
Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

Àëãåáðàè÷åñêèå ñèñòåìû

Îïðåäåëåíèå 1.

Åñëè àëãåáðàè÷åñêàÿ ñèñòåìà îïðåäåëåíà íå íà îäíîì ìíîæåñòâå A,
à íà íåñêîëüêèõ A1, . . . , An, ò.å. íîñèòåëü àëãåáðû ñîñòîèò áîëåå ÷åì
èç îäíîãî ìíîæåñòâà, òî òàêàÿ àëãåáðàè÷åñêàÿ ñèñòåìà
A = 〈A1, . . . , An; Ω〉 íàçûâàåòñÿ ìíîãîñîðòíîé (n�ñîðòíîé)a, ãäå Ω �
ñèãíàòóðà àëãåáðû A (ìíîæåñòâî îñíîâíûõ îïåðàöèé àëãåáðû A).

aÈíîãäà ãîâîðÿò ìíîãîîñíîâíîé èëè ãåòåðîãåííîé.

Îïðåäåëåíèå 2.

Åñëè â àëãåáðå A îïðåäåëåíû ÷àñòè÷íûå îïåðàöèè f
(τ)
i ∈ Ω,

äåéñòâóþùèå íå íà âñ¼ì ìíîæåñòâå, òî òàêèå àëãåáðû íàçûâàþòñÿ
÷àñòè÷íûìè.
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(τ)
i ∈ Ω,
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ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

Àëãåáðàè÷åñêèå ñèñòåìû

Íàïðèìåð, åñëè îïðåäåë¼í êëàññ 3�õ ñîðíûõ àëãåáð 〈M,N, B; f, g〉 ñ
îïåðàöèÿìè f : M×N→ B, g : Bmn−1 → B, òî åñòåñòâåííûì
îáðàçîì îïðåäåë¼í è èõ ãîìîìîðôèçì.

Îïðåäåëåíèå 7.

Òðîéêà îòîáðàæåíèé

χ : M→M′, λ : N→ N′, ψ : B → B′

çàäà¼ò ãîìîìîðôèçì òð¼õñîðòíîé àëãåáðû 〈M,N, B; f, g〉 â àëãåáðó
〈M′,N′, B′; f ′, g′〉, åñëè äèàãðàììû

M×N
f−−−−→ B

χ×λ
y yψ

M′ ×N′
f ′−−−−→ B′

è

Bmn−1 g−−−−→ B

ψmn−1

y yψ
B′

mn−1 g′−−−−→ B′

êîììóòàòèâíû.
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Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (3,2)
Îãðàíè÷åííî òðàíçèòèâíûå ãðóïïû
ÔÑ ðàíãà (n,2)

Îïðåäåëåíèå ÔÑ ðàíãà (2,2)

ÔÑ ðàíãà (2,2) ýòî òð¼õñîðòíàÿ àëãåáðà 〈M,N, B; f, g〉 ñ
îïåðàöèÿìè, f : M×N→ B, g : B3 → B
a) ∀i, j ∈M, α, β ∈ N ñïðàâåäëèâî

f(i, α) = g (f(i, β), f(j, α), f(j, β)) ;

b) ∀α ∈ N, a ∈ B, ∃!i ∈M òàêîé, ÷òî f(i, α) = a;
c) ∀i ∈M, a ∈ B, ∃!α ∈ N òàêîé, ÷òî f(i, α) = a.

Ôèêñèðóÿ k ∈M, γ ∈ N ìîæíî ïåðåéòè îò 〈M,N, B; f, g〉 ê
èçîìîðôíîé ÔÑ 〈B,B,B; f ′, g′〉, òîãäà àêñèîìû ìîæíî çàïèñàòü óæå
â âèäå:
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f(i, α) = g (f(i, β), f(j, α), f(j, β)) ;

b) ∀α ∈ N, a ∈ B, ∃!i ∈M òàêîé, ÷òî f(i, α) = a;
c) ∀i ∈M, a ∈ B, ∃!α ∈ N òàêîé, ÷òî f(i, α) = a.
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Îãðàíè÷åííî òðàíçèòèâíûå ãðóïïû
ÔÑ ðàíãà (n,2)

Îïðåäåëåíèå 2 ÔÑ ðàíãà (2,2)

a) ∀x, y, u, v ∈ B ñïðàâåäëèâî f(x, u) = g (f(x, v), f(y, u), f(y, v));
b) ∀y, z ∈ B, ∃!x ∈ B òàêîé, ÷òî f(x, y) = z;
c) ∀x, z ∈ B, ∃!y ∈ B òàêîé, ÷òî f(x, y) = z.

Òåîðåìà Èîíèíà

ÔÑ ðàíãà (2,2) âçàèìíîîäíîçíà÷íî ñâÿçàíà ñ ãðóïïîé
〈
B; ·,−1 , e

〉
òàê, ÷òî

f(x, u) = x · u,

g (x, y, z) = x · z−1 · y.
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Îãðàíè÷åííî òðàíçèòèâíûå ãðóïïû
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Îïðåäåëåíèå ÔÑ ðàíãà (3,2)

ÔÑ ðàíãà (3,2) ýòî òð¼õñîðòíàÿ àëãåáðà 〈M,N, B; f, g〉 ñ îïåðàöèÿìè
f : M×N→ B, g : B5 → B
a) ∀i, j, k ∈M, α, β ∈ N ñïðàâåäëèâî

f(i, α) = g (f(i, β), f(j, α), f(j, β), f(k, α), f(k, β)) ;

b) ∀α ∈ N, (a1, a2) ∈ B̂2 ⊂ B2,∃! (i, j) ∈ M̂2 ⊂M2 òàêîé, ÷òî
f(i, α) = a1, f(j, α) = a2;

c) ∀ (i, j) ∈ M̂2, (a1, a2) ∈ B̂2,∃!α ∈ N òàêîé, ÷òî
f(i, α) = a1, f(j, α) = a2.

Ôèêñèðóÿ k1, k2 ∈ M̂2, γ ∈ N ìîæíî ïåðåéòè îò 〈M,N, B; f, g〉 ê
èçîìîðôíîé ÔÑ

〈
B, B̂2, B; f ′, g′

〉
, òîãäà àêñèîìû ìîæíî çàïèñàòü

óæå â âèäå:
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f(i, α) = g (f(i, β), f(j, α), f(j, β), f(k, α), f(k, β)) ;

b) ∀α ∈ N, (a1, a2) ∈ B̂2 ⊂ B2,∃! (i, j) ∈ M̂2 ⊂M2 òàêîé, ÷òî
f(i, α) = a1, f(j, α) = a2;

c) ∀ (i, j) ∈ M̂2, (a1, a2) ∈ B̂2,∃!α ∈ N òàêîé, ÷òî
f(i, α) = a1, f(j, α) = a2.

Ôèêñèðóÿ k1, k2 ∈ M̂2, γ ∈ N ìîæíî ïåðåéòè îò 〈M,N, B; f, g〉 ê
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f : M×N→ B, g : B5 → B
a) ∀i, j, k ∈M, α, β ∈ N ñïðàâåäëèâî

f(i, α) = g (f(i, β), f(j, α), f(j, β), f(k, α), f(k, β)) ;

b) ∀α ∈ N, (a1, a2) ∈ B̂2 ⊂ B2,∃! (i, j) ∈ M̂2 ⊂M2 òàêîé, ÷òî
f(i, α) = a1, f(j, α) = a2;

c) ∀ (i, j) ∈ M̂2, (a1, a2) ∈ B̂2,∃!α ∈ N òàêîé, ÷òî
f(i, α) = a1, f(j, α) = a2.

Ôèêñèðóÿ k1, k2 ∈ M̂2, γ ∈ N ìîæíî ïåðåéòè îò 〈M,N, B; f, g〉 ê
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Îïðåäåëåíèå 2 ÔÑ ðàíãà (3,2)

ÔÑ ðàíãà (3,2) ýòî òð¼õñîðòíàÿ àëãåáðà
〈
B, B̂2, B; f, g

〉
ñ

îïåðàöèÿìè f : B × B̂2 → B, g : B5 → B

a) ∀i, j, k ∈ B,α, β ∈ B̂2 ñïðàâåäëèâî

f(i, α) = g (f(i, β), f(j, α), f(j, β), f(k, α), f(k, β)) ;

b) ∀α, (a1, a2) ∈ B̂2,∃! (i, j) ∈ B̂2 òàêîé, ÷òî f(i, α) = a1, f(j, α) = a2;

c) ∀ (i, j) , (a1, a2) ∈ B̂2,∃!α ∈ B̂2 òàêîé, ÷òî f(i, α) = a1, f(j, α) = a2.

Òåîðåìà ÔÑ ðàíãà (3,2)

ÔÑ ðàíãà (3,2) âçàèìíîîäíîçíà÷íî ñâÿçàíà ñ îãðàíè÷åííî òî÷íî
2�òðàíçèòèâíîé ãðóïïîé ïðåîáðàçîâàíèé T2(X) ìíîæåñòâà X.
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x · g = y.

Äåéñòâèå G íà M èíäóöèðóåò äåéñòâèå G íà Mn = M × . . .×M ïî
ïðàâèëó (m1, . . . ,mn) · g = (m1 · g, . . . ,mn · g).
Îïðåäåëèì ìíîæåñòâî

F (M,n) = {(m1, . . . ,mn) ∈Mn|mi 6= mj ïðè i 6= j}.

Îïðåäåëåíèå

Ãðóïïà Tn(M) íàçûâàåòñÿ n-òðàíçèòèâíîé, åñëè äëÿ ëþáûõ
(x1, . . . , xn), (y1, . . . , yn) ∈ F (M,n) ñóùåñòâóåò òàêîé ýëåìåíò g ∈ Tn,
÷òî (x1, . . . , xn) · g = (y1, . . . , yn).
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Ðàññìîòðèì íåêîòîðîå íåïóñòîå ïîäìíîæåñòâî N ⊆ F (M,n).

Îïðåäåëåíèå n-òðàíçèòèâíîñòè

Ãðóïïà Tn(M) íàçûâàåòñÿ N -îãðàíè÷åííî òî÷íî n-òðàíçèòèâíîé,
åñëè äëÿ ëþáûõ (x1, . . . , xn), (y1, . . . , yn) ∈ N ⊆ F (M,n) ñóùåñòâóåò
åäèíñòâåííûé g ∈ Tn òàêîé, ÷òî xi · g = yi äëÿ i = 1, . . . , n.

Åñëè N = F (M,n), òî Tn(M) � òî÷íî n-òðàíçèòèâíàÿ ãðóïïà.
Ñîîòâåòñòâåííî, åñëè n = 2, òî

Îïðåäåëåíèå 2-òðàíçèòèâíîñòè

Ãðóïïà T2(M) íàçûâàåòñÿ îãðàíè÷åííî òî÷íî 2-òðàíçèòèâíîé, åñëè
äëÿ ëþáûõ (x1, x2), (y1, y2) ∈ N ⊆ F (M, 2) ñóùåñòâóåò åäèíñòâåííûé
g ∈ T2 òàêîé, ÷òî (x1, x2) · g = (y1, y2).

Ïðèìåð

Îáùàÿ ëèíåéíàÿ ãðóïïà T2 = GL2(F ) íàä ïîëåì F äåéñòâóåò íà
ìíîæåñòâå äâóìåðíûõ âåêòîðîâ V = F 2. Ïîäìíîæåñòâî N ⊂ V 2

ñîñòîèò èç âñåõ ëèíåéíî íåçàâèñèìûõ âåêòîðîâ.
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Óìíîæåíèå â ãðóïïå T2 ìîæíî çàïèñàòü ïðè ïîìîùè ôóíêöèè
äåéñòâèÿ f : M × T2 →M . Ãðóïïîâîå óìíîæåíèå äëÿ ýëåìåíòîâ
(x1, x2) , (y1, y2) ∈ T2 = N ⊆ F (M, 2) ⊂M2 çàïèøåòñÿ â âèäå

(x1, x2) ◦ (y1, y2) = (f(x1, y1, y2), f(x2, y1, y2)) .

Ïóñòü (e1, e2) � íåéòðàëüíûé ýëåìåíò ãðóïïû T2. Ñòàáèëèçàòîð
ýëåìåíòà e2 ýòî ïîäãðóïïà

T1 = {g ∈ T2 | e2 ◦ g = e2} = {(x, e2)} .

Ýëåìåíò (e2, e1) ∈ T2 èíâîëþòèâíûé ò.å. (e2, e1) ◦ (e2, e1) = (e1, e2).

Ëåììà

Ãðóïïà T2 ïîðîæäàåòñÿ ïîäãðóïïîé T1 è ýëåìåíòîì A = (e2, e1):
T2 = 〈T1, A〉.
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Ëåììà

Ãðóïïà T2 ïîðîæäàåòñÿ ïîäãðóïïîé T1 è ýëåìåíòîì A = (e2, e1):
T2 = 〈T1, A〉.



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (3,2)
Îãðàíè÷åííî òðàíçèòèâíûå ãðóïïû
ÔÑ ðàíãà (n,2)

Óìíîæåíèå â ãðóïïå T2 ìîæíî çàïèñàòü ïðè ïîìîùè ôóíêöèè
äåéñòâèÿ f : M × T2 →M . Ãðóïïîâîå óìíîæåíèå äëÿ ýëåìåíòîâ
(x1, x2) , (y1, y2) ∈ T2 = N ⊆ F (M, 2) ⊂M2 çàïèøåòñÿ â âèäå

(x1, x2) ◦ (y1, y2) = (f(x1, y1, y2), f(x2, y1, y2)) .

Ïóñòü (e1, e2) � íåéòðàëüíûé ýëåìåíò ãðóïïû T2. Ñòàáèëèçàòîð
ýëåìåíòà e2 ýòî ïîäãðóïïà

T1 = {g ∈ T2 | e2 ◦ g = e2} = {(x, e2)} .

Ýëåìåíò (e2, e1) ∈ T2 èíâîëþòèâíûé ò.å. (e2, e1) ◦ (e2, e1) = (e1, e2).

Ëåììà

Ãðóïïà T2 ïîðîæäàåòñÿ ïîäãðóïïîé T1 è ýëåìåíòîì A = (e2, e1):
T2 = 〈T1, A〉.



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (3,2)
Îãðàíè÷åííî òðàíçèòèâíûå ãðóïïû
ÔÑ ðàíãà (n,2)

Ëåììà

Äëÿ ïðîèçâîëüíîãî x ∈ T1 ñóùåñòâóþò åäèíñòâåííûå y, z ∈ T1 äëÿ
êîòîðûõ ñïðàâåäëèâî òîæäåñòâî

AxA = yAz.

Ëåììà

Äëÿ ïî÷òè ïðîèçâîëüíûõ x, y ∈ T1 ñïðàâåäëèâî òîæäåñòâî

ϕ (ϕ2(x)ϕ2(y)) = ϕ2

(
xϕ2(y−1)

)
y,

ãäå ϕ2(x) = f(x,A) òàê, ÷òî ôóíêöèÿ

f(x, y, z) = ϕ2

(
xϕ2(yz−1)

)
z = ϕ2

(
f1(x, ϕ2(yz−1))

)
z.



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (3,2)
Îãðàíè÷åííî òðàíçèòèâíûå ãðóïïû
ÔÑ ðàíãà (n,2)

Ëåììà

Äëÿ ïðîèçâîëüíîãî x ∈ T1 ñóùåñòâóþò åäèíñòâåííûå y, z ∈ T1 äëÿ
êîòîðûõ ñïðàâåäëèâî òîæäåñòâî

AxA = yAz.

Ëåììà

Äëÿ ïî÷òè ïðîèçâîëüíûõ x, y ∈ T1 ñïðàâåäëèâî òîæäåñòâî

ϕ (ϕ2(x)ϕ2(y)) = ϕ2

(
xϕ2(y−1)

)
y,

ãäå ϕ2(x) = f(x,A)

òàê, ÷òî ôóíêöèÿ

f(x, y, z) = ϕ2

(
xϕ2(yz−1)

)
z = ϕ2

(
f1(x, ϕ2(yz−1))

)
z.
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Ëåììà

Äëÿ ïðîèçâîëüíîãî x ∈ T1 ñóùåñòâóþò åäèíñòâåííûå y, z ∈ T1 äëÿ
êîòîðûõ ñïðàâåäëèâî òîæäåñòâî

AxA = yAz.

Ëåììà

Äëÿ ïî÷òè ïðîèçâîëüíûõ x, y ∈ T1 ñïðàâåäëèâî òîæäåñòâî

ϕ (ϕ2(x)ϕ2(y)) = ϕ2

(
xϕ2(y−1)

)
y,

ãäå ϕ2(x) = f(x,A) òàê, ÷òî ôóíêöèÿ

f(x, y, z) = ϕ2

(
xϕ2(yz−1)

)
z

= ϕ2

(
f1(x, ϕ2(yz−1))

)
z.



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (3,2)
Îãðàíè÷åííî òðàíçèòèâíûå ãðóïïû
ÔÑ ðàíãà (n,2)

Ëåììà

Äëÿ ïðîèçâîëüíîãî x ∈ T1 ñóùåñòâóþò åäèíñòâåííûå y, z ∈ T1 äëÿ
êîòîðûõ ñïðàâåäëèâî òîæäåñòâî

AxA = yAz.

Ëåììà

Äëÿ ïî÷òè ïðîèçâîëüíûõ x, y ∈ T1 ñïðàâåäëèâî òîæäåñòâî

ϕ (ϕ2(x)ϕ2(y)) = ϕ2

(
xϕ2(y−1)

)
y,

ãäå ϕ2(x) = f(x,A) òàê, ÷òî ôóíêöèÿ

f(x, y, z) = ϕ2

(
xϕ2(yz−1)

)
z = ϕ2

(
f1(x, ϕ2(yz−1))
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z.



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (3,2)
Îãðàíè÷åííî òðàíçèòèâíûå ãðóïïû
ÔÑ ðàíãà (n,2)

Ïàðó (T1, ϕ2) áóäåì íàçâàòü 2�ïñåâäîïîëåì, îíî ñâÿçàíî ñ
îáû÷íûìè ïîëÿìè, ïî÷òè�ïîëÿìè è ïî÷òè�êîëüöàìè,
ïî÷òè�îáëàñòÿìè, åñëè ââåñòè âòîðóþ áèíàðíóþ îïåðàöèþ

x⊕ y = ϕ2

(
x · ((−1) · y)−1

)
y.

Ïðèìåð

Äëÿ T1 = F ∗ èìååòñÿ ðåøåíèå ϕ2(x) = 1− x òàê, ÷òî
T2 = 〈T1, ϕ2〉 ' F h F ∗.
Äëÿ T1 = F h F ∗ èìååòñÿ ðåøåíèå ϕ2(x, y) = (y, x) òàê, ÷òî
T2 = 〈T1, ϕ2〉 ' GL2(F ).



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (3,2)
Îãðàíè÷åííî òðàíçèòèâíûå ãðóïïû
ÔÑ ðàíãà (n,2)

Ïàðó (T1, ϕ2) áóäåì íàçâàòü 2�ïñåâäîïîëåì, îíî ñâÿçàíî ñ
îáû÷íûìè ïîëÿìè, ïî÷òè�ïîëÿìè è ïî÷òè�êîëüöàìè,
ïî÷òè�îáëàñòÿìè, åñëè ââåñòè âòîðóþ áèíàðíóþ îïåðàöèþ

x⊕ y = ϕ2

(
x · ((−1) · y)−1

)
y.

Ïðèìåð

Äëÿ T1 = F ∗ èìååòñÿ ðåøåíèå ϕ2(x) = 1− x òàê, ÷òî
T2 = 〈T1, ϕ2〉 ' F h F ∗.

Äëÿ T1 = F h F ∗ èìååòñÿ ðåøåíèå ϕ2(x, y) = (y, x) òàê, ÷òî
T2 = 〈T1, ϕ2〉 ' GL2(F ).
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ÔÑ ðàíãà (n,2)
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ïî÷òè�îáëàñòÿìè, åñëè ââåñòè âòîðóþ áèíàðíóþ îïåðàöèþ

x⊕ y = ϕ2

(
x · ((−1) · y)−1

)
y.

Ïðèìåð

Äëÿ T1 = F ∗ èìååòñÿ ðåøåíèå ϕ2(x) = 1− x òàê, ÷òî
T2 = 〈T1, ϕ2〉 ' F h F ∗.
Äëÿ T1 = F h F ∗ èìååòñÿ ðåøåíèå ϕ2(x, y) = (y, x) òàê, ÷òî
T2 = 〈T1, ϕ2〉 ' GL2(F ).



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (3,2)
Îãðàíè÷åííî òðàíçèòèâíûå ãðóïïû
ÔÑ ðàíãà (n,2)

Îïðåäåëåíèå ÔÑ ðàíãà (n,2)

ÔÑ ðàíãà (n,2) ýòî òð¼õñîðòíàÿ àëãåáðà 〈M,N, B; f, g〉 ñ îïåðàöèÿìè
f : M×N→ B, g : B2n−1 → B
a) ∀i1, . . . , in ∈M, α, β ∈ N ñïðàâåäëèâî

f(i1, α) = g (f(i1, β), . . . , f(in, β)) ;

b) ∀α ∈ N, (a1, . . . , an−1) ∈ B̂n−1 ⊂ Bn−1,

∃! (i1, . . . , in−1) ∈ M̂n−1 ⊂Mn−1

òàêîé, ÷òî f(ik, α) = ak ãäå k ∈ {1, . . . , n− 1};
c) ∀ (i1, . . . , in−1) ∈ M̂n−1, (a1, . . . , an−1) ∈ B̂n−1,
∃!α ∈ N òàêîé, ÷òî f(ik, α) = ak ãäå k ∈ {1, . . . , n− 1}.



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (3,2)
Îãðàíè÷åííî òðàíçèòèâíûå ãðóïïû
ÔÑ ðàíãà (n,2)

Îïðåäåëåíèå ÔÑ ðàíãà (n,2)

ÔÑ ðàíãà (n,2) ýòî òð¼õñîðòíàÿ àëãåáðà 〈M,N, B; f, g〉 ñ îïåðàöèÿìè
f : M×N→ B, g : B2n−1 → B
a) ∀i1, . . . , in ∈M, α, β ∈ N ñïðàâåäëèâî

f(i1, α) = g (f(i1, β), . . . , f(in, β)) ;

b) ∀α ∈ N, (a1, . . . , an−1) ∈ B̂n−1 ⊂ Bn−1,

∃! (i1, . . . , in−1) ∈ M̂n−1 ⊂Mn−1

òàêîé, ÷òî f(ik, α) = ak ãäå k ∈ {1, . . . , n− 1};
c) ∀ (i1, . . . , in−1) ∈ M̂n−1, (a1, . . . , an−1) ∈ B̂n−1,
∃!α ∈ N òàêîé, ÷òî f(ik, α) = ak ãäå k ∈ {1, . . . , n− 1}.
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ÔÑ ðàíãà (n,2)
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ÔÑ ðàíãà (n,2)
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ÔÑ ðàíãà (n,2) ýòî òð¼õñîðòíàÿ àëãåáðà 〈M,N, B; f, g〉 ñ îïåðàöèÿìè
f : M×N→ B, g : B2n−1 → B
a) ∀i1, . . . , in ∈M, α, β ∈ N ñïðàâåäëèâî

f(i1, α) = g (f(i1, β), . . . , f(in, β)) ;

b) ∀α ∈ N, (a1, . . . , an−1) ∈ B̂n−1 ⊂ Bn−1,

∃! (i1, . . . , in−1) ∈ M̂n−1 ⊂Mn−1

òàêîé, ÷òî f(ik, α) = ak ãäå k ∈ {1, . . . , n− 1};
c) ∀ (i1, . . . , in−1) ∈ M̂n−1, (a1, . . . , an−1) ∈ B̂n−1,
∃!α ∈ N òàêîé, ÷òî f(ik, α) = ak ãäå k ∈ {1, . . . , n− 1}.
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f : M×N→ B, g : B2n−1 → B
a) ∀i1, . . . , in ∈M, α, β ∈ N ñïðàâåäëèâî

f(i1, α) = g (f(i1, β), . . . , f(in, β)) ;

b) ∀α ∈ N, (a1, . . . , an−1) ∈ B̂n−1 ⊂ Bn−1,

∃! (i1, . . . , in−1) ∈ M̂n−1 ⊂Mn−1

òàêîé, ÷òî f(ik, α) = ak ãäå k ∈ {1, . . . , n− 1};

c) ∀ (i1, . . . , in−1) ∈ M̂n−1, (a1, . . . , an−1) ∈ B̂n−1,
∃!α ∈ N òàêîé, ÷òî f(ik, α) = ak ãäå k ∈ {1, . . . , n− 1}.
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ÔÑ ðàíãà (n,2) ýòî òð¼õñîðòíàÿ àëãåáðà 〈M,N, B; f, g〉 ñ îïåðàöèÿìè
f : M×N→ B, g : B2n−1 → B
a) ∀i1, . . . , in ∈M, α, β ∈ N ñïðàâåäëèâî

f(i1, α) = g (f(i1, β), . . . , f(in, β)) ;

b) ∀α ∈ N, (a1, . . . , an−1) ∈ B̂n−1 ⊂ Bn−1,

∃! (i1, . . . , in−1) ∈ M̂n−1 ⊂Mn−1

òàêîé, ÷òî f(ik, α) = ak ãäå k ∈ {1, . . . , n− 1};
c) ∀ (i1, . . . , in−1) ∈ M̂n−1, (a1, . . . , an−1) ∈ B̂n−1,
∃!α ∈ N òàêîé, ÷òî f(ik, α) = ak ãäå k ∈ {1, . . . , n− 1}.



Îïðåäåëåíèÿ
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×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (3,2)
Îãðàíè÷åííî òðàíçèòèâíûå ãðóïïû
ÔÑ ðàíãà (n,2)

Ôèêñèðóÿ k1, . . . kn−1 ∈ M̂n−1, γ ∈ N ìîæíî ïåðåéòè îò

〈M,N, B; f, g〉 ê èçîìîðôíîé ÔÑ
〈
B, B̂n−1, B; f ′, g′

〉
è òîãäà

ïåðåïèñàòü àêñèîìû àíàëîãè÷íî ñëó÷àþ ÔÑ ðàíãà (3,2).

Òåîðåìà ÔÑ ðàíãà (n,2)

ÔÑ ðàíãà (n,2) âçàèìíîîäíîçíà÷íî ñâÿçàíà ñ îãðàíè÷åííî òî÷íî
n− 1�òðàíçèòèâíîé ãðóïïîé ïðåîáðàçîâàíèé Tn−1(X) ìíîæåñòâà X.

Ñàìó ãðóïïó Tn−1 ìîæíî çàïèñàòü ïðè ïîìîùè ôóíêöèè äåéñòâèÿ
f : M × Tn−1 →M . Òîãäà ãðóïïîâîå óìíîæåíèå äëÿ

(x1, . . . , xn−1) , (y1, . . . , yn−1) ∈ Tn−1 = B̂n−1 çàïèøåòñÿ â âèäå

(x1, . . . , xn−1) ◦ (y1, . . . , yn−1) =

(f(x1, y1, . . . , yn−1), . . . , f(x2, y1, . . . , yn−1)) .
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〈
B, B̂n−1, B; f ′, g′

〉
è òîãäà
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Ñàìó ãðóïïó Tn−1 ìîæíî çàïèñàòü ïðè ïîìîùè ôóíêöèè äåéñòâèÿ
f : M × Tn−1 →M . Òîãäà ãðóïïîâîå óìíîæåíèå äëÿ

(x1, . . . , xn−1) , (y1, . . . , yn−1) ∈ Tn−1 = B̂n−1 çàïèøåòñÿ â âèäå

(x1, . . . , xn−1) ◦ (y1, . . . , yn−1) =

(f(x1, y1, . . . , yn−1), . . . , f(x2, y1, . . . , yn−1)) .
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Îãðàíè÷åííî òðàíçèòèâíûå ãðóïïû
ÔÑ ðàíãà (n,2)

Ôèêñèðóÿ k1, . . . kn−1 ∈ M̂n−1, γ ∈ N ìîæíî ïåðåéòè îò

〈M,N, B; f, g〉 ê èçîìîðôíîé ÔÑ
〈
B, B̂n−1, B; f ′, g′

〉
è òîãäà

ïåðåïèñàòü àêñèîìû àíàëîãè÷íî ñëó÷àþ ÔÑ ðàíãà (3,2).

Òåîðåìà ÔÑ ðàíãà (n,2)

ÔÑ ðàíãà (n,2) âçàèìíîîäíîçíà÷íî ñâÿçàíà ñ îãðàíè÷åííî òî÷íî
n− 1�òðàíçèòèâíîé ãðóïïîé ïðåîáðàçîâàíèé Tn−1(X) ìíîæåñòâà X.

Ñàìó ãðóïïó Tn−1 ìîæíî çàïèñàòü ïðè ïîìîùè ôóíêöèè äåéñòâèÿ
f : M × Tn−1 →M . Òîãäà ãðóïïîâîå óìíîæåíèå äëÿ

(x1, . . . , xn−1) , (y1, . . . , yn−1) ∈ Tn−1 = B̂n−1 çàïèøåòñÿ â âèäå

(x1, . . . , xn−1) ◦ (y1, . . . , yn−1) =

(f(x1, y1, . . . , yn−1), . . . , f(x2, y1, . . . , yn−1)) .



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (3,2)
Îãðàíè÷åííî òðàíçèòèâíûå ãðóïïû
ÔÑ ðàíãà (n,2)

Ïóñòü E = (e1, e2, . . . , en−2, en−1) � íåéòðàëüíûé ýëåìåíò ãðóïïû
Tn−1. Ñòàáèëèçàòîð ýëåìåíòà en−1 ýòî ïîäãðóïïà Tn−2. Ýëåìåíò
An−1 = (en−1, e2, . . . , en−2, e1) ∈ Tn−1 èíâîëþòèâíûé ò.å. A2

n−1 = E.

Ëåììà

Ãðóïïà Tn−1 = 〈Tn−2, An−1〉 ïîðîæäàåòñÿ ïîäãðóïïîé Tn−2 è
ýëåìåíòîì An−1.

Ëåììà

Äëÿ ïî÷òè ïðîèçâîëüíûõ x, y ∈ T1 ñïðàâåäëèâî òîæäåñòâî

ϕn−1 (ϕn−1(x)ϕn−1(y)) = ϕn−1

(
xϕn−1(y−1)

)
y,

ãäå ϕn−1(x) = fn−1(x,An−1) è ôóíêöèè ϕk ïîðîæäàþò
ñèììåòðè÷åñêóþ ãðóïïó Sn−1 = 〈ϕ2, . . . , ϕn−1〉.Ôóíêöèÿ äåéñòâèÿ

fn−1(x, y1, . . . , yn−1) =

ϕn−1

(
fn−2

(
x, ϕn−1(y1y

−1
n−1), . . . , ϕn−1(yn−2y

−1
n−1)

))
y.



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (3,2)
Îãðàíè÷åííî òðàíçèòèâíûå ãðóïïû
ÔÑ ðàíãà (n,2)

Ïóñòü E = (e1, e2, . . . , en−2, en−1) � íåéòðàëüíûé ýëåìåíò ãðóïïû
Tn−1. Ñòàáèëèçàòîð ýëåìåíòà en−1 ýòî ïîäãðóïïà Tn−2. Ýëåìåíò
An−1 = (en−1, e2, . . . , en−2, e1) ∈ Tn−1 èíâîëþòèâíûé ò.å. A2

n−1 = E.

Ëåììà

Ãðóïïà Tn−1 = 〈Tn−2, An−1〉 ïîðîæäàåòñÿ ïîäãðóïïîé Tn−2 è
ýëåìåíòîì An−1.

Ëåììà

Äëÿ ïî÷òè ïðîèçâîëüíûõ x, y ∈ T1 ñïðàâåäëèâî òîæäåñòâî

ϕn−1 (ϕn−1(x)ϕn−1(y)) = ϕn−1

(
xϕn−1(y−1)

)
y,

ãäå ϕn−1(x) = fn−1(x,An−1) è ôóíêöèè ϕk ïîðîæäàþò
ñèììåòðè÷åñêóþ ãðóïïó Sn−1 = 〈ϕ2, . . . , ϕn−1〉.Ôóíêöèÿ äåéñòâèÿ

fn−1(x, y1, . . . , yn−1) =

ϕn−1

(
fn−2

(
x, ϕn−1(y1y

−1
n−1), . . . , ϕn−1(yn−2y

−1
n−1)

))
y.



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (3,2)
Îãðàíè÷åííî òðàíçèòèâíûå ãðóïïû
ÔÑ ðàíãà (n,2)

Ïóñòü E = (e1, e2, . . . , en−2, en−1) � íåéòðàëüíûé ýëåìåíò ãðóïïû
Tn−1. Ñòàáèëèçàòîð ýëåìåíòà en−1 ýòî ïîäãðóïïà Tn−2. Ýëåìåíò
An−1 = (en−1, e2, . . . , en−2, e1) ∈ Tn−1 èíâîëþòèâíûé ò.å. A2

n−1 = E.

Ëåììà

Ãðóïïà Tn−1 = 〈Tn−2, An−1〉 ïîðîæäàåòñÿ ïîäãðóïïîé Tn−2 è
ýëåìåíòîì An−1.

Ëåììà

Äëÿ ïî÷òè ïðîèçâîëüíûõ x, y ∈ T1 ñïðàâåäëèâî òîæäåñòâî

ϕn−1 (ϕn−1(x)ϕn−1(y)) = ϕn−1

(
xϕn−1(y−1)

)
y,

ãäå ϕn−1(x) = fn−1(x,An−1)

è ôóíêöèè ϕk ïîðîæäàþò
ñèììåòðè÷åñêóþ ãðóïïó Sn−1 = 〈ϕ2, . . . , ϕn−1〉.Ôóíêöèÿ äåéñòâèÿ

fn−1(x, y1, . . . , yn−1) =

ϕn−1

(
fn−2

(
x, ϕn−1(y1y

−1
n−1), . . . , ϕn−1(yn−2y

−1
n−1)

))
y.



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (3,2)
Îãðàíè÷åííî òðàíçèòèâíûå ãðóïïû
ÔÑ ðàíãà (n,2)

Ïóñòü E = (e1, e2, . . . , en−2, en−1) � íåéòðàëüíûé ýëåìåíò ãðóïïû
Tn−1. Ñòàáèëèçàòîð ýëåìåíòà en−1 ýòî ïîäãðóïïà Tn−2. Ýëåìåíò
An−1 = (en−1, e2, . . . , en−2, e1) ∈ Tn−1 èíâîëþòèâíûé ò.å. A2

n−1 = E.

Ëåììà

Ãðóïïà Tn−1 = 〈Tn−2, An−1〉 ïîðîæäàåòñÿ ïîäãðóïïîé Tn−2 è
ýëåìåíòîì An−1.

Ëåììà

Äëÿ ïî÷òè ïðîèçâîëüíûõ x, y ∈ T1 ñïðàâåäëèâî òîæäåñòâî

ϕn−1 (ϕn−1(x)ϕn−1(y)) = ϕn−1

(
xϕn−1(y−1)

)
y,

ãäå ϕn−1(x) = fn−1(x,An−1) è ôóíêöèè ϕk ïîðîæäàþò
ñèììåòðè÷åñêóþ ãðóïïó Sn−1 = 〈ϕ2, . . . , ϕn−1〉.

Ôóíêöèÿ äåéñòâèÿ

fn−1(x, y1, . . . , yn−1) =

ϕn−1

(
fn−2

(
x, ϕn−1(y1y

−1
n−1), . . . , ϕn−1(yn−2y

−1
n−1)

))
y.



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (3,2)
Îãðàíè÷åííî òðàíçèòèâíûå ãðóïïû
ÔÑ ðàíãà (n,2)

Ïóñòü E = (e1, e2, . . . , en−2, en−1) � íåéòðàëüíûé ýëåìåíò ãðóïïû
Tn−1. Ñòàáèëèçàòîð ýëåìåíòà en−1 ýòî ïîäãðóïïà Tn−2. Ýëåìåíò
An−1 = (en−1, e2, . . . , en−2, e1) ∈ Tn−1 èíâîëþòèâíûé ò.å. A2

n−1 = E.

Ëåììà

Ãðóïïà Tn−1 = 〈Tn−2, An−1〉 ïîðîæäàåòñÿ ïîäãðóïïîé Tn−2 è
ýëåìåíòîì An−1.

Ëåììà

Äëÿ ïî÷òè ïðîèçâîëüíûõ x, y ∈ T1 ñïðàâåäëèâî òîæäåñòâî

ϕn−1 (ϕn−1(x)ϕn−1(y)) = ϕn−1

(
xϕn−1(y−1)

)
y,

ãäå ϕn−1(x) = fn−1(x,An−1) è ôóíêöèè ϕk ïîðîæäàþò
ñèììåòðè÷åñêóþ ãðóïïó Sn−1 = 〈ϕ2, . . . , ϕn−1〉.Ôóíêöèÿ äåéñòâèÿ

fn−1(x, y1, . . . , yn−1) =

ϕn−1

(
fn−2

(
x, ϕn−1(y1y

−1
n−1), . . . , ϕn−1(yn−2y

−1
n−1)

))
y.



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (3,2)
Îãðàíè÷åííî òðàíçèòèâíûå ãðóïïû
ÔÑ ðàíãà (n,2)

Íàáîð (T1, ϕ2, . . . , ϕn−1) ìîæíî íàçâàòü (n− 1)�ïñåâäîïîëåì.

Ïðè ïîìîùè ýëåìåíòîâ Σk ∈ Tn−1 ñ ïåðåñòàâëåííûìè â åäèíè÷íîì
íàáîðå (e1, e3, . . . , en−1) ýëåìåíòàìè ek è en−1 ïîëó÷èì åù¼ îäèí
íàáîð èíâîëþòèâíûõ ýëåìåíòîâ Σk ∈ Tn−1, ãäå k ∈ {2, . . . , n− 2}.
Îíè çàäàþò âíåøíþþ ãðóïïó àâòîìîðôèçìîâ ãðóïïû T1. Äëÿ
ïðîèçâîëüíûõ x, y ∈ T1 ñïðàâåäëèâî xΣk · yΣk = (x · y)Σk .
Ïîñòðîèì ïî Σk ñîîòâåòñòâóþùèå ôóíêöèè

σk(x) = fn−1(x,Σk),

äëÿ êîòîðûõ òàê æå ñïðàâåäëèâî ðàâåíñòâî

σk(x) · σk(y) = σk(x · y),

ïðè÷¼ì ϕk = σkϕ2σk è

σk = ϕ2ϕkϕ2 = ϕkϕ2ϕk.



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (3,2)
Îãðàíè÷åííî òðàíçèòèâíûå ãðóïïû
ÔÑ ðàíãà (n,2)

Íàáîð (T1, ϕ2, . . . , ϕn−1) ìîæíî íàçâàòü (n− 1)�ïñåâäîïîëåì.
Ïðè ïîìîùè ýëåìåíòîâ Σk ∈ Tn−1 ñ ïåðåñòàâëåííûìè â åäèíè÷íîì
íàáîðå (e1, e3, . . . , en−1) ýëåìåíòàìè ek è en−1 ïîëó÷èì åù¼ îäèí
íàáîð èíâîëþòèâíûõ ýëåìåíòîâ Σk ∈ Tn−1, ãäå k ∈ {2, . . . , n− 2}.

Îíè çàäàþò âíåøíþþ ãðóïïó àâòîìîðôèçìîâ ãðóïïû T1. Äëÿ
ïðîèçâîëüíûõ x, y ∈ T1 ñïðàâåäëèâî xΣk · yΣk = (x · y)Σk .
Ïîñòðîèì ïî Σk ñîîòâåòñòâóþùèå ôóíêöèè

σk(x) = fn−1(x,Σk),

äëÿ êîòîðûõ òàê æå ñïðàâåäëèâî ðàâåíñòâî

σk(x) · σk(y) = σk(x · y),

ïðè÷¼ì ϕk = σkϕ2σk è

σk = ϕ2ϕkϕ2 = ϕkϕ2ϕk.



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (3,2)
Îãðàíè÷åííî òðàíçèòèâíûå ãðóïïû
ÔÑ ðàíãà (n,2)

Íàáîð (T1, ϕ2, . . . , ϕn−1) ìîæíî íàçâàòü (n− 1)�ïñåâäîïîëåì.
Ïðè ïîìîùè ýëåìåíòîâ Σk ∈ Tn−1 ñ ïåðåñòàâëåííûìè â åäèíè÷íîì
íàáîðå (e1, e3, . . . , en−1) ýëåìåíòàìè ek è en−1 ïîëó÷èì åù¼ îäèí
íàáîð èíâîëþòèâíûõ ýëåìåíòîâ Σk ∈ Tn−1, ãäå k ∈ {2, . . . , n− 2}.
Îíè çàäàþò âíåøíþþ ãðóïïó àâòîìîðôèçìîâ ãðóïïû T1. Äëÿ
ïðîèçâîëüíûõ x, y ∈ T1 ñïðàâåäëèâî xΣk · yΣk = (x · y)Σk .

Ïîñòðîèì ïî Σk ñîîòâåòñòâóþùèå ôóíêöèè

σk(x) = fn−1(x,Σk),

äëÿ êîòîðûõ òàê æå ñïðàâåäëèâî ðàâåíñòâî

σk(x) · σk(y) = σk(x · y),

ïðè÷¼ì ϕk = σkϕ2σk è

σk = ϕ2ϕkϕ2 = ϕkϕ2ϕk.



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (3,2)
Îãðàíè÷åííî òðàíçèòèâíûå ãðóïïû
ÔÑ ðàíãà (n,2)

Íàáîð (T1, ϕ2, . . . , ϕn−1) ìîæíî íàçâàòü (n− 1)�ïñåâäîïîëåì.
Ïðè ïîìîùè ýëåìåíòîâ Σk ∈ Tn−1 ñ ïåðåñòàâëåííûìè â åäèíè÷íîì
íàáîðå (e1, e3, . . . , en−1) ýëåìåíòàìè ek è en−1 ïîëó÷èì åù¼ îäèí
íàáîð èíâîëþòèâíûõ ýëåìåíòîâ Σk ∈ Tn−1, ãäå k ∈ {2, . . . , n− 2}.
Îíè çàäàþò âíåøíþþ ãðóïïó àâòîìîðôèçìîâ ãðóïïû T1. Äëÿ
ïðîèçâîëüíûõ x, y ∈ T1 ñïðàâåäëèâî xΣk · yΣk = (x · y)Σk .
Ïîñòðîèì ïî Σk ñîîòâåòñòâóþùèå ôóíêöèè

σk(x) = fn−1(x,Σk),

äëÿ êîòîðûõ òàê æå ñïðàâåäëèâî ðàâåíñòâî

σk(x) · σk(y) = σk(x · y),

ïðè÷¼ì ϕk = σkϕ2σk è

σk = ϕ2ϕkϕ2 = ϕkϕ2ϕk.



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (3,2)
Îãðàíè÷åííî òðàíçèòèâíûå ãðóïïû
ÔÑ ðàíãà (n,2)

Íàáîð (T1, ϕ2, . . . , ϕn−1) ìîæíî íàçâàòü (n− 1)�ïñåâäîïîëåì.
Ïðè ïîìîùè ýëåìåíòîâ Σk ∈ Tn−1 ñ ïåðåñòàâëåííûìè â åäèíè÷íîì
íàáîðå (e1, e3, . . . , en−1) ýëåìåíòàìè ek è en−1 ïîëó÷èì åù¼ îäèí
íàáîð èíâîëþòèâíûõ ýëåìåíòîâ Σk ∈ Tn−1, ãäå k ∈ {2, . . . , n− 2}.
Îíè çàäàþò âíåøíþþ ãðóïïó àâòîìîðôèçìîâ ãðóïïû T1. Äëÿ
ïðîèçâîëüíûõ x, y ∈ T1 ñïðàâåäëèâî xΣk · yΣk = (x · y)Σk .
Ïîñòðîèì ïî Σk ñîîòâåòñòâóþùèå ôóíêöèè

σk(x) = fn−1(x,Σk),

äëÿ êîòîðûõ òàê æå ñïðàâåäëèâî ðàâåíñòâî

σk(x) · σk(y) = σk(x · y),

ïðè÷¼ì ϕk = σkϕ2σk è

σk = ϕ2ϕkϕ2 = ϕkϕ2ϕk.



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

Ãèïîòåçà Êóëàêîâà
Ïñåâäîìàòðè÷íîå óìíîæåíèå

Þ.È. Êóëàêîâ â 1988 ã. ñôîðìóëèðîâàë ãèïîòåçó:

Ãèïîòåçà Êóëàêîâà

Âñÿêàÿ ôèçè÷åñêàÿ ñòðóêòóðà ðàíãà (m+ 1, n+ 1) 〈Rn,Rm,R; f, g〉
âëîæèìà â ôèçè÷åñêóþ ñòðóêòóðó ðàíãà (2, 2)〈
Rmn,Rmn,Rmn; f̃ , g̃

〉
, íî ïîñòðîåííóþ íàä ìàòðèöàìè Rmn.

Òåîðåìà

Ôèçè÷åñêàÿ ñòðóêòóðà 〈M,N,B; f, g〉 ðàíãà (m+ 1, n+ 1) âëîæèìà â

ñîîòâåòñòâóþùóþ ôèçè÷åñêóþ ñòðóêòóðó
〈
Mm, Nn, Bmn; f̃ , g̃

〉
ðàíãà (2, 2).



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

Ãèïîòåçà Êóëàêîâà
Ïñåâäîìàòðè÷íîå óìíîæåíèå

Þ.È. Êóëàêîâ â 1988 ã. ñôîðìóëèðîâàë ãèïîòåçó:

Ãèïîòåçà Êóëàêîâà

Âñÿêàÿ ôèçè÷åñêàÿ ñòðóêòóðà ðàíãà (m+ 1, n+ 1) 〈Rn,Rm,R; f, g〉
âëîæèìà â ôèçè÷åñêóþ ñòðóêòóðó ðàíãà (2, 2)〈
Rmn,Rmn,Rmn; f̃ , g̃

〉
, íî ïîñòðîåííóþ íàä ìàòðèöàìè Rmn.

Òåîðåìà

Ôèçè÷åñêàÿ ñòðóêòóðà 〈M,N,B; f, g〉 ðàíãà (m+ 1, n+ 1) âëîæèìà â

ñîîòâåòñòâóþùóþ ôèçè÷åñêóþ ñòðóêòóðó
〈
Mm, Nn, Bmn; f̃ , g̃

〉
ðàíãà (2, 2).



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

Ãèïîòåçà Êóëàêîâà
Ïñåâäîìàòðè÷íîå óìíîæåíèå

Þ.È. Êóëàêîâ â 1988 ã. ñôîðìóëèðîâàë ãèïîòåçó:

Ãèïîòåçà Êóëàêîâà

Âñÿêàÿ ôèçè÷åñêàÿ ñòðóêòóðà ðàíãà (m+ 1, n+ 1) 〈Rn,Rm,R; f, g〉
âëîæèìà â ôèçè÷åñêóþ ñòðóêòóðó ðàíãà (2, 2)〈
Rmn,Rmn,Rmn; f̃ , g̃

〉
, íî ïîñòðîåííóþ íàä ìàòðèöàìè Rmn.

Òåîðåìà

Ôèçè÷åñêàÿ ñòðóêòóðà 〈M,N,B; f, g〉 ðàíãà (m+ 1, n+ 1) âëîæèìà â

ñîîòâåòñòâóþùóþ ôèçè÷åñêóþ ñòðóêòóðó
〈
Mm, Nn, Bmn; f̃ , g̃

〉
ðàíãà (2, 2).



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

Ãèïîòåçà Êóëàêîâà
Ïñåâäîìàòðè÷íîå óìíîæåíèå

Àêñèîìû ïñåâäîìàòðè÷íîãî óìíîæåíèÿ

AM1. Äëÿ ïðîèçâîëüíûõ: ìàòðèöû A ∈ G è ñòîëáöà Cj ∈ ΣR,
ñóùåñòâóåò åäèíñòâåííûé ñòîëáåö Bj ∈ ΣR, äëÿ êîòîðîãî
ñïðàâåäëèâî ðàâåíñòâî A ·f Bj = Cj ;

AM2. Äëÿ ïðîèçâîëüíûõ: ìàòðèöû B ∈ G è ñòðîêè Ci ∈ ΩR,
ñóùåñòâóåò åäèíñòâåííàÿ ñòðîêà Ai ∈ ΩR, äëÿ êîòîðîé ñïðàâåäëèâî
ðàâåíñòâî Ai ·f B = Ci;
AM3. Óìíîæåíèå ìàòðèö àññîöèàòèâíî. Èíûìè ñëîâàìè, äëÿ
ïðîèçâîëüíûõ A,B,C ∈ G ñïðàâåäëèâî ðàâåíñòâî
(A ·f B) ·f C = A ·f (B ·f C).



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

Ãèïîòåçà Êóëàêîâà
Ïñåâäîìàòðè÷íîå óìíîæåíèå

Àêñèîìû ïñåâäîìàòðè÷íîãî óìíîæåíèÿ

AM1. Äëÿ ïðîèçâîëüíûõ: ìàòðèöû A ∈ G è ñòîëáöà Cj ∈ ΣR,
ñóùåñòâóåò åäèíñòâåííûé ñòîëáåö Bj ∈ ΣR, äëÿ êîòîðîãî
ñïðàâåäëèâî ðàâåíñòâî A ·f Bj = Cj ;
AM2. Äëÿ ïðîèçâîëüíûõ: ìàòðèöû B ∈ G è ñòðîêè Ci ∈ ΩR,
ñóùåñòâóåò åäèíñòâåííàÿ ñòðîêà Ai ∈ ΩR, äëÿ êîòîðîé ñïðàâåäëèâî
ðàâåíñòâî Ai ·f B = Ci;

AM3. Óìíîæåíèå ìàòðèö àññîöèàòèâíî. Èíûìè ñëîâàìè, äëÿ
ïðîèçâîëüíûõ A,B,C ∈ G ñïðàâåäëèâî ðàâåíñòâî
(A ·f B) ·f C = A ·f (B ·f C).



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

Ãèïîòåçà Êóëàêîâà
Ïñåâäîìàòðè÷íîå óìíîæåíèå

Àêñèîìû ïñåâäîìàòðè÷íîãî óìíîæåíèÿ

AM1. Äëÿ ïðîèçâîëüíûõ: ìàòðèöû A ∈ G è ñòîëáöà Cj ∈ ΣR,
ñóùåñòâóåò åäèíñòâåííûé ñòîëáåö Bj ∈ ΣR, äëÿ êîòîðîãî
ñïðàâåäëèâî ðàâåíñòâî A ·f Bj = Cj ;
AM2. Äëÿ ïðîèçâîëüíûõ: ìàòðèöû B ∈ G è ñòðîêè Ci ∈ ΩR,
ñóùåñòâóåò åäèíñòâåííàÿ ñòðîêà Ai ∈ ΩR, äëÿ êîòîðîé ñïðàâåäëèâî
ðàâåíñòâî Ai ·f B = Ci;
AM3. Óìíîæåíèå ìàòðèö àññîöèàòèâíî. Èíûìè ñëîâàìè, äëÿ
ïðîèçâîëüíûõ A,B,C ∈ G ñïðàâåäëèâî ðàâåíñòâî
(A ·f B) ·f C = A ·f (B ·f C).



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (n,2)

Íàä ìíîæåñòâîì B = R îäíî ðåøåíèå f(x, y) = x · y;

Íàä B = R2 èìååòñÿ äâà ðåøåíèÿ:

1.

(
x1 0
0 x2

)
, 2.

(
x1 x2

0 1

)
;

Íàä B = R3 ñåìü ðåøåíèé:

1.

 x1 0 0
0 x2 0
0 0 x3

, 2.
 x3 0 x1

0 x3
p x2

0 0 1

, p ∈ [−1, 1]

3.

 1 x1 x2

0 1 x3

0 0 1

, 4.
 x3 −x3 ln(x3) x1

0 x3 x2

0 0 1

,
5.

 eγx3 cos(x3) eγx3 sin(x3) x1

−eγx3 sin(x3) eγx3 cos(x3) x2

0 0 1

, γ ∈ [0,∞),

6. det

(
x1 x2

x3 x4

)
= 1; 7. det


x1 −x2 −x3 −x4

x2 x1 −x4 x3

x3 x4 x1 −x2

x4 −x3 x2 x1

 = 1.



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (n,2)

Íàä ìíîæåñòâîì B = R îäíî ðåøåíèå f(x, y) = x · y;
Íàä B = R2 èìååòñÿ äâà ðåøåíèÿ:

1.

(
x1 0
0 x2

)
, 2.

(
x1 x2

0 1

)
;

Íàä B = R3 ñåìü ðåøåíèé:

1.

 x1 0 0
0 x2 0
0 0 x3

, 2.
 x3 0 x1

0 x3
p x2

0 0 1

, p ∈ [−1, 1]

3.

 1 x1 x2

0 1 x3

0 0 1

, 4.
 x3 −x3 ln(x3) x1

0 x3 x2

0 0 1

,
5.

 eγx3 cos(x3) eγx3 sin(x3) x1

−eγx3 sin(x3) eγx3 cos(x3) x2

0 0 1

, γ ∈ [0,∞),

6. det

(
x1 x2

x3 x4

)
= 1; 7. det


x1 −x2 −x3 −x4

x2 x1 −x4 x3

x3 x4 x1 −x2

x4 −x3 x2 x1

 = 1.



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (n,2)

Íàä ìíîæåñòâîì B = R îäíî ðåøåíèå f(x, y) = x · y;
Íàä B = R2 èìååòñÿ äâà ðåøåíèÿ:

1.

(
x1 0
0 x2

)
, 2.

(
x1 x2

0 1

)
;

Íàä B = R3 ñåìü ðåøåíèé:

1.

 x1 0 0
0 x2 0
0 0 x3

, 2.
 x3 0 x1

0 x3
p x2

0 0 1

, p ∈ [−1, 1]

3.

 1 x1 x2

0 1 x3

0 0 1

, 4.
 x3 −x3 ln(x3) x1

0 x3 x2

0 0 1

,
5.

 eγx3 cos(x3) eγx3 sin(x3) x1

−eγx3 sin(x3) eγx3 cos(x3) x2

0 0 1

, γ ∈ [0,∞),

6. det

(
x1 x2

x3 x4

)
= 1; 7. det


x1 −x2 −x3 −x4

x2 x1 −x4 x3

x3 x4 x1 −x2

x4 −x3 x2 x1

 = 1.



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (n,2)

Àääèòèâíàÿ ãðóïïà R× R îáëàäàåò îäíîïàðàìåòðè÷åñêèì
àâòîìîðôèçìîì: (x, y)a = (ax, apy), òîãäà ãðóïïà G2 = (R×R)hR0.
Ãðóïïû G3, G4 è G5 ñòðîÿòñÿ ñîâåðøåííî àíàëîãè÷íî, íî
èñïîëüçóþòñÿ äðóãèå àâòîìîðôèçìû àääèòèâíîé ãðóïïû R× R, à
èìåííî:

G3 : (x1, x2)a = (x1 + x2a, x2)

G4 : (x, y)a = (ax, a(y − x ln |a|))

G5 : (x, y)a = ((x cos(a)− y sin(a))eγa, (x sin(a) + y cos(a))eγa).



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (n,2)

Íàä B = R4 èìååòñÿ ïÿòíàäöàòü ðåøåíèé
xε4 0 0 x1

0 xk4 0 x2

0 0 xc4 x3

0 0 0 x4

;


ecx4 0 0 x1

0 ekx4 cos(x4) ekx4 sin(x4) x2

0 −ekx4 sin(x4) ekx4 cos(x4) x3

0 0 0 1

;


eεx4 0 0 x1

0 ecx4 −x4e
cx4 x2

0 0 ecx4 x3

0 0 0 1

;


1 x4
1
2x

2
4 x1

0 1 x4 x2

0 0 1 x3

0 0 0 1

;


ex4 ex4 − 1 ex4 − x4 − 1 x3

0 1 x4 x2

0 0 1 x1

0 0 0 1

;



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (n,2)


1 (ekx4 − 1)k−1

(
kx4e

kx4 − ekx4 + 1
)
k−2 x3

0 ekx4 x4e
kx4 x2

0 0 ekx4 x1

0 0 0 1

;


ex4 x4e
x4 k

2x
2
4e
x4 x1

0 ex4 kx4e
x4 x2

0 0 ex4 x3

0 0 0 1

;
 xc4 x3 x1

0 x4 x2

0 0 1

;
 x3 0 x1

0 x4 x2

0 0 1

;
 ex3 cos(x4) ex3 sin(x4) x1

−ex3 sin(x4) ex3 cos(x4) x2

0 0 1

;


x1 −x2 −x3 −x4

x2 x1 −x4 x3

x3 x4 x1 −x2

x4 −x3 x2 x1

;
(
x1 x2

x3 x4

)
.



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (n,2)

Íàä R èìååòñÿ îäíî 3�ïñåâäîïîëå (R, ϕ2, σ3), ãäå

σ3(x) = x−1, ϕ2(x) = 1− x,

áèíàðíàÿ îïåðàöèÿ � îáû÷íîå óìíîæåíèå íà R.

Íàä ìíîæåñòâîì B = R2 èìååòñÿ ÷åòûðå 2�ïñåâäîïîëÿ ñî
ñëåäóþùèìè îïåðàöèÿìè
1. (x1, x2) · (y1, y2) = (x1y1 + εx2y2, x1y2 + x2y1),
ε ∈ {−1, 0, 1}, ϕ2(x1, x2) = (1− x1,−x2);
2. (x1, x2) · (y1, y2) = (x1y1, x1y2 + x2|y1|c), c ∈ [0; 1),
ϕ2(x1, x2) = (1− x1, x2);
3. (x1, x2) · (y1, y2) = (x1y1, x1y2 + x2y

2
1 + (x1 − 1)x1y

2
1 ln |y1|),

ϕ2(x1, x2) = (1− x1, x2);
4. (x1, x2) · (y1, y2) = (x1y1, x1y2 + x2), ϕ2(x1, x2) = (x2, x1).



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (n,2)

Íàä R èìååòñÿ îäíî 3�ïñåâäîïîëå (R, ϕ2, σ3), ãäå

σ3(x) = x−1, ϕ2(x) = 1− x,

áèíàðíàÿ îïåðàöèÿ � îáû÷íîå óìíîæåíèå íà R.
Íàä ìíîæåñòâîì B = R2 èìååòñÿ ÷åòûðå 2�ïñåâäîïîëÿ ñî
ñëåäóþùèìè îïåðàöèÿìè

1. (x1, x2) · (y1, y2) = (x1y1 + εx2y2, x1y2 + x2y1),
ε ∈ {−1, 0, 1}, ϕ2(x1, x2) = (1− x1,−x2);
2. (x1, x2) · (y1, y2) = (x1y1, x1y2 + x2|y1|c), c ∈ [0; 1),
ϕ2(x1, x2) = (1− x1, x2);
3. (x1, x2) · (y1, y2) = (x1y1, x1y2 + x2y

2
1 + (x1 − 1)x1y

2
1 ln |y1|),

ϕ2(x1, x2) = (1− x1, x2);
4. (x1, x2) · (y1, y2) = (x1y1, x1y2 + x2), ϕ2(x1, x2) = (x2, x1).



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (n,2)

Íàä R èìååòñÿ îäíî 3�ïñåâäîïîëå (R, ϕ2, σ3), ãäå

σ3(x) = x−1, ϕ2(x) = 1− x,

áèíàðíàÿ îïåðàöèÿ � îáû÷íîå óìíîæåíèå íà R.
Íàä ìíîæåñòâîì B = R2 èìååòñÿ ÷åòûðå 2�ïñåâäîïîëÿ ñî
ñëåäóþùèìè îïåðàöèÿìè
1. (x1, x2) · (y1, y2) = (x1y1 + εx2y2, x1y2 + x2y1),
ε ∈ {−1, 0, 1}, ϕ2(x1, x2) = (1− x1,−x2);

2. (x1, x2) · (y1, y2) = (x1y1, x1y2 + x2|y1|c), c ∈ [0; 1),
ϕ2(x1, x2) = (1− x1, x2);
3. (x1, x2) · (y1, y2) = (x1y1, x1y2 + x2y

2
1 + (x1 − 1)x1y

2
1 ln |y1|),

ϕ2(x1, x2) = (1− x1, x2);
4. (x1, x2) · (y1, y2) = (x1y1, x1y2 + x2), ϕ2(x1, x2) = (x2, x1).



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (n,2)

Íàä R èìååòñÿ îäíî 3�ïñåâäîïîëå (R, ϕ2, σ3), ãäå

σ3(x) = x−1, ϕ2(x) = 1− x,

áèíàðíàÿ îïåðàöèÿ � îáû÷íîå óìíîæåíèå íà R.
Íàä ìíîæåñòâîì B = R2 èìååòñÿ ÷åòûðå 2�ïñåâäîïîëÿ ñî
ñëåäóþùèìè îïåðàöèÿìè
1. (x1, x2) · (y1, y2) = (x1y1 + εx2y2, x1y2 + x2y1),
ε ∈ {−1, 0, 1}, ϕ2(x1, x2) = (1− x1,−x2);
2. (x1, x2) · (y1, y2) = (x1y1, x1y2 + x2|y1|c), c ∈ [0; 1),
ϕ2(x1, x2) = (1− x1, x2);

3. (x1, x2) · (y1, y2) = (x1y1, x1y2 + x2y
2
1 + (x1 − 1)x1y

2
1 ln |y1|),

ϕ2(x1, x2) = (1− x1, x2);
4. (x1, x2) · (y1, y2) = (x1y1, x1y2 + x2), ϕ2(x1, x2) = (x2, x1).



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (n,2)

Íàä R èìååòñÿ îäíî 3�ïñåâäîïîëå (R, ϕ2, σ3), ãäå

σ3(x) = x−1, ϕ2(x) = 1− x,

áèíàðíàÿ îïåðàöèÿ � îáû÷íîå óìíîæåíèå íà R.
Íàä ìíîæåñòâîì B = R2 èìååòñÿ ÷åòûðå 2�ïñåâäîïîëÿ ñî
ñëåäóþùèìè îïåðàöèÿìè
1. (x1, x2) · (y1, y2) = (x1y1 + εx2y2, x1y2 + x2y1),
ε ∈ {−1, 0, 1}, ϕ2(x1, x2) = (1− x1,−x2);
2. (x1, x2) · (y1, y2) = (x1y1, x1y2 + x2|y1|c), c ∈ [0; 1),
ϕ2(x1, x2) = (1− x1, x2);
3. (x1, x2) · (y1, y2) = (x1y1, x1y2 + x2y

2
1 + (x1 − 1)x1y

2
1 ln |y1|),

ϕ2(x1, x2) = (1− x1, x2);

4. (x1, x2) · (y1, y2) = (x1y1, x1y2 + x2), ϕ2(x1, x2) = (x2, x1).



Îïðåäåëåíèÿ
ÔÑ ðàíãà (n,2)
ÔÑ ðàíãà (n,m)

×àñòíûå ðåøåíèÿ

ÔÑ ðàíãà (2,2)
ÔÑ ðàíãà (n,2)

Íàä R èìååòñÿ îäíî 3�ïñåâäîïîëå (R, ϕ2, σ3), ãäå

σ3(x) = x−1, ϕ2(x) = 1− x,

áèíàðíàÿ îïåðàöèÿ � îáû÷íîå óìíîæåíèå íà R.
Íàä ìíîæåñòâîì B = R2 èìååòñÿ ÷åòûðå 2�ïñåâäîïîëÿ ñî
ñëåäóþùèìè îïåðàöèÿìè
1. (x1, x2) · (y1, y2) = (x1y1 + εx2y2, x1y2 + x2y1),
ε ∈ {−1, 0, 1}, ϕ2(x1, x2) = (1− x1,−x2);
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