £ ¥¬ {z = 0. � ®¡®¨å
á«ãç ïå ¯à¨å®¤¨¬ ª ¯à®â¨¢®à¥ç¨î á ãá«®¢¨¥¬ «®ª «ì®© âà §¨â¨¢®áâ¨ (4). �®íâ®¬ã ¡ã¤¥¬
¨¦¥ ¯à¥¤¯®« £ âì, çâ® ®¤®¢à¥¬¥® � 6= 0 ¨ � 6= 0.

� ¡¥£ ï ¥áª®«ìª® ¢¯¥à¥¤, ¯®¤áâ ¢¨¬ ®¯¥à â®àë (28) á ï¢ë¬ ¢ëà ¦¥¨¥¬ (31) ¢ âà¥â¨©
ª®¬¬ãâ â®à [X2;X3] = "X1  «£¥¡à (10) ¨ (11), £¤¥ " = +1 ¨ " = �1 á®®â¢¥âáâ¢¥®. �à¨ â ª®©
¯®¤áâ ®¢ª¥, ¢ ç áâ®áâ¨, ¯®«ãç ¥¬ ãà ¢¥¨¥ ��z = 0, ¨§ ª®â®à®£® ¯à¨ � 6= 0 á«¥¤ã¥â �z = 0, â. ¥.
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�(y; z) = �(y). �®íâ®¬ã äãªæ¨¨  ¨ { ¢ ®¯¥à â®à¥ (310) ¢®§ì¬¥¬ ¨§ ¥§ ¢¨á¨¬ëå à¥è¥¨© ãà ¢-
¥¨©  z = 0, � y = 1, �{y+{z = 0 á {z 6= 0 ¨ â®£¤  X2 = ~�(�; #) sin �@� +cos �@� + ~�(�; #) sin �@#.
�®§¢à é ïáì ª ¯à¥¦¨¬ ®¡®§ ç¥¨ï¬ ª®íää¨æ¨¥â®¢ ¨ ª®®à¤¨ â, ¤«ï ®¯¥à â®à®¢ X1, X2, X3,
¯®«ãç ¥¬ á«¥¤ãîé¨¥ ¢ëà ¦¥¨ï:

X1 = @x;

X2 = �(y; z) sinx@x + cos x@y + �(y; z) sin x@z;

X3 = �(y; z) cos x@x � sinx@y + �(y; z) cos x@z;
(32)

£¤¥, ®ç¥¢¨¤®, � 6= 0.
�¯¥à â®àë (32) ã¤®¢«¥â¢®àïîâ ¯¥à¢ë¬ ¤¢ã¬ ª®¬¬ãâ æ¨®ë¬ á®®â®è¥¨ï¬ (27) ¨ (29)

 «£¥¡à (10), (11). �à¥¤¯®«®¦¨¬, çâ® ®¨ ã¤®¢«¥â¢®àïîâ ¥é¥ âà¥âì¥¬ã ª®¬¬ãâ æ¨®®¬ã á®®â-
®è¥¨î [X2;X3] = X1  «£¥¡àë (10). �à ¢¥¨ï �y = �2 + 1 ¨ �y � �� = 0, ¢®§¨ª îé¨¥ ¯à¨
íâ®¬, «¥£ª® ¨â¥£à¨àãîâáï

�(y; z) = tg(y + a(z)); �(y; z) = �(z) sec(y + a(z)); (33)

£¤¥ a(z) ¨ �(z) | ¯à®¨§¢®«ìë¥ äãªæ¨¨ ®¤®© ¯¥à¥¬¥®©, ¯à¨ç¥¬ �(z) 6= 0.
�à®¨§¢¥¤¥¬ ¢ ®¯¥à â®à å (32) á ª®íää¨æ¨¥â ¬¨ (33) § ¬¥ã ª®®à¤¨ â (20), ¯®« £ ï '(z) =

0, �(z){0(z) = 1,  (z) = a(z). �«ï ®¯¥à â®à  X2,  ¯à¨¬¥à, ¢ ¯à¥¦¨å ®¡®§ ç¥¨ïå ¯®«ãç ¥¬
â ª®¥ ¢ëà ¦¥¨¥

X2 = tg y sinx@x + (cos x+ �(z) sec y sinx)@y + sec y sinx@z;

£¤¥ �(z) | ¯à®¨§¢®«ì ï äãªæ¨ï ®¤®© ¯¥à¥¬¥®©. � ¯®á«¥¤¥¬ ¢ëà ¦¥¨¨ ¯à®¨§¢¥¤¥¬ ®¡-
éãî ¤®¯ãáâ¨¬ãî § ¬¥ã ª®®à¤¨ â (16). �ãªæ¨¨ ',  , { ¯à¨ íâ®¬ ¢®§ì¬¥¬ ¨§ à¥è¥¨© á«¥¤ã-
îé¥© á¨áâ¥¬ë è¥áâ¨ ãà ¢¥¨©:

'y = sin' tg  ;  y = cos'; {y = sin' sec ;

'z = cos y cos' tg  � �(z) sin' tg  � siny;

 z = � sin' cos y � �(z) cos';

{z = cos y cos' sec � �(z) sin' sec ;

ª®â®à ï ¨â¥£à¨àã¥¬ , â. ª. 'yz = 'zy,  yz =  zy, {yz = {zy, ¨, ªà®¬¥ â®£®, @( ;{)=@(y; z) 6= 0. �
à¥§ã«ìâ â¥ ¯®«ãç ¥¬ ¡ §¨áë¥ ®¯¥à â®àë (100) ¯à¥¤áâ ¢«¥¨ï  «£¥¡àë (10).

� § ª«îç¥¨¥ ¯®¤áâ ¢¨¬ ®¯¥à â®àë (32) ¢ âà¥â¨© ª®¬¬ãâ â®à [X2;X3] = �X1  «£¥¡àë (11).
�®§¨ª îé¨¥ ¯à¨ íâ®¬ ãà ¢¥¨ï �y = �2 � 1, �y � �� = 0 ¨¬¥îâ á«¥¤ãîé¨¥ ç¥âëà¥ à¥è¥¨ï:

�(y; z) = 1; �(y; z) = �(z) exp y; (34)

�(y; z) = �1; �(y; z) = �(z) exp(�y); (35)

�(y; z) = � th(y + a(z)); �(y; z) = �(z)= ch(y + a(z)); (36)

�(y; z) = � cth(y + a(z)); �(y; z) = �(z)= sh(y + a(z)); (37)

£¤¥ a(z) ¨ �(z) | ¯à®¨§¢®«ìë¥ äãªæ¨¨ ®¤®© ¯¥à¥¬¥®©, ¯à¨ç¥¬ �(z) 6= 0.
�à®¨§¢¥¤¥¬ ¢ ®¯¥à â®à å (32) á ª®íää¨æ¨¥â ¬¨ (34) § ¬¥ã ª®®à¤¨ â � = x, � = y, # =

{(z), ¯®« £ ï �(z){0(z) = 1. � ¯à¥¦¨å ®¡®§ ç¥¨ïå ª®®à¤¨ â ¯®«ãç ¥¬ ¡ §¨áë¥ ®¯¥à â®àë
(110) ¯à¥¤áâ ¢«¥¨ï  «£¥¡àë (11). � «®£¨ç®, ¥á«¨ ¢ ®¯¥à â®à å (32) á ª®íää¨æ¨¥â ¬¨ (35)
¯à®¨§¢¥áâ¨ § ¬¥ã ª®®à¤¨ â � = x + �, � = �y, # = {(z) ¨ ¯®«®¦¨âì �(z){0(z) = �1, â® ¢
¯à¥¦¨å ®¡®§ ç¥¨ïå ª®®à¤¨ â á®¢  ¯®«ãç¨¬ ¡ §¨áë¥ ®¯¥à â®àë (110).
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� ®¯¥à â®à å (32) á ª®íää¨æ¨¥â ¬¨ (36) ¨ (37) ¯à¥¤¢ à¨â¥«ì® ¯à®¨§¢¥¤¥¬ § ¬¥ã ª®®à¤¨-
 â (20), ¯®« £ ï '(z) = 0,  (z) = a(z) ¨ �(z){0(z) = 1. � ¯à¥¦¨å ®¡®§ ç¥¨ïå ¤«ï ®¯¥à â®à 
X2,  ¯à¨¬¥à, ¯®«ãç ¥¬ â ª®¥ ¢ëà ¦¥¨¥

X2 = �(y) sinx@x + (cos x+ �(z)�(y) sin x)@y + �(y) sinx@z;

£¤¥ «¨¡® �(y) = � th y ¨ �(y) = 1= ch y, «¨¡® �(y) = � cth y ¨ �(y) = 1= sh y,   �(z) | ¯à®¨§¢®«ì ï
äãªæ¨ï ®¤®© ¯¥à¥¬¥®©.

� «¥¥, ¢ ¯®á«¥¤¥¬ ¢ëà ¦¥¨¨ ¯à®¨§¢¥¤¥¬ ®¡éãî ¤®¯ãáâ¨¬ãî § ¬¥ã ª®®à¤¨ â (16). �ãª-
æ¨¨ ',  , { ¯à¨ íâ®¬ ¢®§ì¬¥¬ ¨§ à¥è¥¨© á«¥¤ãîé¥© ¨â¥£à¨àã¥¬®© á¨áâ¥¬ë è¥áâ¨ ãà ¢¥¨©:

'y = sin';  y = cos'; {y = sin' exp ;

'z = cos'=�(y) � �(z) sin'� �(y)=�(y);

 z = � sin'=�(y) � �(z) cos';

{z = cos' exp =�(y) � �(z) sin' exp ;

¤«ï ª®â®à®© ïª®¡¨  @( ;{)=@(y; z) ®â«¨ç¥ ®â ã«ï. � à¥§ã«ìâ â¥ á®¢  ¯®«ãç ¥¬ ¡ §¨áë¥
®¯¥à â®àë (110) ¯à¥¤áâ ¢«¥¨ï  «£¥¡àë (11). �â¨¬ ãâ¢¥à¦¤¥¨¥¬ ¨ § ¢¥àè ¥âáï ¤®ª § â¥«ì-
áâ¢® ®á®¢®© â¥®à¥¬ë ¤ ®© à ¡®âë, áä®à¬ã«¨à®¢ ®© áà §ã ¯®á«¥ ª« áá¨ä¨ª æ¨¨ (5){(11)
âà¥å¬¥àëå ¢¥é¥áâ¢¥ëå  ¡áâà ªâëå  «£¥¡à �¨.
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